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Computational Implementation of

Non-Concatenative Morphology

Yael Cohen-Sygal

Abstract

We introducefinite state registered machines new computational device within the framework of
finite state technology that accounts for non-concatematiorphological processes such as word
formation in Semitic languages. It extends and augmentiegifinite-state techniques, which are
presently not sufficiently suitable for describing thiskiof phenomena. We define the new model,
prove it is indeed finite-state, show how it maintains thesgte properties of regular languages and
relations and use it to describe some non-concatenativeoptena of natural languages, including

circumfixation, interdigitation and limited reduplicatio
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Chapter 1

Introduction

1.1 Non-concatenative morphology

Morphologyis the area of linguistics which studies the structure ofdsomDerivational morphol-
ogy describes processes of word formation, where words ardrooted from roots (or stems) and
derivational affixes. For example, the stenation can be concatenated with the derivational affix
‘al’ to form the word hational.This word is a new stem, which can now be prefixed lger’ to
yield international This word can then be suffixed biz€ to yield the wordinternationalize which
can again be suffixed wittation' to yield the wordinternationalization Another example is the He-
brew wordmaktebgdesk) that is formed by inserting the root k.t.b (meaningtom of writing) into
the pattern malle[Ja (denoting tools), where thé slots indicate where the root letters should be
inserted.Inflectional morphologyescribes processes in which inflected forms are consttticien
base forms and inflectional affixes. As an example, conslieHebrew vertfamar (guard). The
addition of the suffixi to Hebrew verbs indicates past tense, first person sindtiterefore suffixing
the verb$amarwith the suffixti results in the inflected forrlamarti (I guarded).

Morphological analysiss the computational process which associates a givenceufard with
information about its structure. The information can censf morphological and morpho-phonologi-
cal features such as stem, tense, gender, number etc. yEwduett information is produced depends
on the language and its morphological processes and on hieaon. An example is the morpho-

logical analysis of the Hebrew vetl#mru (you will guard). The analysis could yield the following



information: Part of Speech=verb, Roogm.r, Pattern£JaJal], Tense=future, Person=2nd, Num-
ber=plural, Gender=masculine/feminine

While much of the inflectional morphology of Semitic langaagan be rather straightforwardly
described using concatenation as the primary operatienmain word formation process in such
languages is inherently non-concatenative. The standayduat describes words in Semitic lan-
guages as combinations of two morphemes: a root and a p&trShimron (2003) for a survey).
The root consists of consonants only, by default three datih four, five and even six consonantal
roots are known, and some words are easier to describe usioigsbnantal roots). The pattern is
a combination of vowels and, possibly, consonants too, {gitits” into which the root consonants
can be inserted. The process in which words are created bydkeion of roots into patterns is
calledinterdigitation Both the root and the pattern have meanings, although soesthe mean-
ings are rather general (as is usual in derivational mog@yplcombinations of roots and patterns are
not always possible, and the meaning of a combination camnéilly determined by the meanings
of the two morphemes). As an example, consider the Hebrets god.l (roughly meaning growth)
and z.r.x (shine). Seven of the patterns in Hebrew are vietdlding the patteridadal, which
is used for active verbs. When the above roots combine wishpiittern the resulting lexemes are
gadalandzarax respectively. The first consonant of the root is insertedl tine first consonantal slot
of the pattern, the second root consonant fills the secortdastbthe third fills the last slot. Some
patterns have four slots, usually indicating geminationrad of the root’s consonants. For example,
the verbal patterml]iCiClel] (usually indicating causation, or a certain reinforcemesypect of the
active form) combines with the example roots to form the megsgiddel andzirrex. The latter lex-
eme is not realized in Hebrew, but its form is well-defined aaohe notion of its meaning is clear to
every native speaker. Now consider a nominal patternjdsi], usually denoting places. When the
example roots combine with this pattern, the obtained lesaremigdal (tower) andmizrax(east),
respectively.

After the root combines with the pattern, some morpho-plagical alternations take place,
which may be non-trivial. The verbal pattern@# e[, usually denoting reflexivity, can com-

bine with the roots g.d.l and z.r.x to form the lexentégaddeland hizdarrex respectively. Note



that in the latter case the ‘t’ in the pattern becomes a vpedlid’, and is transposed with the first
consonant of the root. This metathesis happens in rootsenirgs consonant is an alveolar fricative.
Another process has to do with roots whose first consonayt ifollowing an ‘i’ in a pattern, the se-
guence ‘iy’ can change to ‘0’. For example, when the rooty{go down) combines with the pattern
miCOad (place), the result imorad(descent).

Another non-concatenative morphological processdsiplication in which a morpheme or part
of itis duplicated, thus creating a new word with a new relateaning. Reduplication can hdl (the
full word is duplicated) opartial (just part of the word is duplicated). For example, full rplication
can be found in Malay and Indonesian, as a pluralizationgssicthe plural form of the Malay word
bagi (bag, suitcase) ibagibagi Examples for partial reduplication can be found in Chamotine
native language of Guam, as a measure for intensivity. Famele, the worddakolo means ‘big’.
By duplicating its affixlo, the worddakololois created, meaning, ‘very big’. Partial reduplication
can also be found in Hebrew as a diminutive formation of ncams adjectives as demonstrated in

the following examples:

kelb klablab xatul xtaltul $apan $oanpan zagan zgangan
dog puppy cat kitten rabbit bunny beard goatee

$amen $manman $axor Harxar gatan gtantan
fat chubby black dark little  tiny

1.2 Finite state technology

It has long been claimed that the morphology of many langsiéige within the expressiveness of a
class of formal languages known as regular languages, angutational morphologists have taken
up this claim.

Koskenniemi (1983) presents the Two Level model which diessrnatural language morphol-
ogy as a relation between two levels — surface and lexicad. iibdel consists of two components, a
linked lexicons component and a two-level rules comporiene linked lexicon component contains
the lexical representation of the words, separated inferéifit Iexicons, each representing a different
attribute, common to all the words it contains. Thus, the&kxomponent is constructed of concate-

nated entries forming together the lexical representafidre two-level rules component consists of
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the morphological rules which describe the relations betwide surface and the lexical forms. The
rules act in parallel to form the surface-lexical relatioridhe two-level model can be viewed as a
relation between strings, but sometimes it is more converigeview it as a procedure which, when
given a lexical string, returns its surface string and visesa.

Kaplan and Kay (19943 present context-sensitive rewrite rules of the fapm— /X _ p to
describe the morphological and phonological alternations natural language. Such a rule states
that the stringp is replaced by the string whenever it is preceded by the stringand followed by
the stringp. Either one of the strings can be the empty string. Kaplankan (1994) show that
rewrite rules of this form define regular relations sinceythes not allowed to apply to their own
output. Furthermore, they show how these rules are compikedfinite state transducers. Thus,
a single transducer representing the whole set of rules eagsobstructed from transducers which
correspond to different phenomena by using the compositinohunion operators.

Since Koskenniemi (1983) presented his two level appraafdremorphological and phonolog-
ical phenomena analysis and Kaplan and Kay (1994) showednmamipulating regular languages
and relations can provide a solid basis for computationahplogy, most of the accounts of such
phenomena have been relying on finite state technologyteFstiate analysis of morphological and
phonological phenomena was presented for a variety of Egeg) including some with complex
morphology such as Finnish and Turkish. Most of the morpfiickl processes exhibited by natu-
ral languages, inflectional and derivational, are basedanatenation which can be easily modeled
by regular languages (and therefore automata). Morphmbgiternations, even of the kind exem-
plified above, are within the scope of regular relations, eam be implemented through finite state
transducers.

There exist several toolboxes (software packages) thaideaxtended regular expression de-
scription languages and compilers of the expressions te fitéite devices, automata and transducers
(Karttunen et al., 1996; Beesley and Karttunen, 2003; Mat®B6; van Noord and Gerdemann,
2001a; van Noord and Gerdemann, 2001b). Such toolboxesdma@fficient implementations of

several standard algorithms on finite state machines, fughian, intersection, minimization, deter-

1This paper describes work that was done, but never publishélde early 1980's.



minization etc. More importantly, they also implement spkcoperators that are useful for linguistic
description, such as replacement (Kaplan and Kay, 1994 riNwoldl Sproat, 1996; Karttunen, 1997,
Gerdemann and van Noord, 1999) or predicates over alphgimdtots (van Noord and Gerdemann,
2001a; van Noord and Gerdemann, 2001b), and even operatgrarticular linguistic theories such
as Optimality Theory (Karttunen, 1998; Gerdemann and vaor8{@000).

Finite state technology has some important advantagesnmaknost appealing for implement-
ing natural language morphology. One can find it very harohoat impossible, to build the full
automaton or transducer describing some morphologicalgghenon. This difficulty arises from the
fact that there are a great number of morpho-phonologicaigases combining together to create the
full language. However, it is usually very easy to build atérstate machine to describe a specific
morphological phenomenon. The class of regular languagyebsed under union, concatenation,
intersection and complementation. The class of regulatiogls is closed under union, concatenation
and composition (but not under intersection and thereforeptementation). These properties make
it most convenient to implement each phenomenon indepégdeamd combine them together using
the closure operations. Moreover, finite state techniqage the advantage of being efficient in their
time and space complexity, as the membership problem isislehin time linear in the length of
the input. There are also known algorithms for minimizingl aeterminizing automata and some
restricted kinds of transducers. All of the above indicht finite state techniques are a vital tool in

the implementation of natural language morphology.

1.3 Finite state techniques and non-concatenative morphady

While finite state approaches for natural language proogdsave generally been very successful,
it is widely recognized that they are less suitable for nowedenative phenomena; in particular,
finite state techniques are assumed not to be able to efficadount for the nonconcatenative word
formation processes that Semitic languages exhibit. Thempaoblem that we will tackle in this
work is medium-distance dependencies, whereby some etsitierh are related to each other in some
deep-level representation (e.g., the consonants of th ammseparated on the surface. While these

phenomena do not lie outside the descriptive power of findtesystems, a naive implementation



of them in some finite state calculus is either impossible@bbest, results in huge networks that are

very inefficient to process.

Example 1.1. We begin with a simplified problem, namely accounting focuwinfixes. Consider
three Hebrew patterns: halalJa, which is the deverbal noun pattern derived from Binyar&hijp
hitCJalJaJut, which is the deverbal noun derived from Binyan hitpa&slth denoting actions, and
the nominal pattern milJall, denoting places. Notice that in Hebrew the patterns ardteri
hOOOa, hiJOOut and niJO0, respectively, i.e., the consonants are inserted into fislots as one
unit. An automaton that accepts all the possible combinatif roots and these three patterns is illus-
trated in Figure 1.2. The number of its states(isumberof_rootsx 2+2) x numberof_patterns+-2 (in
some cases where an affix appears in several patterns orttoetsumber will be somewhat smaller).
Thus, the number of states(¥ numberof_roots x numberof_patterns, i.e., increases linearly with
the number of roots and patterns. The number of arcs in thismaaton is(numberof_roots x 3) x
numberof_patterns+ numberof_patternsx 2, i.e, alsoO(numberof_roots x numberof_patterns.
Evidently, the three basic different paths that result ftbethree patterns have the same body, which
encodes the roots. A e attempt to avoid the reduplication of paths results enahtomaton in Fig-
ure 1.2, which accepts the language that is denoted by theaegxpressior{ht+h+m)(root)(ut+

a + €). The number of states in this automator2is numberof_roots+ 4 (in this case also, there
can be some cases where the number will be smaller). Thusthéer of states in this automa-
ton is O(numberof_roots), i.e., it is independent of the number of patterns, and foezeis more
efficient in its space compared with theivia automaton. The number of arcs in this automaton is
(numberof_roots x 3 + numberof_patternsx 2), that is,O(numberof_roots+ numberof_patterns,
and thus, the complexity of the number of arcs is also redudée problem of such an automaton
is that it accepts also invalid words such as the pattefn(diut. In other words, it ignores the
dependencies which hold between prefixes and suffixes arfemattern. Since finite state devices
have no memory, save for the states, there is no way to acéoutitese dependencies, which hold

between the prefix of a pattern and its suffix. In this work veater a new model, which facilitates

2Many of the vowels are not explicitly depicted in the Hebrenifs.
3This is an over-simplified example; in practice, the proagfssombining roots with patterns is highly idiosyncratic,

like other derivational morphological processes.



the expression of such dependencies.

TN
/OO

t ut
©) ©) O ©)
\O : O/
/OO

©) ©) O ©)
\O : O/

Figure 1.1: Naive FSA with duplicated paths

" /o—>o
a
TR \/Jt\
(@) O O (@) O ©
0——=0

Figure 1.2: Over-generating FSA

Example 1.2. Consider now a representation of Hebrew where all vowelgapdicit, e.g., the pattern
hitCJaJe[J. Consider also the roots r.g.z,$l. and g.b.r. The consonants of a given root are inserted
into the D slots to obtain bases such as hitragez, hfidaand hitgaber. The finite state automaton
defined by the diagram in Figure 1.3 is the minimized automatzepting the language. It has fifteen

states. If the number of three letters roots jshen a general automaton accepting the combinations



of the roots with this pattern will havér + 3 states andsr + 1 arcs (in some cases where an affix
appears in several roots the number will be smaller). Natieereduplication in the arcs which stem

from the pattern in the different paths.

Figure 1.3: FSA for the pattern hiJe[]

As another example of non-concatenative morphology censict problem of reduplication. Let
Y. be a finite alphabet. The languafie= {ww | w € ¥*} is known to be trans-regular, therefore no
finite state automaton accepts it. However, the language- {ww | w € £* | |w| = n} for some
constant is regular. Recognizing,, is a finite approximation of the general problem of recogmzi
L. The length of the words in natural languages can in mossdas&ounded by some< N, hence
the amount of reduplication in natural languages is praltyidimited. Therefore, the descriptive
power of L,, is sufficient for the amount of reduplication in natural langes (by constructing,, for
a small number of different’s). An automaton that accepts, can be constructed by listing a path
for each accepted string. Sinkeandn are finite, the number of words ih,, is finite and therefore it
is possible to build such an automaton. The main drawbackaif an automaton is the growth in its
number of states and arcs|a4 andn increase: the number of stringsin, is |X|™. Thus, finite state

techniques can describe reduplication, but they do so aeffly regarding their space complexity.

1.4 Research goals

The goal of our work is to create a new computational modéhiwithe framework of finite state

technology that will account for non-concatenative wortdhrfation processes in Semitic languages.
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It will extend and augment existing finite state techniqugsch are presently not sufficiently suitable
for describing this kind of phenomena. Our purpose is totersach a new model, prove it is indeed
finite state, show how it maintains the closure propertieggilar relations and use it to describe the
non-concatenative phenomena of Semitic languages.

It seems that any solution in the framework of pure finite egta and transducers technology
will not be able to maintain reasonable size networks anldedpardise the efficiency of the process.
To keep the network minimal a creative solution within thetéirstate technology must be sought.
The solution will be based on augmenting finite state netaevkh limited memory, or templates,
such that they facilitate better generalizations whilemrmzning their desirable closure properties
and computational efficiency. Such a solution will also é@als to keep the size of the networks
reasonable since it will let us describe complex processasompact way by using limited memory,
rather than increase the size of the network.

The closure properties are essential for such a model. Mdiseanorphological phenomena can
be described using regular expressions and relations, ardifarmation processes can be described
by a combination of these expression-rules using unioarsettion, composition and concatenation
operators. Since we want our solution to be a part of an egistiodel and working system we must
preserve the closure properties in our solution. Moreawest of the morpho-phonological processes
in Semitic languages combine non-concatenative procegtethose that can easily be described by
existing finite state tools (and most of them have already lmplemented), and it will be desirable

to create a model that will benefit from existing knowledgd anplementations.



Chapter 2

Literature survey

2.1 Finite state approaches to the morphology of Semitic laguages

2.1.1 Two-level morphology

Kataja and Koskenniemi (1988) use two level technology &ate a rule system for phonological
and morphophonological alternations in Akkadian word ttften and regular verbal derivation. Be-
ing a Semitic language, the main word formation process ikadlian is interdigitation. Kataja and
Koskenniemi (1988) use two separate lexicons, one for tbts @nd the other for prefixes, flexional
elements and suffixes. Entries for roots leave the flexioleahents unspecified and vice versa. The
intersection of these two lexicons defines the lexical regmeations of word-forms. The phonolog-
ical and morphophonological variants are then describétgustandard finite state two-level mor-
phological rules. As this solution effectively defines &lirepresentations of word-forms, its main
disadvantage is that the final network is the naive oneesnff from the space complexity problems
discussed above.

Lavie et al. (1988) examine the applicability of Two Level Mbology to the description of
Hebrew Morphology, and in particular to verb inflection. irHexicon consists of three parts: verb
primary bases (the past tense, third person, singular, uliasy; verb prefixes and verb suffixes.
The features attached to the entries are designed to germmbt existing words. They attempt

to describe the process of Hebrew verb inflection as prefise-bsuffix when the base is as above.



However, in most of the verbs the primary base changes weeretth is not in the past tense, and
the change is systematic across all verbs in the same pattdrtense. As an example, consider the
Hebrew verbektob (Part of Speech=verb, Root=k.t.b, PattértaEla ], Tense=future, Person=1st,
Number=singular, Gender=masculine/feminine). The ddsttescription of this verb by the above
approach is+ktoh with the primary bas&atabchanging into the secondary bdgeb The change

is highly productive, as one gefamar — $mor, badag— bdogetc.

The goal of Lavie et al. (1988) is to present the verb inflecés a concatenative process, im-
plementable by the Two Level model. They conclude that “Tiwe Tevel rules are not the natural
way to describe ... verb inflection process. The only alt&reachoice ... is to keep all bases ... it
seems wasteful to save all the secondary bases of verbs eathe pattern.” This strengthens our
claim that naive finite state techniques are not suitabileléscribing non-concatenative phenomena

in an appropriate way.

2.1.2 Multilevel automata

Kiraz (2000) expands the traditional two-level model of Kexsniemi (1983) into n-tape automata.
He suggests that non-concatenative morphological presessSemitic languages require more than
two levels of expression. The surface level employs onlyrepeesentation as before, therefore only
one level is needed for it, but the lexical form employs npldtirepresentations and therefore should
be divided into different levels, one for each represemtatA tuple of strings represents a surface-to-
lexical mapping, where the first element represents thasefform and the others represent lexical
forms.

For example, in Syriac, the lexical level may consist of ¢hrepresentations —@V pattern a
root, andvocalism therefore morphological analysis of Syriac will requirtafpe automata with the
form

(surface, CV pattern,root,vocaligm

For example, the tuple of strings that map the wiathbinto its lexical analysis iskatab, cucve, ktb,
a). The model consists of three components. The first is a lexaomnponent which contains mul-

tiple sublexica, each consisting of all the possibilities this sublexicon. For example, the roots

11



sublexicon contains all the possible roots in the Syriaglage. Thus an n-tape automaton will con-
tain n-1 sublexica. The second component consists of rewles which map the multiple lexical
representations into a surface representation and visa.veach rule is of the form:

LLC - LEXICAL - RLC {=,&}

LSC - SURFACE - RSC

Such a rule states that the n-1 tuples of strings denoted PYICEL are replaced by or matched

against the string denoted by SURFACE whenever the follgwiolds:
1. LEXICAL is preceded by the n-1 tuples denoted by LLC (Lediical Context).
2. LEXICAL is followed by the n-1 tuples denoted by RLC (Ridtexical Context).
3. SURFACE is preceded by the string denoted by LSC (LeftégerfContext).
4. SURFACE is followed by the string denoted by RSC (Rightf&we Context).

The lexical contexts will be n-1 tuples. The context dendigt’ represents anythingX*). The rules
are divided into two groups: optional ones, which are dethbie=-, and obligatory ones, which are
denoted by=-. A lexical string is mapped into a surface string iff they ¢enpartitioned into pairs of
lexical-surface subsequences where (i) each pair is krkehg a=- rule, and (ii) no sequence of zero
or more adjacent pairs violates=arule. As an example, consider the rules in Figure 2.1. Thadss r
derive the Syriac wordttab (underlyingkatab. Rules 1 and 2 insert the vowel and consonants into
the C and V slots respectively. Rule 3 deletes the first voalelThe 4-tuple(ktab, cucve, ktb, aa) is
admitted since it can be partitioned in a valid way as illaigd in Figure 2.2. The third component
consists of morphotactic constraints which deal with remytlatic morphological phenomena using
existing algorithms. The final step is compiling all the #hrenits together. During this stage 0's are
planted everywhere to create same-length n-tuples in todarable intersectioh.

Kiraz (2000) does not discuss the space complexity of theltheg machine compared to the
naive one, but it seems that the number of states in thetiresuletwork still increases linearly with
the number of roots and patterns, thus there is no real camgssccompared to the naive machine

which just lists all the possible relations. Furthermorele® 1 and 2 seem to miss a linguistic

!n-way relations are not closed under intersection exceysdme cases, among them same-length n-way relations.
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Where X is a consonant

Ry: * - (veX) - * =
* - X - *
Where X is a vowel

Rs: * - (v,eX) - (cv,%%) <&

* *

- € -

Figure 2.1: N-tape derivation rules

a a vocalism

k t b || root

C/Vv|C|V | C| pattern

k t | a| b | surface

Figure 2.2: Lexical-Surface analysis

generalization. These rules are responsible for the ingeof the consonants and vowels into the C
and V slots respectively. They are independent of the laggaad therefore expected to appear not in
the rules creating the language but in the structure of theéetn®loreover, the n-tape model requires
a specification of the dependencies between symbols irreliffdevels, which may be non-trivial.

Therefore, the task of writing the appropriate rules thdk form together a language may become

complicated.

2.1.3 One-level morphology

Walther (2000a,2000b) suggests a solution for describaigral language reduplication using finite
state methods. The idea is to enrich finite state automatatiriée new operationsepeat skipand

self loops Repeatarcs allow moving backwards within a string and thus repgaraof it (to model
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reduplication).Skiparcs allow moving forwards in a string while suppressinggpell out of some
of its letters (as in some cases of reduplication, only paith@word is reduplicated)Self looparcs
model infixation. In Walther (2000b) the above techniquesisduto describe Temiar reduplication,
but there is no complexity analysis of the model. Moreovas technique does not seem to be able

to describe interdigitation.

2.1.4 The compile-replace algorithm

Beesley and Karttunen (2000) propose a solution to the gnolof modeling non-concatenative mor-
phological processes by finite state techniques. They itbesartechnique, calledompile-replace
for constructing finite state transducers, that involveppdying the regular-expression compiler to
its own output. The main idea in this approach is to define agsvusing regular expressions but
define the strings of an intermediate language so that thetaicoappropriate substrings that are
themselves in the format of regular expressions. The caapplace algorithm then reapplies the
regular expression compiler to its own output, compiling tagular-expression substrings in the in-
termediate network and replacing them with the result ofabmmpilation. The process is done by
introducing new language symbol$[ “" and “"] ", which indicate the appearance of a regular rela-
tion within the transducer language. The compile-repldgerahm finds delimited substrings of the
form [ string ] , Wherestring  is just a string of symbols, which happens to have the format
of a regular expression. Then the string is compiled as daegupression, and the result replaces
the delimited substring. This approach was used for daegriirabic stem interdigitation as a part
of a finite state morphological analyzer for Arabic and fosa&ing Malay full-stem reduplication
(Beesley and Karttunen, 2000).

The compile-replace algorithm allows one to define non-atemative morphological processes
by a compact definition letting the compiler create the fudlamine. However, its result is the same
result of the naive automata, i.e., inefficient in its spem@plexity, and this is the main disadvantage
of this technique. Furthermore, this is a compile-time na@itm rather than a theoretical, mathe-

matically founded solution, as we desire.
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2.1.5 Flag diacritics

Beesley (1998) suggests a way to constrain dependencigdeteparated morphemes in words.
The method, calledlag diacritics adds features to symbols in regular expressions to enfigece
pendencies between separated parts of a string. The dewislare forced by different kinds of
unification actions. In this way, a small amount of finite meynis added, thus keeping the total
size of the network relatively small. The main disadvantafjthis method is that it is not formally
defined, nor are its mathematical and computational priggeproved. Furthermore, flag diacritics
are manipulated at the level of the extended regular expressalthough it is clear that they are com-
piled into additional memory and operators in the netwohegriselves. The presentation of Beesley
(1998) and Beesley and Karttunen (2003) does not expliteteniplementation of such operators
and does not provide an analysis of their complexity. Our@gh is similar in spirit. However, we
provide a complete mathematical and computational arsabfssuch extended networks, including a
construction of the main closure properties. We presentcdtat regular expression operations for
non-concatenative processes and show how they are coniteeikxtended networks. We also prove

that our model is indeed regular.

2.2 Extending the finite state model

Existing research concerned with automata with limited memalbeit for other purposes, might

provide insight into the desired solution.

2.2.1 Register Vector Grammar

Blank (Blank, 1985; Blank, 1989) presents a new model, daRegister Vector Grammar (RVG),
extending the finite state automata to be sensitive to coniée states and transitions of these au-
tomata are represented by ternary-valued vectors. Thebpmsslues are ‘+' (on), -’ (off) and *?’
(don't care). The automaton uses two operatoraichandchange Matchis a function, taking as
arguments two vectors and returning true if they match evieeye except for ‘?’ valuesChangeis

an asymmetric function, taking as arguments two vectorsraiuining a third vector, with definite
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values ‘+' and ‘-’ wherever they are located in the secondiargnt, and the values of the first vec-
tor elsewhere. Each state is associated with two vectorsnditton vector restricting the transition
between states and a change vector passing informatiomfdrvd special vector calle8ynStatés
responsible for manipulating the automaton. The SynSsateternary-valued vector which the tran-
sition function matches and updates. In order to enter a gtatmatch operation between SynState
and the state condition vector should return true. Afteerng the state the change operator updates
SynState according to the arc change vector. Thus, the ‘@"-ariorce some constraints and the
‘?” let some information pass through. In this way some reteid memory capabilities are given to
the automata in the way that the condition vectors can conugljiple constrains and can produce
multiple effects.

The main problem with this model is that although its time ptewity is claimed to be linear,
no formal proof of equivalence to regular languages is pledi We conjecture that the model in-
deed deviates from the class of regular languages. Furthmerrit is not clear how, given a set of

morphological rules, the appropriate vectors and autoeicbe created.

2.2.2 \lectorized finite state automata

Kornai (1996) presents vectorized finite state automatayafarmalism within the finite state calcu-
lus, based on vectors and capable of modeling natural lgegu@blems. In this new model, both the
states and the transitions are represented by vectorsroénts of a partially ordered set. Two kinds
of operations over vectors are defineahificationandoverwriting Theunificationof two symbols is
defined in the usual way as the smallest partial binding tkiginels both Overwriting of a symbola
over a symbob is also defined in the usual way, and this operation (in cettoaunification) cannot
fail. An arc from stateu to statev (where bothu andwv are vectors) is a paitp; a) where bothp and

a are vectors, with the following meaning: the arc can be tisaa only if the unification of. and

p exists andv is the overwriting ofe overwu. The vectors need not be fully determined, as some of
the elements can be unknown (free). In this way informatemlze moved through the transitions by
the overwriting operation and traversing these transstioan be sanctioned through the unification

operation. The free symbols are also the source of the efigief this new model, where a vector
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with k free symbols actually represertsvectorst being the number of different symbols that can be
stored in the free places. Thus, this new model allows lireemgnition time with efficient encoding
of the network.

As one of the examples of the advantages of this new modelaK{tA96) shows it can efficiently
solve the problem of 32-bit binary incrementor. The goalle$ example is to construct a 32-bit
incrementor, a transducer over= {0, 1} whose input is a number in 32 bit binary representation
and whose output is the result of adding 1 to the input numenstructing a transducer that performs
addition by 1 on binary numbers results in a simple transdudth only 5 states and 12 argsbut
this transducer is neither sequential nor sequentiable. prbblem is that since the input is scanned
left to right but the carry moves right to left, the output bétfirst bit has to be delayed, possibly
even until after the last input bit is scanned. Thus, for ditrinary incrementor2™ disjunctions
have to be considered, and therefore a minimized transchaeto assign a separate state to each
combination of bits, resulting " states and a similar number of transitions. Using vectdrizete
state automata, a 32-bit incrementor is constructed whstedsing overwriting, the input is scanned
and stored by the vectors, and then, using unification, thdtres calculated where the carry can be
computed from right to left. We return to this example in eptarb.3 (page 78), where we show how
our new model can solve it efficiently too.

The new formalism presented by Kornai (1996) allows a sigaifi reduction in the network size,
but its main disadvantage lies in the fact that this is a cetebt new formalism, not based on the
existing and commonly used finite state networks. Moreates,unclear how for a given problem,
the corresponding network should be constructed: progiammith vectorized automata seems to

be unnatural, and no regular expression language is pib¥ate¢hem.

2.2.3 Automata over infinite alphabets

Kaminski and Francez (1994) present a computational medeth extends the familiar finite state
automata model to the case of infinite alphabets. This nevehitimited to recognizing only regular

languages over infinite alphabets while maintaining clesunder Kleene star and boolean operations,

2A complete explanation of the construction can be found itp:Hivww.xrce.xerox.com/competencies/content-

analysis/fsCompiler/fsexamples.ht#dd1.
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with the exception of closure under complementation. Thmeilfar automaton is augmented with
registers, whose number is fixed for each automaton and agrfrean one automaton to another.
A special symbol, ‘#, assumed not to belongMorepresents an empty register. Each state and arc
are associated with registers. The state registers arerrgbpe for dealing with new input, with the
following meaning: If the automaton is located in a state] #re input symbol does not appear in
any of the registers, then it will be written to the desigdategister of that state. The arc registers are
part of the transition function, with the following meaniniye automaton is allowed to move from
states to statet while reading an input symbat, if o is the content of the register associated with
the arc connecting the two states. If a new input symbol ig/abthe content of any of the registers,
it will be written first to the register associated with theremt state, and then the next move will be
examined. A word belongs to the language accepted by this dimutomata if it has an accepting
path, starting in the initial state and ending in a final stdthis is the deterministic version of the
automaton, which can be extended into a non-deterministisnaaton by turning each value (arc or
state) into a set of possible values. The main differencedemt the ordinary automaton and this new
model is that while in the former the information is locatettbe arcs, in this new model the symbols
are read and manipulated only through the registers anti@lhformation in the automaton itself
(i.e., arcs and states) act as pointers to the registerseder, in this new model the states are not
just temporary locations but also include vital data of #regluage.

The main advantage of this model is that it is well defined dhitsaclosure properties are well
established, making it a solid base for further use. Howdévismot directly suitable for our purposes

for the following reasons:

e Itis designed to deal with infinite alphabets, and thereitotannot distinguish between differ-
ent symbols. It can identify different patterns but canristiniguish between different symbols

in the pattern as is often needed in natural languages.

e The transition function is divided into two functions, onetimg into the registers (associated
with the states) and another which is responsible for molvimg one state to another according
to the information in the registers (associated with the)artt seems beneficial to unify the

two into one transition function associated with the arcedmite state automata.
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e The register alphabet and the language alphabet are the $dendesire to separate the two,

allowing the information stored in the registers to be mosaningful.

2.3 Predicates over transitions

van Noord and Gerdemann (2001b) extend finite state autoamataransducers by replacing the
atomic symbols over the transitions with predicates. Eaeldipater is a total function such that
for everyo € X, w(o) is either true or false. The predicate groups together sismiver different
transitions between the same two states, thus reducingotalenumber of transitions. Evidently,
predicate augmented finite state machines are equivalentioary finite state machines. The clo-
sure properties are dealt with as well. Operations on autswch as intersection, determinization,
complementation and minimization and operations on tnacesg such as composition and deter-
minization are done efficiently. The naive approach fothsoperations will expand the predicate
machine into the full machine, then perform the operaticthiarthe end create the resulted predicate
machine. It is clear though, that this approach looses alb#nefits of such a model. van Noord
and Gerdemann (2001b) show how such operations can be dea#ydiwithout expanding into the
ordinary finite state machine. The goal of reducing the nurobé&ansitions is achieved in most of

the transducers but in the worst case the number of transitidal remain the same.
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Chapter 3

Finite state registered automata

We define a new model, FSRA, aimed at facilitating the exjppass various non-concatenative mor-
phological phenomena in an efficient way. The new model igmiseent of Kaminski and Francez
(1994) in the sense that it augments finite state automalefinite memory (registers) in a restricted
way that saves space but does not add expressivity. The mwhlegisters is finite, usually small,
and eliminates the need to duplicate paths as it enablesitbmaton to ‘remember’ a finite number
of symbols. In addition to being associated with an alphapetbol, each arc is also associated with
an action on the registers. There are two kinds of actimgas] andwrite. The read action, denoted
R, allows traversing an arc only if a designated registeraiosta specific symbol. The write action,

denotediV, allows traversing an arc while writing a specific symbol iatdesignated register.

3.1 Definitions and examples

In this section we define FSRASs and give some examples of¢hpabilities.

Definition 3.1. A finite state registered automaton (FSRA) is a tugle= (@, qo,%,T',n,d, F),

where:
e () is afinite set of states.
e g € @ is the initial state.

e X is afinite alphabet (the language alphabet).



e ['is afinite alphabet including the symbg#* (the registers alphabet).
e n € N (indicating the number of registers).

e 0 CQRQxXU{e} x{R,W} x{0,1,2,...,n— 1} x " x Q is the transition relation. The

intuitive meaning ob is as follows:

— (s,0,R,i,7,t) € 6 where: > 0 implies that ifA is in states, the input symbol is, and

the content of thé-th register isy, then A may enter state.

— (s,0,W,i,7,t) € § wherei > 0 implies that ifA is in states and the input symbol is
o then the content of theth register is changed inte (overwriting whatever was there

before) andA may enter state.

- (s,0,R,0,4,t) implies that ifA is in states and the input symbol is then A may enter
statet. Notice that the content of register number 0 is always #. ¥éetbhe shorthand

notation (s, o, t) for such transitions.
e [' C (Qis the set of final states.

e The initial content of the registers ", meaning that the initial value of all the registers is

‘empty’.

We use meta variables, v; to range ovel” andu, v to range ovel™. A configurationof A is
a pair(q,u), whereq € @Q andu € I'" (¢ is the current state andrepresents the registers content).
The set of all configurations ofl is denoted byQ ¢. The pairg§ = (qo, #") is called theinitial
configuration and configurations with the first componentfinare calledfinal configurations The
set of final configurations is denoted Y.

Letu = uguy ... up—1 andv = vgvy ... v,—1. Given a symbokr € X U {¢} and an FSRA4,
we say that a configuratiofs, ) producesa configuration(¢, v), denoted's, u) Fq 4 (¢,v), iff either

one of the following holds:
e There existg, 0 < i < n — 1, and there exists € I', such that the following hold:
- (s, R,i,7,t) €9.
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- U; =V = 7.
e There existg, 0 < i < n — 1, and there exists € I, such that the following hold:

= (s,a, Wyi,7,t) € 0.
— Forallk,k € {0,1,...,n — 1}, such thatk # i, ux, = v.
- U; =7.

The meaning of the product relation is as follows: a configonec; produces a configuratios iff
the automaton can move from to co when scanning the input or without any input (whem = ¢)
in one step. If the register operation isthen the contents of the registers in the two configura-
tions must be equal and in particular the contents of thegdased register in the two configurations
should be the expected symbel) ( If the register operation 8/ then the contents of the registers
in the two configurations is equal except for the designaggister, whose contents in the produced
configuration should be the expected symbgl (

A run of A onw is a sequence of configurationsg, ..., ¢, such thatcy = ¢, ¢, € F and for
everyk, 1 <k <r,cy_1 Fq,, A cp andw = ay...a,.. An FSRAA acceptsa wordw if there exists a
run of A onw. Notice thatjw| might be less than since some of the; might bee. Thelanguage

recognized by an FSRA, denoted byl.(A), is the set of words over* accepted byA.

Example 3.1. Consider again example 1.1 (page 6). By using the model defibeve we can
construct an efficient FSRA accepting all the possible coatluins of roots and patterns and only

them. If the number of roots is we define an FSRA
A= {q,q1;--qr+2,9r}, 90, {a, b, ¢, ..., z, ht,ut}, {tOO0ut, "OOOa, mOO0, #}, 2,6, {qr })
where

6 = {(qo., ht, W, 1, htO0O0ut, q1), (g0, h, W, 1, A000a, ¢1), (g0, m, W, 1,mO00, ¢1),

(q2T+27 Ut, R> 17 htDDDut> Qf)7 (q2T+27 a, Ra 17 hDDDa» Qf)v (qQT+27 €, Ra 17 ’I?’LE”:H:‘, Qf)}

U
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{(q1,01,4), (gis @2, Git1)s (Git1, @3, q2r42)| 2 < @ < 2r and oy g is thei'th root}.

This automaton has the graph representation shown in Fi§ute The number of its states2s + 4
(just like the FSAin Figure 1.2), that i€)(r), and in particular independent of the number of patterns.
The number of arcs is also reduced fran{r x p), where p indicates the number of patterns, to

O(r +p).

a,R,1, hO00a
h, W, 1, hOOOa

ht, W, 1, htOO0ut t, R, 1, OO0ut

, W, 1, mO0O0 \\_)/ e, R.1,mO00)

#|#

0 1

initialization

Figure 3.1: FSRA

Example 3.2. Consider again example 1.2 (page 7). The FSRA defined byafead in Figure 3.2
also accepts the same language. This automaton has seves atal will have seven states for any

number of roots. The number of arcs is also reducegi-te- 3.

r7m17rgz g’R717rgZ Z7R7 17rgz
hit b, W, 1, b3l a $, R, 1,031 e I,R,1,b$1

@] @) O O O @) ©
g, W, 1, gbr b,R,1,gbr r, R, 1, gbr

Figure 3.2: FSRA for the pattern hiel[Je[]
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3.2 Equivalence to regular languages

Next we show that finite state registered automata and fitéite automata recognize the same class

of languages.
Proposition 3.1. Every finite state automaton has an equivalent FSRA.

Proof. Given an FSAA, add to A one register to construct an equivalent FSRA Since every
transition (s, o, t) in an FSRA is a shorthand notation for, o, R, 0, #,t), every transition inA is

also a legal transition inl". Trivially L(A") = L(A). O
Proposition 3.2. Every FSRA has an equivalent finite state automaton.

We prove by constructing an equivalent FSA to a given FSRA ddmstruction is based on the
fact that in FSRAg: is a finite number anfl and(@ are finite sets, hence the number of configurations
is finite. The FSA's states are the configurations of the FSRd\the transition function simulates
the product relation. Notice that product between configuma in an FSRA is dependent ahonly,
similarly to the transition function in an FSA. The constaedt FSA is a non-deterministic one with

possiblec-moves.

Proof. LetA = (Q, 0, X, T, n, 0, F') be an FSRA. Construct a finite state automator= (@', ¢, %,
&', F"), where:
e Q' = Q°. Every state ind’ is a configuration im4. Notice thatn is a finite number anél and
Q are finite sets, thereford’ has finitely many states.
e g\, = g5 whereg§ = (qo, #™). The initial state ofd’ is the initial configuration ofA.
o ' =F°

o O/ ={(s,a,t')]a e XU{e}, §,t' € Q and s’ -, 4 t'}. An arc connects statesandt’ in
A’ if A can move from the configuratiosi to the configuratiort’ in one step when reading.

Notice that since the original FSRA can includenoves, so does the constructed FSA.
We now show thaf.(A) = L(A’):
Assume thatv € L(A). Then there exists a series of configuratiegs. . . , ¢, such thaty = ¢,
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¢ € Feandforallk,1 <k <r,cx_1 Fa,a cx andw = o ... o, By the definition ofQ)’ andd’ it
follows thatcy,...,c, € Q', co = (), ¢, € F' and forallk, 1 < k <r, (cx—1, o, c) € 0'; therefore
A" acceptsw = a3 ...« andw € L(A"). HenceL(A) C L(A").
Assume thatv € L(A’). Then there exists a series of staggs . ., ¢}, € Q' whereg,, € F’ and for
alli,0 <i<n-—1,(g,wit1,q+1) € & andw = wy ... w,. By the definition ofA’ eachq; (for
somei, 0 < i < n) is a configuration of A andy, is the initial configuration of A ang/, € F°. By
the definition of¢’, it follows that for alli, 0 < i < n —1, ¢; Fw,,1,4 i1, thusqg, . .., q;, is arun of
Aonw = w,...,w,. Therefored acceptaw andw € L(A). HenceL(A’) C L(A).

[l

Notice that the number of configurationsAnis |Q| x |T

" therefore the growth in the number of
states when constructing’ from A might be in the worst case exponential in the number of regist
In other words, the move from FSAs to FSRAs can yield an expielereduction in the size of the
network. In the next section it will be shown that the reduetin the number of states can be even

more dramatic.

3.3 An extension of FSRAs: multiple register actions

The FSRA model defined above allows only one register oeratn each transition. We extend the
existing model to allow up té& register operations on each transition, whiere determined for each
automaton separately. The register operations are defsmadsaquence (rather than a set), in order
to allow more than one operation on the same register ovetransition. FSRA-k allow further
reduction of the network size for some automata as well asr @tivantages that will be discussed

later.

Definition 3.2. An order-k finite state registered automaton (FSRA-K) isptetd = (Q, qo, 2, ', n,

k,d, F'), where:
e (), qo,%,I",n, F and the initial content of the registers are as before.

¢ k € N (indicating the maximum number of register operationsva#d on each arc).
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e LetActionsl = {R,W} x{0,1,2,...,n — 1} x T, then
k
s Qx3u{erx | |J{{ar,.ap) | forall i, 1<i<yj, a; € Actions)} | x Q
j=1

is the transition relation.d is extended to allow each transition to be associated withraes

of up to k operations on the registers. Each operation has#mee meaning as before.

The register operations are done in the order in which thegpecified. Thugs, o, (a1, ..., a;),
t) € d wherei < k implies that ifA is in states, the input symbol igr and all the register operations
a1, ..., a; are executed successfully, thdrmay enter state. More formally, givera € Actions!, we
define a relation over™, denotedu I, v for u,v € I'"". We defineu I+, v whereu = ug. .. uy_1

andv = vy . . . v,_1 iff the following holds:
e if a=(R,i,~) for somei, 0 <i <n—1and for somey € I' thenu = v andu; = v; = 7.

o if a = (W,i,~)forsomei, 0 < i <n—1andforsomey € I'thenforallk € {0,1,...,n—1}

such thats # 4, ux, = v andv; = .

The above relation is expanded for series atetionsl,. Given a seriesay, ..., a,) € (Actionsk)?

wherep € N, we define a relation over™ denotedu Iy, o) v for u,v € T™. We define

Ul (qy.....q,) v iff the following holds:
o if p=1thenulk,, v.
e if p > 1then there exista) € I'" such thatu IF,, w andw Ik, 4 ) v.

Letwu,v € I'™. Given a symbok € ¥ U {¢} and an FSRA-KA, we say that a configuratiofs, u)
producesa configuration(t, v), denoted's, u) Fq 4 (t,0), iff there exist(ay, ..., a,) € (Actionsh)P

for somep € N such that(s, a, (a1, ... ,ap),t) € dandu by, o) v

A run of A onw is a sequence of configurations, ..., ¢, such thatcy = ¢§, ¢, € F° and for
everyl,1 <1 <r,¢_1 ka4 ¢ andw = aj...a,.. AN FSRA-KA acceptsa wordw if there exists a
run of A onw. The language recognized by an FSRAtkdenoted byl.(A), is the set of words over

Y* accepted by.

26



Example 3.3. Consider the Arabic noungamarnmaoon),kitaab(book), $ams(sun) anddaftar(note-
book). The definite article in Arabic is the prefial’, which is realized as “al’ when preceding most
consonants; however, the ‘I' of the prefix assimilates tofits¢ consonant of the noun when the lat-
ter is ‘d’, ‘' $, etc. Furthermore, Arabic distinguishes between defiaitd indefinite case markers.
For example, nominative case is realized as the suffion definite nounsun’ on indefinite nouns.

Examples of the different forms of Arabic nouns are:

word || nominative definite nominative indefinite
gamar 'algamaru gamarun
kitaab "alkitaabu kitaabun
$ams ‘a$famsu $amsun
daftar ‘addaftaru daftarun

The FSRA-2 of Figure 3.3 accepts all the nominative defimtd iadefinite forms of the above
nouns. In order to account for the assimilation, registert@es information about the actual form
of the definite article. Furthermore, to ensure that definibeins occur with the correct case ending,

register 1 stores information of whether or not a definitecetwas seen.

k,((R,2,0)) i t a a
k,((R,1,indef)) 0O—0 0O 0O 0o
e, (W, 1,indef)) ,
Q7<(R=27l)>
CLl, <(VV’ 1,def),(VV, 2,l)> 7,{(R,1,indef)) a m a r U,<(R,1,d6f)>
o o 0—0 0 0—0 o

\/

\/ $7<(R7'27$)> .

,CL$, <(W/7 17 def)> (W/, 27 $)> $,((R,1indef)) s un, <(R7 1> Indef)>

'ad, (W, 1, def), (W, 2,d)) d,((R,1,indef)) r

Figure 3.3: FSRA-2 for Arabic nominative definite and indeééimouns

Next we show that FSRA-k and FSRAS recognize the same cldaagiiages.
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Proposition 3.3. Every FSRA has an equivalent FSRA-k.
Proof. Every FSRA is an FSRA-k fok = 1, thus evidently the proposition holds. O

For the reverse direction we show how to construct an eqerivdSRA (or FSRA-11’ given an
FSRA-k A. Each transition in A is replaced by a series of transition&’j each of which performs
one operation on the registers. The first transition in theesaleals with the new input symbol
and the rest are-transitions. This construction requires additionalegab enable the addition of
transitions. Each transition in A that is replaced requaedgition of as many states as the number of

register operations performed on this transition minus one
Proposition 3.4. Every FSRA-k has an equivalent FSRA.

Proof. Let A = (Q,qo,%,T',n,k,6, F) be an FSRA-k. For every € ¢ we define therank of
d, denotedr(d), as the number of register operations specified for thissitian. For alld € 9,

1 <r(d) < k. Constructan FSRA" = (Q', ¢, X', T, n’, ¢, F'), where:

e Q=Qul/J {tcf,tg, ...,t;‘f(d)_l} where eacht? is a fresh nodet Q andtf # ¢ if i # j or

ded
d#d.
* 4= q
« Y=Y
o I'=T
e n'=n
e« F'=F

o & ={(s,0,a1,t}),(t{,¢,a2,t9), ..., (tf(d)_Q,e,ar(d)_l,tf(d)_l), (tf(d)_l,e,ar(d),t) |
d=(s,0,{a1,...,apq)),t) €5 N r(d)>1} U {d|de€d A r(d) =1}. ¢ is extended into
¢’ in the following way: for everyd € § if r(d) > 1 then it is replaced by a series of arcs in
&', each performing only one register operation. The neededstetes are added @ as well.

Otherwise, ifr(d) = 1 thend € §'. This process is illustrated in Figure 3.4.
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g, <a17a27 ceey ai)

® ®

!

% €, a2 € i
)
O-® -

Figure 3.4: Arcs replacement for FSRA-k

Evidently, L(A) = L(A4"). O

From now on, the term FSRA will be used to denote FSRA-k. SiniiRSA will be referred to
as FSRA-1. For the sake of emphasis, however, the term FSRi-4till be used in some cases.

FSRA is very space-efficient finite state device. The nexpasdion shows how ordinary finite
state automata can be encoded efficiently by the FSRA-2 mGdledn a finite state automatoh an
equivalent FSRA-24’ is constructed A’ has three states and two registers (actually only one eggist
is used since register number 0 is never addressed). Orefgtations as a representative for the
final states in4, another one functions as a representative for the nondtatgs inA and the third
as an initial state. The registers alphabet consists oftttessofA and the symbol#’. Each arc in
A has an equivalent arc id’ with two register operations. The first reads the curreriesibA from
the register and the second writes the new state into theteegilf the source state of a transition
in A is a final state then the source state of the correspondingitian in A’ will be the final states
representative; if the source state of a transitionliis a non-final state then the source state of the
corresponding transition iAd” will be the non-final states representative. The same hdddsfar the
target states. The purpose of the initial state is to wrigestiart state i into the register. In this way
A’ simulates the behavior of. Notice that the number of arcs i equals the number of arcs i

plus one (as many implementations of finite state devicespaee that is a function of the number
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of arcs, there may not be a clear practical advantage to Hogving proposition).

Proposition 3.5. Every finite state automaton has an equivalent FSRA-2 widethktates and two

registers.

Proof. Let A = (Q, qo, 2,0, F') bean FSAand lef : Q — {qf, qnf} be a total function defined by

g qeEF

anf Q¢F

flg) =

Construct an FSRA-2' = (@, ¢(, X', 17,2,2,¢', F'), where:

o Q" = {q0.anf- 95} qo s the initial stategs is the final states representative apg is the

non-final states representative

oY =X
o I'=QU{#}
o F'={qs}

o o' ={(f(s),0,((R,1,5), (W, 1,1)), () | (s,0,1) € 6} U {(g0, € (W, 1,40)), f(90))}-

We now show that.(A) = L(A’):

Assume thatv € L(A). Then there exists a series of statgs...,q, € @ such thatg, € F
and for alli, 0 < i < n —1, (¢, wi+1,¢+1) € d andw = w;...w,. By the definition of
&, foralli, 0 < i <n—1, (f(¢), w1, (R, 1,q), (W,1,qi+1)), f(gi+1)) € ¢ and in addition
(#,4i) F(R1,00),(W1,qi50)) (Fqi+1) (Notice that(#, ¢;) denotes the content of the registers and
means that register 1 contains the symbBgland register 2 contains the symbg]’; by the definition
of I, all the states i are symbols i"). Therefore forali, 0 < i < n—1, (f(q), (#, @) Fw;1,4
(f(@i+1), (#.qi41)). Sinceq, € F, f(gn) = qf and therefore(f(qn), (#,q,)) € F'. In addi-
tion, by the definition o', (¢, ¢, (W, 1,90)), f(q0)) € 0" and(#, #) I-(w,1,40)) (#>q0), therefore
(g0, (#,#)) Fear (f(g0), (#.q0)) Where(qp, (#,#)) is the initial configuration ofd’. In sum,
we have a series of configuratiofig,, (#, #)), (f(q0), (#.90)) +---, (f(q), (# @), ---, (f(qn),
(#, an)) such that(qq, (#, #)) Fe.ar (f(q0), (#, q0)) and for alli, 0 < i < n — 1, (f(a), (#. ¢:))
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Fwir,ar (f(gir1), (#,qir1)) and(qq, (#, #)) is the initial configuration ofd” and(f(gx), (#, qn))

is a final configuration ofd’, hencew € L(A’). HenceL(A) C L(4’).

Assume thatw € L(A’). Then there exists a series of configuratiegs. .., c, such thatcy, =

a0 = (¢, (#.#), ¢v € FCand forallk, 1 < k < 7, cx—1 Fopa cx andw = ay...q.

co = q,° = (g0, (#,#)) and since by the definition af, the only arc that goes out frowgj is

(g0, € (W, 1,q0)), f(q0)) (notice that for ally € Q, f(q) # q;) and sincezy 4, 4 ¢ We can con-

clude that; = e ande; = (f(qo), (#, q0))-

Lemma3.1. Forall n,2 < n < r, there exisy,—1, ¢,—2 € @ such that( f(g,—2), an, (R, 1, gn—2),

(W1, gn-1)); f(n—1)) € 6" @ndep = (f(gn-1), (#; gn-1))-

Proof. Notice first that for alls € @), by the definition off, f(s) # ¢, and therefore by the definition
of ¢’, if there is an arc that goes out ffs) it must be of the forn{ f(s), o, ((R, 1, s), (W, 1,t)), f(t))
for somet € (Q and somer € 3. We denote this observation ky We prove the lemma by induction
onn.

Forn = 2, we have seen thaty = (f(qo), (#,¢))) and we also know that; F,, 4 ¢ and
therefore fromx there isq; € @ such that(f(qo), a2, ((R,1,90), (W,1,q1)), f(¢1)) € ¢ and
(#,90) I ((R1,q0),(W,1,q)) (FF>q1) and thereforecy = (f(q1), (#,q1)). Assume the correctness
of the lemma forn — 1. By the induction hypothesis;,—1 = (f(gn—2), (#,gn—2)). We know
thatc,—1 Fq, 4 ¢, and therefore frome we can conclude that there exists_; € @ such that
(f(gn-2), n; (R, 1, qn—2), W, 1,qn-1)), f(gn-1)) € & and(#, gn—2) F(R,1,00_0),(W,Lan_1)) (#>

Qn—1> and hence,, = (f(Qn—l)v <#> Qn—1>)' O

Let us return to the main proof. We obtain that forajl2 < n < r, there existg,_1, ¢n—2
such that(f (¢n—2), an, (R, 1, qgn—2), W, 1,¢n-1)), f(gn-1)) € ¢ and foralln, 1 < n < r, ¢, =
(f(qn-1), (#,qn_1)). By the definition of¢’ it follows that for alln, 2 < n < r, there exist

Gn—2,qn—1 € @ such that(g,—2, an,q,—1) € 6. We obtain a series of transitions i1 (go, a2, q1),

(q1,03,92) 5. .., (@r—2,0r,qr—1). Sincec, = (f(gr_1, (#,qr-—1)) € F'“ it follows that f(¢,—1) =
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g and therefore by the definition of, ¢._; € F. Thereforea,...a, € L(A). Sincea; = ¢,

w=aj...ap =ay...a, € L(A), henceL(A") C L(A). O

Example 3.4. ConsiderL, the language oveE = {a,b} consisting of all the words in which the
number of a’s is a multiple of 6. The minimized finite stat@maton that recognizes is illustrated
in Figure 3.5. This automaton can be compiled into an FSRA-Bescribed above. The resulting

automaton is illustrated in Figure 3.6.

©0-
©0-
©2-
©0-
-
©2-

a

Figure 3.5: Fsa - number of a’s instances divides by 6

3.4 Closure properties

The equivalence shown in Section 3.2 between the class gfitayes recognized by finite state au-
tomata and finite state registered automata immediateljiemghat finite state registered automata
maintain the closure properties of regular languages. ,Tperforming the regular operations on fi-
nite state registered automata can be easily done by conyénem first into finite state automata.
However, as shown above, such a conversion may result in@onertial increase in the size of the
automaton, invalidating the advantages of this new modaérdfore, we show how these operations
can be done directly on finite state registered automata.c®dhstructions are mostly based on the
standard constructions for FSAs with some essential matiifics.

In what follows, letA; = (Q1,q}, 21,11, 11, k1,61, F1) and As = (Q2,¢3, X2, T, na2, ka, 52,
F5) be finite state registered automata. The variaplés used as a meta-variable ovgk, W'}, the
variablesa, b are used as meta-variables ovartions! and the variableg, b, ¢ are used as meta-
variables ovel(Actz'onsg)Jr (i.e.,@, b, represent vectors of register operations).

no n2+ni

. . . . T\t . I . r +
Define a total functiorshift, : (Actions;?)" — <Actzons 2 \Actzonsnf) by:
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b,((R,1,q0),(W,1,q0))

(R, 1,q0), (W, 1,q1))

a, <(R7 L, QS)v (V[/v 1, QO)>

Figure 3.6: FSRA-2 for the FSA of example 3.4

b,{((R,1,q1),(W,1,q1))
a, (R, 1,q1), (W, 1,q2))
b, (R, 1,q2), (W, 1, ¢2))
a, (R, 1,q2), (W, 1,43))
b,((R,1,q3),(W,1,43))
a,((R,1,q3), (W, 1,q4))
b, (R, 1,q4), (W, 1, q4))
a, (R, 1,q4), (W, 1,¢5))
b,{(R,1,45),(W,1,¢5))

Shlftnl ((0p1>i1771)7 sy (0pj,ij,’)/j)) = ((Oplvil + n1771)7 ) (Opjaij + nb’yj))

This function takes a series of register operations andssthié registers on which the different oper-

ations perform by, registers. Notice thaghift,, is one to one and onto function, therefore it has an

inverse function, which will be used in the sequel.

3.4.1 Union

Let g0 ¢ @1 U Q2 and assume thap; and @, are disjoint sets. We construct an FSRA =

(@, q0,%,T,n,k, 6, F) to recognizeL(A;) U L(Asz), where:

e Q={q}UQ1UQs.

e X =231 U,
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I'=Tyuls.

n = max{ny,na}.

k = max{ky, ko}.

F=FUF;.

e = 51 U 52 U {(q0>€7q(1))7 (QO,G,Q(Q))}-

Notice that in any specific run of, the computation goes through just one of the original aatam
therefore there is no need to take the sum of the registehe o automata since the set of registers
can be used for strings @f(A;) or L(A2) as needed. The formal proof thatA) = L(A;) U L(A2)

is suppressed.

3.4.2 Concatenation

We show two different constructions of an FSRA= (Q, qo, X, T', n, k, d, F') to recognizeL(A;) -
L(As). Concatenation in finite state automata is done simply byigeonly the accepting states of
the second automaton as accepting states and addiagrarfrom every accepting state of the first
automaton to the initial state of the second automaton. @joist this in FSRA is not enough because
using the same registers might cause undesired effectsesét might be effected by the content
left in the registers after dealing with a substring frdrpA,). Thus, this basic construction is used
with some modifications to solve this problem. In the firstadative we employ more registers in the
FSRA. In this way when dealing with a substring frdrfA, ) the firstn, registers are used, and when
moving to deal with a substring fromh(Az) the nextn, registers are used. The second alternative
uses additional register operations. These operatioas ttie content of the registers before handling
the next substring frond (Az). This solution may be less intuitive, but it will be useful i§leene

closure, shown in section 3.4.3.

Alternative 1

Construct an FSRM = (Q, qo, 2, T, n, k., d, F'), where:
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Q=0Q1UQs.

® 4o = qp
e X =21UXo
o '=T7UT5.

e n. = nj + ny. The number of registers is the sum of the registers of theatvtomata. Actually
only n = nq 4+ no — 1 registers are needed since register 0 in the two automatiaecanified,

but for the sake of convenience we leave them apart.

k = max{ky, ka}.

F = F5. The final states are the final statesf

§=01 U A{(f.e,a}) | f € F1} U{(s,o,(shift, (@)),t) | (s,0,(@),t) € 62}. Notice thatd is

used as a meta-variable 0\(e4ictz'ons£g)Jr

Alternative 2

Construct an FSRM = (Q, qo, X, T, n, k, d, F'), where:

e Q=Q1 U Q2.
* = qp-

e X =>1Uy
e« I =T, UT,.

n = maz{ni,n2}. The number of registers is the maximum number needeq ior A,.

k = max{ky, ks,ny — 1}. The value ofk is the maximal value of registers operations that
can be performed on an arc. Notice that— 1 is the number of register operations performed

when traversing an arc from a final statedn to the initial state inA,.

e [' = Fy. The final states are the final statesf
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e 5 =5 U{(f,e,(W,1,#),...,(W,na — 1,#)),¢3) | f € F1} U 2. The intuitive meaning
of ¢ is thaty, handles the first substring frof( 4, ), then the added arcs delete the contents of
the registers, leaving them empty and ready to handle ttendesubstring fronl.(As). Only
the contents of the firsi, — 1 registers after register O have to be deleted because thdler

only ones to be used from that point on.
Again, we suppress the proof thatA) = L(A;) - L(As).

Example 3.5. Consider A; and A, the FSRAs defined in Figure 3.7. Observe that;) =
{o1090109 | 01 € {a,b,c} , 00 € {d,e,f} } and L(As) = {o10209201 | 01,02 € {g,h,k}}.
The FSRA's defined in Figure 3.8 and Figure 3.9 both accepatiguagel (A;) - L(Az), using extra
registers (alternative 1) and extra register operationkg@native 2), respectively.

A for the concatenation example:

a,W,1, A d,W,2,D a, R, 1, A d,R,2,D
b,R,1,B

mm/—\ B2

A, for the concatenation example:

g?m]‘?G g7m27G g7R727G g7R717G

hW,1, H h,W,2, H hR,2, H hR,1,H
o o) o) O ®
kW1, K kW, 2, K k R,2, K kR 1,K

Figure 3.7: FSRAs for the concatenation example
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a,W,1, A d,W,2, D a,R,1,A d,R,2,D

g?m47G g?m57G g’R’57G g7R747G

m h,W,5, H h,R,5 H m
O O O O ©
kW, 4, K kW, 5, K k R,5 K kR4, K

Figure 3.8: Concatenation example — adding registers

3.4.3 Kleene closure

The following construction is based on the concatenatiarstraction. Notice that it cannot be based
on the first alternative (adding registers) due to the faat the number of iterations in Kleene star
is not limited, and therefore the number of registers needashot be bounded. Thus, we use the
second alternative (adding register operations to dedgjisters content). We construct an FSRA-k

A=(Q,q0,%,T',n,k,d F) torecognizeL(A;)*, where:

e Q=01

e k = max{k;,n — 1}. Notice that ifn = 1 thenk = k; and the resulting FSRA-k is a legal
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a,W,1, A d,W,2,D a,R,1,A d,R,2,D

& (W, 1,9), (W, 2,4))

9, W, 1,G 9, W,2,G 9, R,2,G 9. R,1,G

hW,1, H h,W,2, H h,R,2, H h,R,1,H
o) o) o) o) ®
kW1, K kW, 2, K k R,2, K k R1,K

Figure 3.9: Concatenation example — adding register dpesat

e FF = Fy U{qo}. The final states are the final statesAf with the initial state (to allow the

empty string).

e b =0 U{(f,e, (W, 1,#),....,(W,n —1,#)),q0) | f € F}. The intuitive meaning of is
thatd; handles a substring from(A;), then the added register operations delete the contents

of the registers, leaving them ready to handle the next sngstom L(A,).

Again, we suppress the proof thatA) = L(A;)*.

3.4.4 Intersection

For the intersection construction, assume thatnd A, aree-free (we show an algorithm for remov-
ing e-arcs in section 3.5). The following construction simugattee runs ofd; and A5 simultaneously.

It is based on the basic construction for intersection ofdistate automata, augmented by a simu-
lation of the registers and their behavior. Thus, each iianss associated with two sequences of
operations on the registers, one for each automaton. Theewufthe registers is the sum of the reg-
isters in the two automata. Thus, in the intersection automtie firstn, registers will be designated

to simulate the behavior of the registers of the first automaind the next- registers will simulate
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the behavior of the registers of the second automaton. ereonlyn +ns — 1 registers are needed
since register number O of the two automata can be unifieciniioone, but for the sake of simplic-
ity we leave the two. In this way a word can be accepted by tte¥gaction automaton iff it can be
accepted by each one of the automata separately. We car@strBSRAA = (Q, qo, X, ', n, k, 6, F)

to recognizel.(A;) N L(Asz), where:
e Q=Q1xQ2

e 9= (g q3).

Y=3¥1NXs.

I'=T7urls.

e n = nj +no. The firstn; registers will simulated; and the nexh, will simulate A;. Register

numbern, is register number 0 of the second automaton.

k = k1 + ko. In some caseb can be smaller, but this is its value in the worst case.

F = F) x Fs.

-, -,

1) :{((81,82),0', <Ei, Shlf%1 (b)>, (tl,tQ)) | (81,0‘,<5>, tl) €6 and(Sg,O', <b>,t2) € 52} where

@ andb are meta-variables ovériction! )" and (Action’2) " respectively. No special treat-
ment is needed for the case in which a register operatiorrierpeed over register 0 ik, since

registers number O of the two automata were kept apart.

Notice that register operations frofis and s cannot be associated with the same register. This

guarantees that no information is lost during the simutatibthe two intersected automata.
Proposition 3.6. L(A) = L(A;) N L(As).

Proof. Assume thatv € L(A;) N L(A2). Thenw € L(A;), therefore there exists a series of

configurationsc), ci, ..., ¢! such thate} = (¢})° = (¢8, #™), ¢t € Ffandforallk, 1 < k < r,
¢ty Fapa, ¢ andw = aq,...,a,.. Define foralli, 0 < i < r, ¢} = (g},u}). Similarly,
w € L(Az), therefore there exists a series of configuratighs?, ..., 2 such thatz = (¢3)° =
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(g3, #™), 2 € Fsandforallk, 1 < k <7, c_| bqpa, ¢z andw = oq,...,a,. Define for

alli,0 < i <r,c2 = (¢ u?). Note that the same is used for both4; and A, since both are
assumed to befree, hence ney; = €. By the definition of the product relation it follows that fall
k, 1< k < r, there existi;, andby, such that:

(@) (@1 o, (@), ai,) € 01

(2) (71 <b_l;>>QI%) € 0.

(3) up_y IFeap) up.

@) uf_y Ik i,

From (1) and (2) and by the definition &fit follows that:

(5) Forallk, 1 < k <, ((a}_y, a?_), o, {di, shift,, (50)). (g} 7)) € 6.

Notice that for allk, 1 < k& < r, aj, operates only on the first; registers in A, anc*shiftnl(bz)
operates only on the next, registers. In other wordsy, andshift, | (b}) cannot operate on the same
register. Hence from (3) and (4) it follows that:

(6) Forallk, 1 < k <7, (up_,,ui_,) lF(a},Shiﬂnl(b_;;» (up, u?).

From (5) and (6), by defining for alt, 0 < k < r, ¢ = ((q}.,¢3), (up,, u3)), it follows thatcy =
(g8, q3), #™T™2) = qo°, ¢ € F° (because(qt,¢?) € Fy x Fy) and for allk, 1 < k < r,
Ck—1 Fay,A ck, thereforew = o ... ag € L(A). HenceL(A;) N L(Ag) C L(A).

Assume thatv € L(A). Therefore, there exists a series of configuratians. . , ¢, such thaty =
0 ¢ € Feandforallk, 1 < k <7, cp_q Fa,,a ¢ andw = o ... .. Notice that since both
A; and A; aree-free, it follows by the definition ofd that A is e-free too, thus for alk, 1 < k£ < r,
oy # e Defineforallk, 0 < k < r, ¢ = ((¢4,4}), ux) (and indeecty = ((¢5,¢3), #™7"2)).
By the definitions of the product relation anadit follows that for allk, 1 < k < r, there exist
ar € Actions!, by € Actions}2 such that<(q,}:_1,q,%_1),ak, (a_/;,shiﬂm(b;», (q,i,q,%)) € ¢ and
such that:

(7) (gh—1 s (i), af) € 61

(8) (4i_y: - (br). 4}) € Do

9) (ur_,u2 ) H_(a;,shiftnl(b;» (ul,u?) where for alli, 0 < i < r,u; = (u},u?) andu} € Ty is

the content of the first, registers andaf e T’y is the content of the next; registers.

40



Notice that as before, for alk, 1 < k& < r, a; operates only on the first; registers in A, and
shiftm(b;;) operates only on the next registers. Hence, from (9) it follows that:

(10)uy 1=z ug.

(11) ui_l H—<b7€> u%

From (7) and (10) by defining for all, 0 < k < r, ¢; = (q,u}.) it follows thatc) = (gf, uf) =
(a6, #™) = (¢})", ¢} € Ff (becaus@, € F; sincec, € F¢)andforallk,1 <k <r,ci | Fa, 4, ch
andw = aj...q,. Thereforew € L(A;). From (8) and (11) by defining for all, 0 < k& < r,
2 = (¢?,u?) it follows thatc2 = (¢2,ud) = (g3, #™) = (¢?), 2 € F§ (because;? € F» since
cr € Fé)andforallk,1 <k <r,c2 | Fa,a, ¢z andw = o ... a,. Thereforew € L(Ay). Hence

w € L(A1) N L(Ay) and thereford.(A) C L(A;) N L(As). O

3.4.5 Complementation

Ordinary FSAs are trivially closed under complementatiétfowever, given an FSA whose lan-
guage isL(A), the minimal FSA recognizing the complementlafA) can be exponentially large.
More precisely, for any integer > 2, there exists an n-state NFEA, such that any NFA that accepts
the complement of.(A) needs at least” 2 states (Holzer and Kutrib, 2002). We have no reason
to believe that FSRAs will demonstrate a different behawioerefore, we maintain that in the worst
case, the best approach for complementing an FSRA woulddmnteert it into FSA and complement

the latter. We therefore do not provide a dedicated consbruor this operator.

3.5 e-removal

An e-arc in an FSRA is an arc of the for(, ¢, (@), ¢). Notice that this kind of arcs might occur in
an FSRA by its definition. Given an FSRA = (Q, qo, X,I',n, k, d, F') that might contaire-arcs,
an equivalent FSRA withouwt-arcs can be constructed. The construction is based ondbathim
for e removal in finite state automata, but the register operattbat are associated with thearc
have to be dealt with, and this requires some care. The ig$HERA has one more state than the
original, and some additional arcs may be added, too. Thie ibsa behind the construction is as

follows: If there is ane-path formg, to ¢, with the register operations over its arcs, and if there is
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an arc(qe, o, (b), g3) Whereo # € and if there is am-path formgs to ¢4 with the register operations
over its arcs, then the equivalenfree network will contain the arag, o, (b), ¢3), (¢1, 0, (@, b), q3),
(g2,0, (5, ), qa) and(q, o, (d, b, @), q3), with all thee-arcs removed. This is illustrated in Figure 3.10.
Notice that if¢; andg, are the same state, then stagesand g3 will be connected by two parallel
arcs differing in their associated register operationsthadame holds for stateg andg,. Similarly,

whengs andq, are the same state.

Original:

e-free:

Figure 3.10: removal paradigm

Example 3.6. The FSRASs in Figure 3.11 both accept only the wogd (assuming that the register
operations on the accepting path can be satisfied) and battagve-transitions. The corresponding
e-free FSRAS created by the algorithm are shown in Figure 3NiRice that the correspondingfree

FSRAs contain redundant arcs and states. In section 3.6 aw@ Bbhw they can be removed.

In addition to the above changes, special care is needetidarase in which the empty word is
accepted by the original automaton. We will refer to thisieskater.

We now formally define, for every FSRA, an equivalerftee FSRA, and prove the correctness
of the construction. We begin by defining, for every staie an FSRA, the set(q). This is the

set of all the stateg’ such that ar-path leads frong to ¢’; and each state in ¢(q) is paired with
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¢ (a1) x, (az) ¢, (a3) > (ai) ¢, (a5) 2, (a6) ¢, (a7)
1 2 3 y 4 5 6 7

Figure 3.11: FSRAs containingtransitions

the series of register operations along ¢hgath that leads from to ¢’. Formally, given an FSRA
A=(Q,q,%,I',n,k,6,F)andqg € Q, defines(q) = {(¢, (a1, a3, ...,a;)) | there existg > 2 and
there exislyy, ..., gj—1 € Q such that(g, ¢, (a1),q1), (¢1,€,(d2),q2), ..., (gj—-1,€,(dj),q") € 6} U
{(¢,(a)) | (g,¢,(@),q") € §}. Notice that since the network might contaiioops,z(¢) might be
infinite. However, as we presently show, if the set of suchsgaidivided into different subsets, where
each subset has the same effect on the registers contgnfirot@ number of such subsets exist. We
define a relation ove(Actz'onsg)Jr, denoted=r: @ =r b iff for all u,v € T, u k@ viff u I -
Next, we define a relation ovexq) denoted &,": (g1, (@) =, (g2, (b)) iff ¢1 = g2 and@ =r b.

Intuitively, two elements of(q) are equivalent iff they contain the same state, and theirsevies of

register operations have the same effect on the state ofSRAF

Proposition 3.7. Given an FSRM = (Q,qo,X,T',n,k,6, F) andg € Q, =, is an equivalence

relation overe(q).

Proof. As =, is defined in terms of identity and logical equivalence, itlsarly an equivalence

relation. O

The =, relation partitions the elements efq) to equivalence classes such that(a)) and

(¢, (b)) are in the same equivalence class if and only if the two regisperations series have the

same effect on the registers content.
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A; equivalente-free FSRA:

<Cf47 CL5>
x, <a_é> @ Y, <CL_§,> Z, <CL_41>
.’L', <a_ia CL_é>
A, equivalente-free FSRA:
x, (d, d3, a3) y, (d3, d4, d3) z, (a5, ag, az)

z, (a3 Y, (di /—\
® 0o e e O

Z, <CL1, CL2> Y, <a37 CL4> Z, <a’57 CL6>

Figure 3.12:¢-free FSRAs

Proposition 3.8. Given an FSRM = (Q, q0, 2,T',n, k, 6, F) andq € Q, ‘=, has a finite index.

Proof. Let A = (Q, g0, 2,T',n, k, 6, F) andg € Q. Assume toward a contradiction thway partitions
the elements of(¢) into an infinite number of equivalence classes. Since in egcivalence class
all the first coordinates of the pairs (which are nodeg§))nare the same node, there exigtss Q
such that for an infinite number of equivalence classes, thiecfhordinate of the pairs ig. For each

equivalence clasq’, @)]~, for (¢, @) € <(q) we define a total functiorfz : T — I'™ by:

for all I falu) v ifthere existsy € I'" such thatu I-5 v
orall ue ~(u) =

u otherwise

Notice that by the definition of the relatioh, if there existsy € I'™ such thatu IF; v, then it is
unique and hencg; is indeed well defined. Moreover, the definition f does not depend on the
equivalence class representatigesince all the elements in its equivalence class effectegesters

content in the same way (by the definitions of the relatisgpsaind=r). For (¢, a1), (¢, a3) € (q),
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if (¢/,d1) # (¢, a3) then there is. € T'™ such thatf;; (u) # fg(uw), thusfg; # fa. In sum, each
equivalence class defines a different function, and thezdby the assumption there is an infinite
number of such functions, but sinfeandn are finite, there is only a finite number of such functions

(there is a finite number of possible total functions from édiset to itself) — a contradiction. O

For everyq € Q, let{(q) be a set containing exactly one representative of everyalguice class
[(¢,@)]~,. Which representative is chosen is irrelevant. Thlg is a finite subset of(¢) whose
size is equal to the index &f,.

We are now ready to define the equivalertee FSRA for a given FSRA that might contain
e-arcs. We first consider the case where the given FSRA doeacoept the empty string. The
removal paradigm is as described in Figure 3.10, where{b&ths that are accounted for by this
paradigm are only the ones {fiq); the othere-paths are simply ignored (i.e., removed without any
effect) as they are representedify) by othere-paths, equivalent to them in their effect on the state
of the FSRA((¢) is a finite set (unlike=(¢) which may be infinite) and thus ensures thais finite

too.

Definition 3.3. Given an FSRAA = (Q,qo,%,T',n,k,6, F) wheree ¢ L(A), EpsFreéA) =
(@', q0, Y, TV, n' K, &, F') is the FSRA defined by:

¢« Q=Q.
* 4 = qo-
¢« Y =%,
o« I"=T
en' =n
« F'=F

o = {(QIaav <a>>Q2) €90 | g 7& 6}
U

—.

{(q,0,(a, 5,E>,q’) | there existg1, g2 € @ such that(qi, (@) € ((q) , (q1,0,(b),q2) € 9§,
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(¢, () € ((g2) and o # ¢}
U
{(q,0,(a@,b),q) | there existg; € Q such that(qi, (@) € C(q) , (q1,0,{b),¢') € &, and
o # €}
U
{(q,0,(b,3),¢) | there existg; € Q suchthatq, o, (b),q1) € 6, (¢, (@) € ((q1) ando # €}.

Notice that since), 6 and((q) for all ¢ € Q are finite sets¢’ is finite too.

e ' = max{p | thereexisy,q» € @ and there exists € ¥ and there exist,...,a, €

Actionsgf such that(qi, o, (a1, ..., ap),q2) € §'}.
Proposition 3.9. L(A) = L (EpsFre€A)).

Proof. Assume thatv € L(A). The idea for showing that € L(EpsFre¢A)) is to construct the
equivalent accepting path far in EpsFre€A). Notice that the states in the path acceptingn A
are also states iEpsFre€A), and the idea is to use them to construct an accepting patis for
EpsFreg¢A). This path is constructed as follows: a nemrc with all its consecutive predecessor
e-arcs is replaced by a single nertransition. If the arc has nearcs predecessors, then it remains as
is. Special care is needed for the last transition: the lastrarc with all its consecutive predecessor
e-arcs and all its consecutive successarcs (if such exist) is replaced by a single namansition.

By the assumptiomy # ¢ and therefore, there exists a series of configuratigns. . , ¢, such
thatcy = ¢§ = (qo, #"), ¢r € Feandforallk, 1 <k <r,cx_1 Fqa,.4 ¢ andw = a; ... a,.. Define
forall k,0 < k <r,¢; = (¢;,u;) (and indeed:y = (qo,ug)). Then for allk, 1 < k < r, there exists
ac (Actz'onsg)Jr such thatuy, 1 I gy ux and(qr—1, o, (di), ) € 9. Definew’ = a, ... a;; as
the substring ofv consisting of all the nor-symbols ofw and only them (for example, it = aeb
and thusay = a, as = ¢, a3 = bthenw’ = aja3). This substring is used to mark all the nen-
transitions in the accepting path ferin A (the none transitions are those connecting_; andg;,
marked by the symbal;, , for 1 < k < j).

The first arc inEpsFre¢ A) corresponds to the first nantransition inA (connectingg;, -1 with
gi,)- The two possible cases and their corresponding changeuatrated in Figure 3.13. Formally,

for i, the following holds:
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If i1 = 1 (first case), thefiqo, a,, (@i, ), ¢i,) € ¢ and thereforéqy, e, , (@i, ), qi,) € §'. In addition,
ug (g, y ui, - Notice that(¢(,, uo) = (qo, uo) is the initial configuration oEpsFre¢A).

Otherwise, ifi; # 1 (second case), thef@;, 1, (d1,...,d;,—1)) € £(go) and therefore there exists
bi, € (Actionsh)" such that(gi, 1, (bi,) € C(go)- In addition, (g;, 1, iy, (@), ¢;,) € & and
a;, # ¢, and hencéqo, o, (b¢1,6¢1>, ¢i,) € ¢'. In addition, by the definitions of the relatidtnand

the equivalence relatior,,, it follows thatu, Ik@lﬁi1> U, -

A transitions EpsFre¢ A) transitions

g, <611> a’Ll
® O——w» - @—®
o @ ' 7 () — @20 2@

Figure 3.13: First arc construction in tedree FSRA

The central transitions iBpsFre€ A) correspond to the central nertransitions inA (connecting
¢i,—1 With g;, , for 2 < k < j). The two possible cases and their corresponding changétuatrated
in Figure 3.14. Formally, for alk, 2 < k < j — 1, the following holds:

If i, = ig_1) + 1 (first case — there are no preceditdyansitions), then since;, # e and by the
definition of ¢’ it follows that(qz-(k_l),aik, (@), qi,) €0 andu;,_, }_<Eik> Ui, -

Otherwise (second cas&y;, —1, (6i(k_1)+1, sl 1)) € s(qi(k_l)) and therefore there exisﬁgﬂ €

(Actionsl) ) such that(g;, —1, (g%» € ((Qig_y))- Inaddition, (¢i, —1, iy, (@i ), 4, ) € 6 andoy;, #

eand thereforqu(k_l) L Qs <bik76ik>> ¢i,) € ¢'. In addition, by the definitions of the relatidnand

the equivalence relatioqs;qi( , it follows thatu;,_,, IF 5 B i) Wi
The last transition ifEpsFre€ A) corresponds to the last nertransition inA (connectingy;, 1

with g;;). The four possible cases and their corresponding chamgeustrated in Figure 3.15 (no-

tice that in the first two cases, = ¢, and that the two extra cases are due to possilansitions at

the end of the accepting path ferin A). Formally, fori; the following holds:
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A transitions EpsFre¢ A) transitions

alk azk
(2) ‘ - path lk @ alk :> Zk | aZk

Figure 3.14: Central arc construction in théree FSRA

If i; = r (first and second cases — there are no successramsitions), then simply extend the above
from2<k<j—1t02<k<j.

Otherwise, ifi; # r, then(qy, (@i, +1,...,d,)) € e(g;;), and therefore there exisig € (Actionsh) ™
such that(q,, (¢;;)) € ((gi;)- In this case the following holds:

If i; = i¢;_1y + 1 (third case — there are no precedingansitions) therig;,_,,, ai;, (@), qi;) € 9
anda;; # ¢, and therefore by the definition &f it follows that (qi(jil),aij, (di;»Ci;),qr) €. In
addition, by the definitions of the relatidn and the equivalence relati(mhj, it follows thatui(jil)
H—@j &) Ur-

Otherwise, ifi; # i(;_1)+1 (fourth case), the(qi(._l), (di(]._l)ﬂ, oy Gi1)) € s(q%_l)) and there-
fore there exists?l-j € (Actionsl ) such that(qzj_1,<bl-j>) € ((gi;;_,))- In addition, (¢i; -1, aij,
(@,),q;,) € 6 anda;, # e and therefore(q;, , ,a;,, (b, i, &), q-) € &. In addition, by
the definitions of the relatioft- and the equivalence relatiomsqi(j_l) and R, it follows that
H—@j @iy ) Ui -

In sum, there is a series of configurationsEpsFred A), go, i, - - - , 9i,» Wherego = (g, #") =

Wigj_1)

(9%)¢ 9i; € (F')and forallk, 1 < k < j, g, = (i, w,) andgo k. ., EpsFreea) 9in and for all
ky2 <k <7 Gig_y) Fa, EpsFreea) i @ndw = aj, ... a;;. Hencew € L(EpsFre¢A)) and

thereforeL(A) C L(EpsFre€A)).
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A transitions EpsFre¢ A) transitions

—

0, (i)

e
<« — path, (b;. o, {di;)

) _f‘i_f;_;_, .
NG ¢ — path, (C;.)

3) @@ _____ ‘® -
path, (b, ¢ — path, (c;;)

0 OO -

Q
1
—
S
<
~

—~
S
<
<l
St
<
~

;

7<C_i’l7uclj>

b’LJ ) a’LJ 9 C’L

B
@

OH QOO
2~ S
E
®

Figure 3.15: Final arc construction in tedree FSRA

Assume thatv € L(EpsFreéA)). If w = e, then sinceEpsFreéA) is e-free, it follows that
q, € F'. Hence, sincg( = qo and F' = F it follows thatqy € F' and therefore € L(A) — a
contradiction to the assumption thatt L(A). Thereforee ¢ L(EpsFre€A)) and we assume then
thatw # e.

The main idea for showing that € L(A) is to construct the equivalent accepting pathifdn A.
Notice that again, the states in the path accepiirig EpsFre¢ A) are also states id, and the idea
is to use them to construct an accepting pathdan A. The accepting path fav in A is constructed
by replacing each transition iBpsFre¢ A) by its counterparts iMl. For a given transition there are
four possible ways in which it was created and they are st in Figure 3.16 (notice that each of
the e-paths can be either oreransition or a series of consecutissransitions).

Sincew € L(EpsFre€A)), there is a series of configurationsEfsFre€ A) ¢y, .. ., ¢, such that

co = (qy, #"), ¢r € (F')¢and forallk, 1 <k <r,cp_ '_ak,EpSFreeA) ¢, andw = aq, ..., q,
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EpsFreg A) transitions

o, (ak)

» ©2G
bk,Cmdk
bkyck
Ck,dk;

A transitions

g, <ak> @
— path, @@ 7, () — path, <d2

Figure 3.16: Arcs construction in the FSRA containigrcs

(notice that sinc&EpsFre€A) is e free, |w| = r). Define for allk, 0 < k < r, ¢, = (q,, ux) (and

indeedcy = (qp, uo))- Therefore, by the definition of the product relation, firia1 < & < r, there

existsdy, € (Actionsl, ) such that(q},_,, o, (dx),q},) € 0" anduy_y Iz, ux. &' is a union of

four sets, and thereforlg;,_,, ax, (dx), ¢,) must belong to one of this sets. By going over all the four

possibilities we get the following (each possibility capends to the same possibility number in the

diagram of Figure 3.16):

Possibility 1:(q,_,, ax, (dk), q;,) € 0. Define therr),_, = ¢, andc), = ¢ and thuss),_; Fq, 4 ¢

Possibility 2: There exis,¢' € Q and there exisby, &, d; € (Actionsh)" such that(@) =

(bg, @, di) and such that:
(1) (g (b)) € C(gj—y).
(2) (g, o, (i), ') € 0.
(3) (i (i) € <(d).
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In addition, by the definition of the- relation and from the fact that,_; I, wuy, it follows that
there exist,, y,. € I'" such thatu;_; ‘F<5k> Uk, Uk (@) Yk andyg ‘F(db U

From (1) and from the fact that(q;_,) is a subset of(q;_,) it follows that either one of the follow-
ing holds (as(g,_,) is defined as a union of two sets, each of its elements mustdgéboone of the
sets):

@) (¢,_,,€ (bx),q) € & (a singlee-arc). Define thent, , = ¢, 1, gr_1 = (q,v;) and thus
Cho1 FeA Gh—1.

(b) There existg > 2 and there exisi;, ..., q, € Q and there exist, ..., b/ "' e (Actionsh)”
such that(}, ¢, (b}), a}), (ab, € (b3).a2) ..., (al,e. (bL"),q) € 6 and(by) = (b}, b7,.... 001"
(a series ot-arcs). In addition, since;_; \F<5k> vk and by the definition of the relatidh, there exist
Uk, 0 € T such thatue 1 g, o, v gy o ,ooes vl ) vl, vl Ik g+1y vi. Define
thenc,_; = cx—1, G4 = (¢}, v},) forall i, 1 <i < j, andge_1 = (g, v). Thus,c}_; Fea Gi_y,
Gl oA Gl foralli, 2 <i<j,andGl | Fea gei-

From (2), by defininguw,_1 = (¢’, yx), it follows thatg,_; Fa, o k1.

From (3) and from the fact that(¢’) is a subset of(¢’) it follows that either one of the following
holds (as=(¢’) is defined as a union of two sets, each of its elements mustdpétoone of the sets):
©) (¢, ¢, (dr), q},) € 6 (a singlee-arc). Define them), = ¢;, and thushy,_; . ¢,

(d) There existn > 2 and there exist, ..., z}" € Q and there exis}, ..., d"+! € (Actionsk)”
such that(¢/, e, (dL), L), (z}, e, (d3),22) ..., (a7, e, (7YY, q,) € 6 and (d},) = (d},d5, ...,
ka+1> (a series ot-arcs). In addition, since |F<Jk> ug, and by the definition of the relatioh, there
existy, ...,y € T such thaty, I yL, Ul @ Y2yt IF iy YRS VR IFgntny .
Define thenH! |, = (xi,y%) foralli, 1 < i < m, andc|, = ¢. Thus,hxy_1 Fea HL 4,
Hi Vs He  foralli,2 <i<m,andHJ" | Fca .

Possibility 3 and 4 are sub-cases of possibility 2 (wheredfribe e-sides is missing). The construc-
tion is done in the same way as in possibility 2.

c. = ¢ = (q},u;) is the last configuration in the series. Singec (F')¢, ¢. € F’ and hence,

q. € F. Thereforeg, is a final configuration ofd.

In sum, we obtain a series of configurationsAnfor which the product relation holds, where the
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first is the initial configuration ofA and the last is a final configuration df. Hencew € L(A) and

L(EpsFre€A)) C L(A). O

As was mentioned before, special care is needed for the magsch the empty word is accepted
by the automaton. In finite state automata this case is degithy simply making the initial state
an accepting state. This solution in finite state registésraata might cause over generation, as the

following example demonstrates.

Example 3.7. Consider the FSRA in Figure 3.17. This automaton acceptdaihguage denoted
by e | a™b. Removing:-arcs in the néave way, and turning the initial state into an accepting one,
results in the network in Figure 3.18. This network accepgs atrings of the forma™, and thus over

generates.

& ((R,1,#))
b, (R, 1,b))

\

a, (W, 1,b))

/O

Figure 3.17: FSRA witl-arcs

a, (W, 1,0), (R, 1,#))

a, (W, 1,b))

\

b, ((R,1,b))

0

Figure 3.18: Over generatingfree FSRA



The reason for this over generation is that in contrast ttefstate automata, in finite state regis-

tered automata not eveerypath can be traversed, since the possibility to traversepath depends

on its associated register operations. The problem ocauysio cases where the empty string is

accepted and the initial state is not an accepting statesdléon in such cases is to add a new state

which will be the new initial state and will duplicate in a nésted way the former initial state (which

no longer will be the initial state). The new initial statetusned into a final state and will have all

the outgoing arcs of the former initial state but will haveinooming arcs. The equivalenrtfree

resulting network for the FSRA in Example 3.7 is illustraiadrigure 3.19. Note that paths labeled

by strings of ‘a’s indeed connect the initial state with tleeepting state;, but they cannot be used

for recognizing such strings because of contradictingstegioperations.

a, (W, 1,0), (R, 1,#))

(W, 1,0), (R, 1,4))

a, (W, 1,b) /

(W, 1,b))

\

((R,1,0))

((R,1,b))
Flgure 3.19: Correci-free FSRA

Definition 3.4. Given an FSRM = (Q,qo, %, T,n,k,d, F) wheree € L(A), EPSfreéA)

(@', q0, Y, T, n' K¢, F') is the FSRA defined by:

e Letgy ¢ Q. DefineQ’ = Q U {qo0}-

* ¢y = o
e Y =3,
e IV =T.



o I'=FU{q}

e Defined* = {(q1,0,(d),q2) € 5| 0 # €}

U

-,

{(q,0,(@,b,&),q) | there existg;, g € Q such that(qy, (@) € ¢(q) , (q1,0, (), q2) € &,
(¢, () € ((g2) and o # €}

U
{(q,0,(@,b),q) | there existg; € Q such that(qy, (@) € ¢(q) . (q1,0,(b),¢') € &, and
o # e}

U
{(q,0,(b,),q) | there existg;, € Q suchthat(q,a, (b),q1) € 8, (¢, (&) € ((q1) ando # €}.
Define then’ = 6* U {(qo, 0, (@), q) | (q0, 0, (@), q) € 6*}. Notice that sinc&), 6 and((q) for

all ¢ € Q are finite setsd* is finite, and hencé’ is finite too.

o k' = max{p | thereexisiy,q2 € @ andthere exists € X and there exist,,...,a, €

Actionsgi such that(qy, o, (a1, ..., ap),q2) € §'}.
Proposition 3.10. L(A) = L(EPSfre¢A)).

Proof. Assume thatv € L(A). If w = ¢, thenw € L(EPSfre¢A)) sinceq, € F’. Assume then
thatw # €. The proof thatw € L(EPSfre¢A)) is the same as the corresponding proof for the case
wheree ¢ L(A), with a modification for the construction of the first traiwitin the accepting path
for w in EPSfre€A). As in the previous case, there exist an @kt o, , (@i, ), g, ) € 0* (if i1 = 1) or

—

an arc(qo, oy, (bi,, @i, ), qi,) € 0% (if i1 # 1), then, by the definition of’, (go, vy, (@i, ), qi,) € &
or (o, iy, (bi, , @, ), i) € & respectively. In addition, as beforey IF @) ui OF ug Ik@»il@i1> Ujy
respectively (and in additiofy, uy) = (o, uo) is the initial configuration oEPSfre€A)). The rest
of the proof thatv € L(EPSfre€A)) is the same as in the previous proof.

Assume thatv € L(EPSfre¢A)). If w = e then clearlyw € L(A) by the assumption. Assume
then thatw # e. Again, the proof is the same as the proof for the case wheteL(A), with a

modification for the first arc in the accepting pathuoin EPSfre¢A). As before,(q), a1, (d1), ¢}) €

54



" is the first transition in the accepting pathwofin EPSfre¢A). By the definition ofé’ and since

4, = qo. it follows that(qo, a1, (d1),q}) € d*. Then, simply replacey by ¢y = (go,uo) and still

co PahEPSfreeA) c1 andc is the initial configuration ofA. Notice that for allk, 2 < k < r,
(q)._1> o, (dk), q;,) € 0* (since there are no arcs dhthat are enteringg, no arcs except for the first
arc can include this state and the first arc was dealt withenThs before, each of the arcs must
belong to one of the four sets th&twas created as a union of. The rest of the proof is the same as in

the previous proof.

3.6 FSRA optimizations

In FSRAs, traversing an arc depends not only on the input syimitt also on satisfying the series
of register operations. Sometimes, a given series of ergigierations can never be satisfied, and
thus the arc to which it is attached cannot be traversed. ¥@&mgle, the series of register operations
(W,1,a),(R,1,b)) can never be satisfied, thus an arc of the fogm o, (W, 1,a), (R,1,b)),q2) iS
redundant. In addition, the constructions shown in sest® and 3.5 might result in redundant states
and arcs that can never be reached or can never lead to aditealldioreover, in many cases a series of
register operations can be minimized into a shorter seritestive same effect. For example, the series
of register operationg(W,1,a), (R, 1,a),(W,1,b)) is equal in its effect to the seriggV,1,b)).
Therefore, we show an algorithm for optimizing a given FSR&, minimizing the series of register

operations over its arcs and removing the redundant arcstates.

3.6.1 Register operations optimization

For a given FSRM = (Q, q0, X, T, n, §, F'), we construct an equivalent FSRK = (Q, qo, X, T, n,
§', F) = Opt(A) such thaty’ is created fromd by removing redundant arcs and by optimizing all the
series of register operations.

We begin by definind Actions}, ) +|Z. as the subset c(fzélctz'ons};)Jr that consist only of operations
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over thei-th register. Define a total functiosut; : (ActionsF)Jr'Z. — {true,falsé by:

n

true if there existu,v € I'™ such thatu I-z v
sat; (@) =
false otherwise

sat; (@) = true iff the series of register operatioass satisfiable, i.e., there exists a configuration
of registers content for which all the operations in theesegan be executed successfully. Deter-
mining whethersat;(@) = true by exhaustively checking all the vectorslifi may not be efficient.
Therefore, we show a necessary and sufficient conditiondtarchining whethesat; (@) = true for

somed € (Actz’ons};)Jr . which can be checked efficiently. In addition, this conditiwill be useful

\
in optimizing the series of register operations as will bevah later. A series of register operations

over thei-th register imot satisfiablaf either one of the following holds:
e A write operation is followed by a read operation expectirdifierent value.

¢ Aread operation is immediately followed by a read operasigpecting a different value.

n

Proposition 3.11.For all @ = ((op1,i,71), (op2,,72), - - -, (0ps, i,7s)) € (ActionsF)Jr‘i, sat;(d@) =

false if and only if either one of the following holds:

1. There exist&, 1 < k < s, such thatop,, = W and there existen, k < m < s, such that

opm = R, v, # ym and forall j, k < j <m, op; = R.
2. There exist&, 1 < k < s, such thabpy, = opr1 = R andy, # Vi1

Notice that ifi = 0, then by the definition of FSRAs, all the register operatiorthe series are the
same operation which ik, 0, #) and this operation can never fail. In addition, if all the @i®ns
in the series are write operations, then again, by the defindf FSRAS, these operations can never
fail. If none of the two conditions of the proposition holdsen the series of register operations is
satisfiable.

We now show how to optimize a series of operations over a giegister. An optimized series is

defined only over satisfiable series of register operationise following way:
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¢ If all the operations are write operations, then leave oméylast one (since it will overwrite all

its predecessors).

¢ If all the operations are read operations, then by promrsBi.11, they are all the same opera-

tion, and in this case just leave one of them.
e If there are both read and write operations, then distifgbetween two cases:

— If the first operation is a write operation, leave only the {&ste operation in the series.

— If the first operation is a read operation, leave the first afpem (which is read) and the
last write operation in the series. If the last write opematiwrites into the register the
same symbol that the read operation required, then the ignitglundant; leave only the

read operation.

Definition 3.5. Define a functionmin; : (Acm'onsg)ﬂi — (Acm'onsg)ﬂi. Letd = ((op1,i,71),
ooy (0ps,y 3,75)). If sat;(@) = true then:
o Ifforall k,1 <k <s,opr =W, definemin; (@) = (W, i,7s))-

e Ifforall k,1 <k < s, opr = R then definenin;(a) = ((R,,7s)).

e If there existsn, 1 < m < s such thatop,, = W and if there exist$, 1 < t < s, such that

op; = Rthen:
(W, i,74)) ifopy =W andforallk, j <k <s, op, =R
((R,i,71),(W,i,7;)) ifopr =Randforallk, j <k <s, op, =R and
min;(d) = N #

((R,i,71)) if opy = R and if there existg, 1 < j < s, such that

forall k, j <k <s, opp = Randy; =;

The formal proof thatnin;(@) is the minimal equivalent series of register operations: as

suppressed.

We now show how to optimize a series of register operatiomsing a functionnin : (Actionsg) *
— (Actionsk) " U {null}. For all@ € (Actionsh) " definemin(@) = b whereb is obtained from
a by:
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e Each subseries; of @, consisting of all the register operations on tkié register, is checked
for satisfaction. Ifsat;(@;) = falsethen the arc cannot be traversedn(a) = b = null. If
sat;(d;) = true thend; is replaced irii by min(d;). Notice that the order of the the minimized

subseries in the complete series is unimportant as theatgpen different registers.

e If there existsi # 0, such that; is not empty, then the subseriég consisting only of opera-

tions of the form(R, 0, #), is deleted fron.

Finally, given an FSRA = (Q, q0, X, T, n, §, F), construct an equivalent FSRA = (Q, qo, %, T,
n,d', F) = Opt(A) whered’ = {(q1, 0, (min(a)),q2) | (q1,0,(d),q2) € § andmin(a) # null}.

Opt(A) is optimized with respect to register operations.

3.6.2 Redundant States and arcs removal

Like FSAs, FSRAs might contain states that can never be eghohcan never lead to a final state.
These states (and their connected arcs) can be removedsartieway they are removed in FSAs.

In sum, FSRA optimization is done in two stages:
1. Minimizing the series of register operations over the A$fansitions.
2. Removing redundant states and arcs.

Notice that stage 1 must be performed before stage 2 as itesait in further reduction in the
size of the network when performing the second stage. ForemdtSRAA, defineOPT(A) as the
FSRA obtained fronOpt(A) by removing all the redundant states and transitions. AnA3Rs
optimizedf OPT(A) = A (notice thatD PT'(A) is unique, i.e., ifB = OPT(A) andC = OPT(A)
thenB = C).

3.7 FSRA minimization

FSRAs can be minimized along three different axes: states,amd registers. Reduction in the num-

ber of registers can always be achieved by converting an F®8Rgh FSA (section 3.2, page 24),
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eliminating registers altogether. Since FSRAs are intigreton-deterministic (see section 3.8 be-
low), their minimization is related to the problem of NFA rimmzation. NFA minimization (in terms
of both arcs and states) is known to be NP-Hardowever, while FSRA arc minimization is NP-
hard as will be shown presently, FSRA state minimizationffeigent. Recall that in proposition 3.5
(page 30) we have shown that any FSA has an equivalent FSRith 3states and 2 registers. It thus
follows that any FSRA has an equivalent FSRA-2 with 3 stasealy turn the FSRA into an FSA
and then turn it into an FSRA-2 with 3 states). Notice thatimining an FSRA in terms of states
or registers can significantly increase the number of arcsmany implementations of finite state
devices use space that is a function of the number of archeahefit that lies in such minimization
is limited. Therefore, a different minimization functiomyvolving all the three axes, is called for.

However, we did not address this problem in this work.
Proposition 3.12. FSRA arc minimization is NP-hard.

Proof. Let ¢ be a CNF formula withm clauses and variables. Construct an NFA that accepts
exactly the assignments that do not satigfy

Letzq,...,z, be the variables ap. Each assignment can be thought of as an n-bit binary number
where the bit in theé-th position represents;’s assignment0 representsalseand1 representsrue.

An assignment does not satisfy iff it does not satisfy one of’s clauses. Construct an NFA with

m paths such that an assignment that does not satisfy omés alauses is accepted by the path
representing this clause. The general NFA for a given foamuk shown in Figure 3.20. Theth

path simulates the assignment on ikl clause as following:

e Forallj, 1 <j < n,if z; occurs in the-th clause then the arc connecting stgte_) andg;;

is labeled).

e Forallj, 1 <j < n,if z; occurs in the-th clause then the arc connecting stgte_) andg;;

is labeledl.

e If neitherz; norz; occurs in the-th clause then there are two arcs connecting gigte;) and

YWhile this proposition is a part of folklore, we were unalbdind a formal proof. Therefore, we explicitly prove this

proposition for FSRAs.
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gi;, labeledl and0, respectively.
e Forg;; the above holds for the arc connectifpgandg;; .

Evidently, if an assignmentdoes not satisfy, then it does not satisfy at least one/ clauses, say
thei-th clause. Hence the binary number representing thisrassigt overp’s variables is accepted

by the pathyg, g1, gi2, - - - , ¢in, Whereg;, is a final state. Observe that the number of states and arcs
in this NFA isO(mn). The constructed NFA recognizes all the n-bit binary wohdg to not satisfy

¢. Extend this NFA to recognize also all the binary words wHesgth is not:, by unioning it with

the automata of Figure 3.21 that accept all the words whaogghes less tham and greater than,
respectively. The obtained NFA, whose size is polynomial in, recognizes{0, 1}* iff ¢ is not

satisfiable.

Figure 3.20: NFA for a cnf formula

The NFA A is also an FSRA with 1 register (register number @)has only one register, poly-
nomial number of states and arcs and O register operatianarpe Now, minimizeA with respect
to arcs into an FSRA!’, and assume that this can be done in a polynomial time. Theo$id’, in
terms of states, arcs, registers and number of registeatiqes per arc, is polynomial in, since the
minimization is done in polynomial time. Lé8 = OPT(A’). Notice that FSRA optimization can

be done in time polynomial in the FSRA size (again, in termstafes, arcs, registers and number of
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NFA for recognizing binary words with length less than n:

0 0 0
@+O@+@ @

NFA for recognizing binary words with length greater than n:

Figure 3.21: NFA for recognizing binary words with lengtht egual to n

register operations per arc) since minimizing the serigggister operations over the transitions can
be done in polynomial time and so is the redundant statesrasd@moval. Thus, the size &, in
terms of states, arcs, registers and number of registeatipas per arc, is polynomial in. Assume

thatL(A) = L(B) = {0, 1}*. Evidently, B must be the FSRA of Figure 3.22.
Lemma 3.2. The subseries af andb operating on the-th register must be either one of the follow-
ing:

e Both of the subseries afandb have only one W instruction on register

e Each of the subseries is either empty(O1/, i, #)) or ((R, i, #)).

Proof. B is optimized, hence each subseriesi(zfndl;operating on the-th register must be either
empty or((W,4,7)) or ((R,i,7)) of ((R,i,71),(W,i,72)) (wherey; # 7). B accepts{0,1}",
therefore the series of register operatiﬁ’r&ndg must be satisfied by any registers content, and hence

it easy to see that each subseriesiaind b operating on the-th register must be either empty or
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((W,4,#)) or ((R,1,#)) (the symbol must bét as this is the initial content of the registers) or that

both of the subseries afandb have only W instruction on register O

Notice that verifying tha& andb have this property can be done in polynomial time as thegtlen
is polynomial inn. Thus, it can be verified in polynomial time thatA) = L(B) = {0,1}*. In sum,
if FSRA arcs minimization could be done in polynomial times would determine the satisfiability
of a given CNF formulap in a polynomial time by constructing an FSRA accepting al tlonsatis-

factory assignments @f, minimizing and optimizing it and verifying that the resaolf FSRA accepts

{0,1}*

Figure 3.22: Minimal arcs FSRA fdf0, 1}*

3.8 FSRA Linearization

The main advantage of finite state devices is their lineavgeition time. In finite state automata,
linear recognition time is provided by determinizing théwark: ensuring that the transition relation
is a function. However, a functional transition relatiorF8RA does not guarantee linear recognition
time, since multiple possible transitions can exist for\aegistate and a given input symbol. For
example, given an FSRA = (Q, qo, %, 1", n, k, 6, F'), and somey, ¢1,q2 € Q ando € X, two arcs
such aqq,o, (W,1,a)),q1), (¢,0, (W,1,b)),q2) € § do not hamper the functionality of the FSRA
transition relation (a8 can still be a function). However, they do imply that for thateq and for the

same input symbol(), more than one possible arc can be traversed. Thereforesedeterministic
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to denote FSRAs in which the transition relation is a functiand a new termlinearized is used to
denote FSRAS for which linear recognition time is guarathtee

Generally, an FSRA is linearized if it is optimizeéfree, and given a current state and a new
input symbol, at most one transition can be traversed. Tihtise transition relation includes two
arcs of the form(q, o, (@), q1), (¢, o, (5), q2), thend andb must be contradicting series of register
operations. Two series of register operations are comtingdiif at most one of them is satisfiable.
Since the FSRA is optimized, each series of register opaEigis a concatenation of subseries, each
operating on a different register, and the subseries dpgrah thei-th register must be either empty

or (W,i,v)) or {(R,i,7)) or {(R,i,71), (W,1,7%)). ((W,i,~)) contradicts neithef(R,,~)) nor

((R,i,7m), (Wyi,72)). ((R,4,7)) and{(R, i,71), (W, i,72)) are contradicting only ify 7 ;.

Definition 3.6. An FSRAA = (Q, qo, X, ', n, k, 6, F'), is linearized if itis optimizeds-free and for all

(¢,0,{@),q1), (¢, 0, (b), q2) € & such that(@) # (b), where(@) = ((op,i},"),..., (opk, ik, 7))

and (b) = ((op?,i2,43),..., (op%,,i2,,72)) , there existsj;, 1 < j; < k and there existgs,

1 < jy < m, such thai'op}1 = op?2 =R, Z']l-l = 1?2 and’}’}l # ’YJZQ-

A naive algorithm for converting a given FSRA into an eqlewa linearized one is to turn it into
an FSA and then determinize it. In the worst case, this iesuéin exponential increase in the network
size. We were unable to find a better algorithm for turningvergiFSRA into an equivalent linearized
one. Moreover, we conjecture this is an NP-hard problems iBran instance of the common tradeoff
of time versus space: FSRA improve the network size whichesoat the cost of slower analysis
time. When using finite state devices for natural languagesgssing, often the generated networks
are huge and their size is impractical for use. In such casesg FSRAs can make network size
manageable. Using the closure constructions one can lhaldésired network having reasonable

size, and at the end decide whether to turn it into an ordir&#, if time performance is an issue.
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Chapter 4

Linguistic applications

4.1 Circumfixes

Regular expressions are a formal way for defining regulaguages. Regular language operations
construct regular expressions in a convenient way. Setveo#ioxes (software packages) provide
extended regular expression description languages angileosnof the expressions to finite state

devices, automata and transducers (see section 1.2, pagée4howed in example 3.1 that FSRAs
can model phenomena of circumfixation in a more efficient wentfinite state devices. We now

introduce a new regular expression operator, accountingifcumfixes, and show how expressions
using this operator are compiled into the appropriate FSR®.new operator accepts a set of strings
overX*, representing a set of bases, and a list of circumfixes, eashioh containing a prefix and

a suffix (where one or both can be empty). It yields as a resuRSRA denoting the set containing

all the strings created by prefixing and suffixing each of thsds with each of the circumfixes. For
example, consider the Hebrew roet$.m, n.h.l, p.q.dand the Hebrew circumfixelt-ut,me, h-h

Given these two inputs, the new operator yields an FSRA dicgethe set
{htr$mut, htnhlut, htpgdut, mr$m, mnhl, mpqd, hr$mh, hnhlh, hpgdh}.

Definition 4.1. LetX be a finite set such thai, {, }, (,), ® ¢ X. We define the operation to be of

the form

{{ar), (a2), ..., (an)}



&

{<ﬁ1D71>7 <62D’72>7 ) <ﬁmD’7m>}

where;
e n € Nis the number of bases.

m € N is the number of circumfixes.

a; € X*forl <¢ < nisabase.

BG; € ¥* for 1 < i < mis the prefix of the-th circumfix.

~v; € X* for 1 < i < m is the suffix of theé-th circumfix.

Consider first the case whetg € X U {e} for 1 <i <mnandg;,v; € XU{e}for1 <i<m.In
this case thex operation yields as a result an FSRA41= (Q, qo, 2,1, 2,4, F'), such thatL.(A) =

{Biajvi |1 <i<m, 1<j<n} where:

o Q = {QO7q17Q27q3}

F={g}

o I=({al1<i<n} U{B|1<i<m} U {y|ll<i<m})\{e}

= {8yl 1 <i<m} U {#}.

0 ={(qo, B, W, 1, B0, q1)| 1 < i <m}
U
{(q1, i, q2)| 1 < i <m}

U

{(QQ77i7R> 1762|:|’72>Q3)| 1<:i< m}

This FSRA is shown in Figure 4.1. It has 2 registers, wheristeg0 is the extra register to enable
transitions of the fornis, o, ¢) and register 1 ‘remembers’ the circumfix. Notice that the RSRI

have 2 registers antistates for any number of roots and circumfixes. In other watslsiumber of
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/817W71751|:|71 ’ylaRalaﬂlDVl

a1

Bm, W, 1, By Bm, R, 1, By

Figure 4.1: Circumfixes FSRA — general

states is independent of the number of roots and circumfiklae.number of arcs in this automaton
is2m + n.
Consider now the general case whese 3; and~; can be strings of letters. In this case, the

operation will be of the form

{(a%,a%,...,a?), (a%,a%,...,a§>,...,(a,{b,a%,...,afﬂ}

&

{</81175%7...’/8‘]]-1["‘}/11’7%""’fy]]f:1>7...7< })’L? q%w”’757];1m|:|7}n77217”’777§1m>}

where;:

n € N is the number roots.

m € N is the number of circumfixes.

af,eZu{e}forlgpgnandlgsgip.

ﬂ;ezu{e}forlgpgmandlgsgjp.

7;EZU{e}forlgpgmandlgsgk‘p.
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In this case arcs of the FSRA defined above are simply replagepaths: where an arc in
the above definition is labeled by the letiey it is replaced by a sequence of arcs labeled by the
word «;, and similarly for3; and~;. The register operation, if there is one, is attached to the
first arc in the series. For example, Figure 4.2 demonstthteseplacement of an arc of the form

(qO,ﬁp, W, 1,ﬁp|:|’7p, (h) Where@n = @117@12’ R ﬁ;,]; ext andj > 2. Notice thattq, to, . . . ytia ¢ Q.

Bps W, 1, BpUyp

82 )
~® - ()

Figure 4.2: Arcs replacement

@ ,
@ p’ L, Bplhyp

Example 4.1. Consider once again the Hebrew roat$.m, n.h.l, p.q.éind the Hebrew circumfixes

ht-ut, me, h-h The® operation
{(r,8,m)(n, b, [){p, q,d)} ® {(h,t0u, t)(mL)(hR)}

yields the FSRA of Figure 4.3.

h, W, 1, htOut 3 u R, 1, htClut

Gmﬂ\

/ h, R,1,h0h

m, W, 1, ml]

h, W, 1, hOOh \p\

Figure 4.3: Circumfixes example
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4.2 Interdigitation

We showed in example 3.2 that FSRAs can model the phenoménoteligitation in a more effi-
cient way than finite state automata. We now introduce a ngwlaie expression operator, defining
the interdigitation process, and show how expressiongusis operator are compiled into the ap-
propriate FSRA.

The new operator accepts a set of strings of lemgtver ©*, representing a set of roots, and a
list of patterns, each of which containing exactlyslots’. It yields as a result an FSRA denoting
the set containing all the strings created by splicing thesranto the slots in the patterns. For
example consider the Hebrew roat$.m, p.&.l, p.q.dand the Hebrew patternst]d 1€ ], miJd ],
hdJlOdla The roots are all trilateral, and the patterns have threts €lach, represented by the

symbol TT'. Given these two inputs, the new operator yields an FSRAtieg the set
{hitra$em, hitpa&eel, hitpaged, mir$am, mip&al, mipqad, har$ama, hap&ala, hapgada}.

Definition 4.2. Let ¥ be a finite set such thail, {, }, (,),® ¢ X. We define the splice operation to

be of the form

{<041 1,1 25 ..., (1 n>, <a2 1,02 9,..., 009 n>7 veey (am 1,0m 2y eeey Oy n>}

%)

{(1 1061 20...61 »OB1 nt1), (B2 10062 200...82 nOB2 1), -y (B 108k 20...8% 08k nt1) }

where:

e n € N is the number of slots (represented by) in the patterns into which the roots letters

should be inserted.

m € N is the number of roots to be inserted.

k € Nis the number of patterns.

o a;; € X*forl <i<mandl <j<n.

Bije¥Xrforl<i<kandl <j<n+1.
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The left set is a set of roots to be inserted into the slotserritpht set of patterns. The slots are
represented by the symbdll*. For the sake of brevityg; and«; are used as shorthand notations
for 81 08i20...08(n41) anda;iaia...cuip, respectively. Consider first the case whefge ¥ U {e}
forl1 <i<mandl < j <nandf; € EU{efforl < i < kandl < j < n+ 1
In this case the splice operation yields as a result an FSRA=1 (Q, ¢, %, T, 3,4, F'), such that

L(A) = {ﬁjlaﬂﬁjgaig...ﬁjnamﬁj(n+1) | 1<i:<m s 1< ] < k‘}, where:

o Q = {q07Ql7 '--7QQn+1}

F={qn}

Y={oyl1<i<m,1<j<n} U{By|1<i<k,1<j<n+1})\{e}

P={f]1<i<k} U {al<i<m}U {#).

§ = {(q0, Bi1, W, 1, Bi,q1)| 1 < i < k}
U
{(q1, i1, W, 2,05, q2)| 1 < i < m}
U
{(q2j=2,Bij, R, 1, Bi,q2j—1)| 1 <i <k, 2<j<n+1}
U

{(q2j—17aij>R>27ai7q2j)| I<i<m ) 2 S] < n}

This FSRA is shown in Figure 4.4. It has 3 registers, wheréestegl ‘remembers’ the pattern
and register 2 ‘remembers’ the root. Notice that the FSRAaVe 3 registers arh + 2 states for
any number of roots and patterns. In other words, its numbstates is independent of the number
of roots and patterns. The number of arcs in this automaténxign + 1) + m x n. In the case of
trilateral roots, form roots andk patterns the resulting machine has a constant number essaatd
O(k + m) arcs.

Consider now the general case wheargandg;; can be strings of letters. In this case, arcs of the

FSRA defined above are simply replaced by paths, similartigaase of circumfixes (section 4.1).
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B, W, 1, By a1, W, 2, aq B2, R, 1, 51 a2, R, 2,01

m f\

Bat, a1, W, 2, ap 22, R, 1, B2 a2, R, 2, 09

k/&_/k/&/

Br1, W, 1, By am1, W, 2, oy, Bra, R, 1 am2, R, 2,

ﬁlnaRaL/@l alnaR,2,Oél /Bl(n-i-l)?va?/Bl

o

/82n7R7]-7/82

Bions B, 1, By Omn B2yam g VR B

Figure 4.4: Interdigitation FSRA — general

Example 4.2.Consider again the Hebrew roots$.m, p.&.1, p.q.cand the Hebrew patternstd Je],
mid0d] andhddJa The splice operation

{(r,;$,m){(p, &, 1)(p, q,d)} ® {(hitOaOe)(miOd0a)(haldOaa)}

yields the FSRA of Figure 4.5. Therc was added only for the convenience of the drawing.

It should be noted that like other processes of derivatior@bhology, Hebrew word formation is
highly idiosyncratic: not all roots combine with all patter and there is no systematic way to deter-
mine when such combinations will be realized in the langud@ée this does not render our proposed
operators useless: one can naturally characterize classasts and classes of patterns for which all
the combinations exist. Furthermore, even in cases wheteagharacterization is difficult to come

by, the splice operator can be used, in combination withratkended regular expression operators,
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h, W, 1, hitOaOeDd

o r,W,2,78m a, R, 1, hitOaOed
m,ﬁ,l,miDDaD \ p, W, 2, p&l €, R, 1,szDaD

O

\ A

p, W, 2, pqd €, R, 1, haldOaOla
h, W, 1, hallOaOla

5, R,2,r$m ¢,R,1,hit0a0eDd 1 R,2,r$m ¢ R, 1, hitDaDleD

&, R, 2, p&l a, R, 1, szDaD I, R, 2, p&l e R,l,szDaD

q, R’ 2’ pqd a, R, 1, haOOaOa d7 R7 2) pqd a, R7 17 halOOaUa

Figure 4.5: Interdigitation example

to define complex expressions for generating the requiregliage. This is compatible with the gen-
eral approach for using finite state techniques, implemgntiach phenomenon independently and

combining them together using closure properties.

4.3 Reduplication

We now return to the reduplication problem as was presemtsddtion 1.3 (page 8). We extend the
finite state registered model to efficiently accépt a finite instance of the general problem, which
is practically sufficient for describing reduplication iataral languages. Using FSRAs as defined
above does not improve space efficiency, because a sepatlafeipeach reduplication is still needed.

Notice that the different symbols ih,, have no significance except the pattern they create. Thierefo
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FSRAs have to be extended in order to be able to identify @patithout actually distinguishing
between different symbols in it. The extended model, FSR&\¢reated from the FSRA-1 model by
adding a new symbol, *, assumed not to belongbipand by forcingl" to be equal ta2. The *
indicates equality between the input symbol and the detgnagister content, eliminating the need

to duplicate paths for different symbols.

Definition 4.3. Letx ¢ ¥. An FSRA* is an FSRA-1 wheke = I (and thus includes#’) and the
transition function is extended to beC Q x X U{e, *} x {R, W} x{0,1,2,...,n—1} xZU{*} x Q.

The extended meaning &fs as follows:

e (s,0,R,i,7v,t) €0, (s,0,W,i,7,t) € 6 whereo,~y # x imply the same as before.

(s,0,R,i,*,t) € 6 and (s, *, R,i,0,t) € ¢ for o # e imply that if the automaton is in state
the input symbol ig and the content of theth register is the same, then the automaton may

enter state.

o (s,0,W,i,*,t) € 6 and (s, *, W,i,0,t) € 6 for o # € imply that if the automaton is in state
s and the input symbol ig, then the content of théth register is changed to, and the

automaton may enter state

o (s,%, R, i,*,t) € § implies that if the automaton is in statethe input symbol is some e %

and the content of theth register is the same, then the automaton may enter state

o (s, W,i,x t) € § implies that if the automaton is in stateand the input symbol is some
o € %, then the content of theth register is changed to the saragand the automaton may

enter state.

With this extended model we can construct an efficient reggst automaton fof.,,: The number
of registers is n+1. Register number 0 is the extra registalidw transitions as in the ordinary FSA.
Registersl, ..., n ‘remember’ the first, symbols to be duplicated. Figure 4.6 depicts an extended
registered automaton that accepts for n = 4. Notice that the number of states depends only on
n and not on the size df. Figure 4.7 schematically depicts an extended registenezhaton that

acceptsl,, for somen € N. The languagd ww | |w| < n} for somen € N can be generated by a
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union of FSRA*, each one generatiig for somei < n. Sincen is usually small in natural language
reduplication, the resulting automaton is manageablejraady case, considerably smaller then the
naive automaton.

*7W17* *7VV727* *7W737* *7W47*
o O O O O

©

o O O
*7R74>* *7R73,* *,R,2,* *7R717*

Figure 4.6: Reduplication for n=4

*7m27* *7W7n7*
® e
T @ /
*7R7n7* *,R,2,* *7R71>*

Figure 4.7: Reduplication — general case

4.4 Assimilation

In example 3.3 (page 27) FSRAs are used to model assimilaiiorominative definite nouns in
Arabic. Using the FSRA* model defined above, further redwucin the network size can be achieved.
The FSRA* of Figure 4.8 accepts all the nominative definitei® of the Arabic nounkitaab gamar
anddaftar In the same way it can be extended to accept any set of nawairtsfinite Arabic nouns.
Register 1 stores information about the actual form of tHende article, to ensure that assimilation

occurs when needed and only then.
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Figure 4.8: FSRA* for Arabic nominative definite nouns
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Chapter 5

Finite state registered transducers

We extend the FSRA model to transducers, denoting relatiegistwo finite alphabets. The extension

is done by adding to each transition an output symbol.

5.1 Definitions and examples
An finite state registered transducer (FSREKtends an FSRA in the same way that an FST extends
FSA: the only difference between an FSRA and an FSRT is artiaddi alphabet in the latter.

Definition 5.1. A finite state registered transducer (FSRT) is a tuple- (@, qo, X1, 2,1, n, 6, F),

where:

e Q is afinite set of states.

qo € @ is the initial state.

¥ is a finite alphabet (the upper language alphabet).

Y5 is a finite alphabet (the lower language alphabet).

I is a finite alphabet including#’ (the registers alphabet).

n € N (indicates the number of registers).

0 CQx3I1U{e} xToU{e} x {R, W} x{0,1,2,...,n— 1} x ' x @ is the transition

relation.



e [' C (Qis the set of final states.

e The initial content of the registers ", meaning that the initial value of all the registers is
‘empty’.
The relation recognized by an FSRI, denotedR(A), is the set of pairs ift} x X3 accepted

by A. The formal definition is a naive extension of the corresiiog definition for FSRAs (simply

replace all the occurrences of individual symbols by paiisymbols).

Example 5.1. Consider again example 3.1 (page 22). The automaton of dradp accepts all
the legal combinations of roots and patterns. This automatan be extended to an FSRT, giv-
ing as output the correct analysis as pattern and root. Thasmgducer is shown in Figure 5.1.
Where in FSRAs the registers are used to control the tramsitinction, in FSRTs they are used
also to control the output. In this case, the relation defitigdthe transducer of Figure 5.1 is:
{hr$ma : hOOOa + r$m, hnhla : hOOOa + nhl, hpgda : hOOOa + pad, . ..} U {htr$mut :
rtOO0ut + r$m, htnhlut = OOO0ut + nhl, htpgdut : htOO0ut + ped, ...} U {mr$m :

mO00 + r$m, mnhl : mOOO + nhl, mpgd : mOO0O0 + pad, . . . }.

h : hOOOa+, W, 1, \O000a a:e R,1,h000a

TT/ = \mm/\
: htO0O0ut+, W, 1, kOO0 . h:h 1:1 yt : e, R, 1, Oy,
v

NG qq‘/

m : mO00+, W, 1, n000 €:¢6, R, 1,mO00

Figure 5.1: Transducer for roots and patterns

Example 5.2. Consider again example 3.2. The automaton in example 3.2ptsall the legal
combinations of roots and the pattern. This automaton cao &k extended to an FSRT, giving as
output the correct analysis as pattern and root. This trarcsat is shown in Figure 5.2. Notice that
O € 35 and indicates the slots in the patterns. The relation defimethe transducer of Figure 5.2

is: {hitragez : hitOaOeO + rgz, hitba$el : hitCaOel 4 b$1, hitgaber : hitCaOel + gbr}.
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r:0O,W,1,rgz g:0 R, 1,rgz z:O4+rgz,R,1,rgz

hit - hat!t b : O, W, 1,081 a:a $:0,R, 1,081 0408, R, 1,098

e:e
o ©) @) @) ©) O ©

N N

g: 4, W 1, gbr b:0,R,1,gbr r: O+ gbr, R, 1, gbr

)

:

Figure 5.2: Transducer for roots and patterns

As in the FSRA model, we extend the FSRT model to allow mudtigglgister operations on each

transition.

Definition 5.2. An order-k finite state registered transducer (FSRT-k) ispa A = (Q, qo, X1, 2o,

I n,k,0, F), where:
e (), qo,21, %, ',n, F and the initial content of the registers are as before.
e k € N (indicates the maximum number of register operations alibwn each arc).

e LetActionsl = {R,W} x{0,1,2,...,n — 1} x T, then

k
0 C QxX1U{e}x3aU{e} x U {(al,...,aj> | for all i, 1<i<yj, a; € Actionsg} X Q)
j=1

is the transition relation.d is extended to allow each transition to be associated withraes

of up to k operations on the registers. Each operation has#mee meaning as before.

The register operations are done in the order in which thegpecified. Thuggs, o1, 09, (a1, ...,
a;),t) € § wherei < k implies that if A is in states, the input symbol isr; and all the register
operationsuy, ..., a; are executed successfully, thdroutputse, and may enter state The relation
recognized by an FSRT-K, denotedR(A), is the set of pairs ifrE] x 33 accepted byd. As in
FSRAs, the term FSRT will be used for denoting FSRT-k; thenany FSRT will be referred to as
FSRT-1.
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Example 5.3. Consider again the 32-bit incrementor example mentioneskation 2.2.2 (page 16).
Recall that a sequential transducer for an n-bit binary gmwentor would requir@™ states and a
similar number of transitions. Using the FSRT model, a mdfieient n-bit transducer can be con-
structed. A 4-bit FSRT incrementor is shown in Figure 5.3e fitst four transitions copy the input
string into the registers, then the input is scanned (usigregisters) from right to left (as the carry
moves), calculating the result, and the last four transii@utput the result (in case the inputlis,
an extra 1 is added in the beginning). Notice that this traresst guarantees linear recognition time,
since from each state only one arc can be traversed in eagh sten when there akearcs. In the
same way, an n-bit transducer can be constructed for &l N. This transducer will have registers,
3n + 1 states andn arcs. The FSRT model solves the incrementor problem in necketme way it
is solved by vectorized finite state automata, but the FSRifi@o is more intuitive and is based on

existing finite state techniques.

5.2 Closure properties

As in FSRASs, implementing the closure properties directyF&RTs is essential for benefiting from
this new model. Union, concatenation and Kleene closureS&tFs are done in the same way as for

FSRAs. Therefore we only show how to perform a compositiomofFSRTs.

5.2.1 Closure under composition

Given two transducersl; = (Q1, ¢, %, 61, Fi) and Ay = (Q2, ¢, %, 62, F»), the composition of
R(A;) andR(As), denotedR(A;) o R(A,), is the relation consisting of all the paifs, y) such that
there exists some intermediate stringvhere(z, z) € R(A;) and(z,y) € R(As). Kaplan and Kay
(1994) suggest a construction for a transdutet (Q), qo, X, 6, F') suchthatR(A) = R(A;)oR(A3z)

by defining:
o Q=0Q1xQs.
o g0 = (45, 43)

o '=F) x F>.
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0:6,(W,1,0)) 0:6,((W;2,0)) 0:¢,((W;3,0)) 0:¢ ((W,4,0))
@) ) O ) O
1:e,((W,1,1)) 1:¢ ((W,2,1)) 1:¢,((W,3,1)) 1:¢,((W,4,1)

€6, ((R,4,1),(W,4,0))

€:¢,((R,3,1),(W,3,0))

€€ ((R,4,0), (W,4,1))
€:¢6,((R,2,1),(W,2,0))
€:¢ ((R,3,0), (W,3\))

e: € ((R,2,0), (W, 2\

€:¢,((R,1,0), (W, e:1,((R,1,1), (W, 1,0))

€:0,((R,4,0)) e:0,((R;3,0) ¢:0,((R2,0) €:0,((R1,0)
© O @) O @)
e:LRAD) e L((R3,1) e:L((R21) e:L((R11))

Figure 5.3: 4-bit incrementor using FSRT

e 0 = {((s1,82),01,09,(t1,t2)) | there existsr € ¥ U {e} such that(sy,01,0,t1) € §; and

(s2,0,09,t2) € 02}

The problem with this construction is that it is not fully cect as it does not deal correctly with

transducers containingtransitions, as the following example demonstrates.

Example 5.4. ConsiderA and B, the transducers of Figure 5.8(A) = {a : b} and R(B) = {b :
cd}, henceR(A) o R(B) = {a : cd}. However, Kaplan and Kay (1994)’s construction resultshie t

transducer of Figure 5.5 that accepts the empty language.
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a_“’,

b:c €:d

Figure 5.4: Transducerd and B

a:c

Figure 5.5: Kaplan and Kay construction fdro B

The solution for this problem (Mohri, Pereira, and Riley9&9 Pereira and Riley, 1997; Riley,
Pereira, and Mohri, 1997) is to extend the transducersitiams by adding implicite-self-loops in
both of the transducers. After constructing the compasitiansducer, the remaininrgself-loops are
removed. Thus, the correct composition transducerod) o R(B) (for A, B, the transducers in
Figure 5.4) is described in Figure 5.6. However, in somesasdtiple accepting paths are obtained

by using this extension, as the following example demotestra

Example 5.5. ConsiderA and B, the transducers of Figure 5. R(A) = {ac: b} andR(B) = {b:
de}, henceR(A)o R(B) = {ac : de}. Indeed, the transducer of Figure 5.8, constructed by tlevab

technique, accepts this set but it contains three accetails for the pairc : de.

To keep only one of those paths, Pereira and Riley (1997) $loowa filter (which is a transducer

itself) can be inserted betweehand B to remove the redundant paths. The algorithm we show for
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e:d
4o, Po _

a:c

@)

Figure 5.6: Correct construction fefo B

a:b c:e€

b:d €:e

Figure 5.7: Transducerd and B

FSRT composition is based on the basic construction of Kegta Kay (1994) with the-self-loops
extension.

In what follows, letA; = (Q1,qd, U1, o, Ty, n1, k1,01, Fi) and Ay = (Q2, g3, 01, Qa, T2, 02,
k2,62, F2) be finite state registered transducers. We use the funstidty , defined in section 3.4
(page 32). First, we extend; and As to contain all the implicite-self-loops. Formally, define
Al =(Q1, 45, V1, Py, Ty, 0y, k1, 04, F1) whered; = 61 U {(g,¢,€,q) | ¢ € Q1} and defined), =
(Q2,q3, 01,902, T2,na, ko, 0, , Fy) wheresh, = 02 U {(q,¢,€,q) | ¢ € Q2}. We construct an FSRT

A=1(Q,q0,%1,%2,T,n, k6, F), where:
o Q=0Q1 xQo.
* 90 = (49,9)-

OF:F1><F2.
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Figure 5.8: Multiple accepting paths in the correct corcdtam for A o B

L] 21:\111.
e Yo = (.
o I'=T7UTlY,.

e n. = ny + no. Actually onlyn = ny + ny — 1 registers are needed as the two register @ of

and A, can be unified into one, but for the sake of simplicity theylafeapart.

k = k1 + ko. Actually k can be smaller, but this is its value in the worse case.

Define & = {((31,52),01,02, (@, shiﬁm(z?»,(tl,tg)) | there existsr € (Us N Q) U {e}
such that (s1, o1, 0, (@), ¢1) € &, and(sa, 7, 02, (b), t2) € 55}.

Defined = &'\ {(q,¢,¢,q) | ¢ € Q}. No special treatment is needed for the case in which a
register operation is performed over register @4rsince registers number 0 of the two trans-
ducers were kept apard! is the composition relation after the implieitself-loops extension,
whered is created fromy’ by removing all the redundantself-loops. Notice that redundant
paths can occur idl (as was shown in example 5.5). They can be removed in the sameéw

which they are removed in finite state transducers.
Proposition 5.1. R(A) = R(A1) o R(A2)
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Proof. Assume(w,v) € R(A). Then there exists a series of configuratieps. .., c, such that
co=qo ¢ € Feandforallk,1 <k <r,cp_1 Fuwpp,A Coy W =wi ... w, andv = vy ... v,.. De-
fine forallk, 0 < k <r,cr = ((q4,4}), wx) (and indeedy = ((¢}, ¢3), #™7"2) = ¢. By the defi-
nition of the product relation it follows that for all, 1 < k£ < r, there existsalq;€ S (Actionsgiiffgy
such that((q,i_l, q_1), Wk, Uk, <Jk>, (a1, q,%)) € d anduy_q II—@C> U,

Define for allk, 0 < k < r, u;, = (uj,u?) whereu}, € I'{" is the content of the first, registers and
u? € T2 is the content of the next, registers. Notice that for alf € (Actionsk!)", @ operates
only on the firstn; registers in A, and for alf € (Actz’onsg ) , shift, (b ) operates only on the next
ny registers. Now, define for all, 0 < k < r, ¢t = (qi, ui) andci = (g7, u3). Notice thatej andc?
are the initial configurations oft} and A, respectively, and thatl andc? are final configurations of
A’ and A}, respectively. By the definition af it follows that there existsy, € (T2 N ;) U {e} and
there existi € (Actzons ) be (Actzons ) such that:

(1) (g1 W, ok, (Gx). qp,) € 0y

(2) (71 s vr, (Br), a7 € 0%

(3) (di) = (@i, shift,, ().

@) u}_, I (G, up..

(B)uz_, L ul.

From (1) and (4) it follows that; , Fy,.q, 4/ ¢, @nd from (2) and (5) it follows thaf; | o, .0, 41

c%. In sum, by definingr = «a1,...,a, we obtain that there exists a series of configurations

Cfy- s Cr, such that for allk, 1 < k < 7, ¢;_; Fyya,,4, - In addition, ¢j is the initial con-
figuration of A} andc} is a final configuration ofd}. Therefore,(w; ... w,, a1...a;) € R(A}),
and hencdw, z) € R(A}). Evidently, R(A;) = R(A)) (as A} was created by adding; the im-
plicit e-self-loops), and hencéw,z) € R(A;). Moreover, there exists a series of configurations
3,...,c2, suchthatforalk, 1 <k <r, ci_ | a0 AL ¢ . In addition, 3 is the initial configura-
tion of A5 and¢? is a final configuration oft,. Therefore(a; ... ., v ...v,) € R(A}), and hence
(xz,v) € R(A,) = R(A2). Hence(w,v) € R(A1) o R(Az) andR(A) C R(A1) o R(As).
Assume(w,v) € R(A1) o R(A2). Evidently, R(4;) = R(A}) andR(As) = R(A)), therefore,

(w,v) € R(A}) o R(A%). Then there exists such thafw, z) € R(A}) and(z,v) € R(A5).
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(w,z) € R(A}), therefore there exists a series of configuratighs. ., ¢} such that} = (¢}),

cl € Frandforallk,1 <k <r, ¢ , e cp andw = wy ... w, andz = 7 ...x,. Define
forallk,0 < k <, ci = (qi,u;) (and indeed:) = (¢}, ul) = (¢f, #™)). By the definition of
the product relation it follows that for alt, 1 < k < r, there existi;, € (Actions5!)" such that
(Gh— 1> Wk, Thsy (@), 1) € 07

(z,v) € R(A}), therefore there exists a series of configuratighs. ., ¢? such thate? = (¢3)°,

c; € Fyandforallk,1 <k <, ¢ by, .a, ¢ andz = ;... 2, andv = v; ... v,. Notice
that it can be assumed that both of the accepting pathsu(for: andx : v) have the same number
of configurations, and moreover, it can be assumed that tih@ wes read in both of the accepting
paths in the exact same way (as= z1,...,x,). These assumptions can be made as a result of the
existence of the-self-loops in4)} andA),. Thus, if the two accepting paths are not of the same length,
then simply pump the shorter one of the two witkelf-loops to extend it to the length of the longer
one. In the same way, by pumping the paths witlelf-loops, it can be guaranteed that they both read
the wordz in the exact same way. In addition, we can assume that far, all< k < r, if z = ¢
then eitherw; # € or v, # €. By using this assumption, it is guaranteed that in the caitipo
transducer there will be ne-self-loops. Notice that the termself-loops refers only to transition
of the form(q, ¢, ¢,¢) and not to transitions of the forify, €, €, @, ¢) (whered is a series of register
operations that operate on registers other than 0). Definallfé, 0 < k < r, ¢ = (¢7,u3) (and
indeedc? = (¢2,u3) = (¢3,#"2)). By the definition of the product relation it follows thatrfall %,

1 <k < r, there exist; € (Actions52)" such that(q? |, x, vk, (by), ¢3) € o

Define for allk, 0 < k < r, ¢t = ((q,4}) . (u},u})), a series of configurations of wherec

is the initial configuration ofA andc, is a final configuration ofd. Since for allk, 1 < k < r,
(b1, w0, T, (@), qf) € & and (g2, Tk, vk, (br), ¢7) € &Y, it follows from the definition ofé’
that (gt _1,a7_1) » Wi, vk, (@, shift, (b)), (q;,qﬁ)) € ¢ and by the above assumptionsdinin
addition, (u} ,,u2_,) H_<C_ik7Shiftnl(gk)> (u},u2), and hencey_1 oy, 4 Ck-

In sum, there exists a series of configuration4fcy,...,c. such that for allk, 1 < k < r,
Ck—1 Fwp,A Ck @ndceg is the initial configuration ofd andc, is a final configuration ofd. Hence

(w,v) € R(A) andR(A1) o R(As) C R(A). O
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5.3 Regular expressions denoting relations

In Section 4.2 the splice operation (generating languages) introduced. We now extend it to a
new regular relation operator, defining the interdigitatielation, and show how expressions us-
ing this operator are compiled into the appropriate tracstbs The original splice operation was
compiled into an automaton accepting all the legal comlwnatof the operands. The revised,
relation-denoting splice operation is compiled into a $ducer accepting all legal combinations
and giving an analysis of each legal combination as pattechraot. For example, on the input
{(r,$, m)(p, &, 1)(p, q,d)}, {(hitDaOeO) (miO0a0) (halOaOa)} the operator yields an FSRT
denoting the relatioq hitra$em : hitOaOed + r$m, hitpa&el : hitOalOed + p&l, hitpaged :
hitCOaOed + pgd, mir$am : miO0ad + r$m, mip&al : mildOaDd + p&l, mipgad : miO0ald +
pqd, har$ama : haOOaOa + r$m, hap&ala : halOOaOa + p&l, hapgada : haOOaOa + pgd}.

Definition 5.3. Let ¥ be a finite set such thafl, {, },(,),® ¢ X. We define the splice relation

operation to be of the form

{(al 1,01 2,...,01 n><a2 1,022, ...,(2 n><am 1, Qm 2y -0y Qmy n>}
®:D
{(B1 1061 20...61 nOB1 1) (B2 1062 20...02 nOB2 ng1) (B 1008k 20...0k nOBk 1)}

where;

e n € N is the number of slots (represented fY) in the patterns into which the roots letters

should be inserted.

m € N is the number of roots to be inserted.

k € N is the number of patterns.

o a;; € X*forl <i<mandl <j<n.

BijeXrforl<i<kandl <j<n+1.
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The left set is a set of roots to be inserted into the slots énrigjht set of patterns. The slots
are represented by the symbal’: Again, for the sake of brevitys; and«; are used as shorthand
notations forﬁﬂDﬁigD...Dﬁi(nH) and o oy0...u, respectively. As before, consider first the case
wherea;; € XU{e} forl <i <mandl < j <nandg;; € SU{e}forl <i < kandl < j <n+l.

In this case the splice relation operation gives as a reslHSRT-14 = (Q, qo, 2, 2, T, 3,4, F') such

thatL(A) = {ﬁjlaﬂﬁﬂaﬂ..ﬁjnamﬁj(nﬂ) : ﬁj + o | 1<:<m , 1< ] < k‘}, where:

o Q = {q07Ql7 '--7QQn+1}

F={qnn}

Y={oyl1<i<m,1<j<n} UA{By|1<i<k,1<j<n+1})\{e}

P={f]1<i<k} U {al<i<m}U {#).

6 ={(qo,Bir : Bi+, W, 1,Bi,q1)| 1 < i <k}
U
{(q1, i1t i, Wi 2,04,q2)| 1 < i < m}
U
{(g2j-2,Bij : €, R, 1, Bi,qoj—1)| 1 <i <k, 2< j <n+1}
U

{(q2j—17aij : Oéij,R,2,CY7j,q2j)| 1<i< m, 2< ] < n}

This transducer is depicted in Figure 5.9. It has 3 registetere register 1 ‘remembers’ the
pattern and register 2 ‘remembers’ the root. Notice thattthesducer will have 3 registers and
2n + 2 states for any number of roots, patterns and slots.

Consider now the general case wheargand;; can be strings of letters. In this case, arcs of the

FSRT defined above are simply replaced by paths as was doRSRAS.

Example 5.6. Consider again the Hebrew roots$.m, p.&.l, p.q.dand the patternshitJad e,
miJOd], halddla The operation

{{r,$,m)(p, &, 1){(p, q,d) }& : &{(hitOaOel)(miO0aO)(haOOaa) }
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Br1: b+, Wi, By atr a1, W, 2, aq B2t € R, 1, By alg o, R, 2,0

v&/vw

B+, W1, 8, Qumt am1, W, 2, a, (6, R, 1,0 m2 : Oma, R, 2, auy,

e, R, 1
ﬂln : G,R, 1,/61 oy aln,R,Q,O[l IBI(TL—FI) €, 11, 7/81

o

ﬁzn : e,R,l,ﬁa

L€ R,l,ﬁk [07°% Oémn,R 2 (675 ,Bk n+1) L€, R 1 ,Bk

Figure 5.9: Interdigitation transducer — general

yields the FSRT depicted in Figure 5.10 (tharc was only added for brevity). The relation denoted
by the expression i§hitra$em : hitdaOeld + r$m, hitpa&el : hitOaOe + p&l, hitpaged :
hitOaOeO + pgd, mir$am : mid0ad + r$m, mip&al : miOOad + p&l, mipgad : miOOad +

pqd, har$ama : haOOaOa + r$m, hap&ala : halOOaOa + p&l, hapgada : haOOaOa + pgd}.
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h : hitOaOeO+, W, 1, hitOaOed

0 . r:r,W,2,7$%m a: ¢, R, 1, hit0ale]
m @W 1, szDaD \me e, R, 1,m:00a

O

\ P N

p:p,W,2,pqd €:¢, R,1, haOOaOa
h : hallOala+, W, 1, haldOala

$:$, R, 2,r%m

& &, R, 2, p&l a €, R, 1,mi00a l:1,R,2,p&l ce, R, 1, mid0a
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Figure 5.10: Interdigitation transducer — example
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Chapter 6

Conclusions

In this work we introduce finite state registered networkgdmata and transducers), an extension of
finite state networks which adds a limited amount of memarihée form ofregisters to each transi-
tion. We show how FSRASs can be used to efficiently model sémeraconcatenative morphological
phenomena, including circumfixation, root and pattern worchation in Semitic languages, limited
reduplication etc.

The main advantage of finite state registered networks is $pace efficiency. We show that
every FSA can be simulated by an equivalent FSRA with thraestand two registers. For the mo-
tivating linguistic examples, we show a significant deceeiasthe number of stateend the number
of transitions. For example, to account for all the possildmbinations of- roots andp patterns, an
ordinary FSA require®)(r x p) arcs whereas an FSRA requires oblyr + p). As a non-linguistic
example, we show a transducer which compuitdst increment of binary numbers. While an ordi-
nary (sequential) FST requiré3(2") states and arcs, an FSRT which guarantees linear recagnitio
time requires onlyD(n) states and arcs.

In spite of their efficiency, finite state registered netvgoske equivalent, in terms of their expres-
sive power, to ordinary finite state networks. We provide lgorithm for converting FSRAs to FSAs
and prove the equivalence of the models. Furthermore, wédealirect constructions of the main
closure properties of FSAs for FSRAS, including concaienatnion, intersection and composition.

In order for finite state networks to be useful for linguigirocessing, we provide a set of extended



regular expression operators which denote FSRAs and FSR& show how such operators can be
used to account for our motivating phenomena, includinguairfixation and interdigitation. These
dedicated operators can be used in conjunction with stdrfdate state calculii, thereby providing a
complete set of tools for computational treatment of noneatenative morphology.

This work opens a variety of directions for future researdin.immediate question is the con-
version of FSAs to FSRAs. While it is always possible to conasgiven FSA to an FSRA (simply
add one register which is never used), we believe that it $sipte to automatically convert space
inefficient FSAs to more compact FSRAs. A pre-requisite itearcunderstanding of the parameters
for minimization: these include the number of states, artbragisters and the size of the register
alphabet. For a given FSRA, the number of states can alwayesdueed to a constant (proposi-
tion 3.5); registers can be done with entirely (by convertine FSRA to an FSA, section 3.2) and
similarly the size of the alphabet can be zero. In contrastimizing the number of arcs in an FSRA
is NP-hard (section 3.7). A useful conversion of FSAs to FSRAIst minimize some combination
of these parameters, and while it may be intractable in géniércan be practical in many special
cases. In particular, the case of finite languages (acy8isdy is both of practical importance and —
we conjecture — can result in good compaction.

While FSRAs are equivalent to FSAs, there is no notioreterministicFSRAs. Instead, we
introduced the notion dinearization which similarly guarantees linear recognition time. Weruat
provide an efficient algorithm for converting a given FSR#£ian equivalent linearized one, and we
conjecture that this problem is NP-hard. More researchgsired in order to prove this conjecture.

More work is also needed in order to establish more propeotfi&SRTs. In particular, we did not
address issues such as sequentiality or sequentiabitithigmodel. Similarly, FSRA can benefit
from further research. All the closure constructions foRRSs can be done in a similar way to
FSRAs, with the exception of intersection. For intersettige believe that the use of predicates (van
Noord and Gerdemann, 2001b) can be beneficial. In additiek-ERA* model can be extended into
transducers.

Finally, while this work is mainly theoretical, an implentation of FSRASs, along with the closure

constructions suggested in this work, could lead to theusich of the extended regular expression
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operators which we introduced in chapter 4 in an existinddfistate calculus. This will result in a
better calculus which could be used to computationally rhod®phological phenomena in all the

world’s languages, including those with non-concatemagirocesses.
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