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In medical 3-dimensional display, an input scene is represented by an array of volume
elements (abbreviated as ““ voxels”), and an object in the scene is specified as a “connected” set
of voxels. In such applications, surface tracking is an important, and often time-consuming,
precursory step. One of the most efficient surface detection algorithms reported in the
literature tracks a specified surface of a 3-dimensional object by visiting each boundary face in
the surface twice. In this paper, we present a new definition of discrete objects and boundaries
that leads to a modified algorithm, which, on the average, visits only one-third of the boundary
faces twice (and the rest once). The algorithm has been implemented in our display software
package and is found to achieve a run-time reduction of approximately 35%. This timing
includes the computation of surface-normal information which is needed for the realistic
rendering of surfaces. Without this computation, the saving would be about 55%. © 1989

Academic Press, Inc.

1. INTRODUCTION

The advent of new imaging modalities such as computerized tomography, mag-
netic resonance imaging, ultrasound imaging, and positron emission tomography
has made possible imaging cross sections of the human body [20]. By imaging cross
sections contiguously placed over a region of the body, it is possible to determine
the distribution of a specific physical property (e.g., X-ray attenuation in computer-
ized tomography) at discrete rectangular grid points over a 3-dimensional (3D)
region of the body. Recent years have seen an upsurge of activities relating to
methodologies of making use of information in such 3D digital images [51]. One
may identify three components in such activities—visualization which is concerned
with methods of displaying the 3D structures of organs and organ systems, quantita-
tion which deals with techniques of making measurements on the structures, and
manipulation which has to do with altering the structures either for better visualiza-
tion or for quantitation. The current activities in this area consist of the devel-
opment of algorithms for visualization, manipulation, and quantitation, their
hardware /software implementation, evaluation of their diagnostic and therapeutic
uses, and clinical validation. The present paper addresses a problem related to
visualization.

The methodologies of visualization can be broadly classified into two groups—
those that are (or can be) implemented on the mini-computer of the imaging
equipment (such as the computerized tomography scanner), and those that need
special additional hardware. Methods of varifocal mirror display [3, 35], optical and
holographic display [25, 31], and specialized implementation of display algorithms
using VLSI technology [13, 33, 19, 28, 26, 5] belong to the latter category. The
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former group, to which the subject of the present paper belongs, may be further
subdivided into two subcategories—those approaches that first produce a surface
description of the 3D object and then generate a depiction of the surface on a
2-dimensional screen [34, 12, 42, 21, 44, 7, 46], and those that generate a depiction
directly from the object description [18, 22, 41, 15, 54, 9, 10, 27, 37, 8, 11, 39, 23, 47].
The main advantages of the surface-based approaches are (i) a connected object can
be isolated automatically from the rest of the background which is useful in some
applications, (i) the volume of meaningful objects, which is often a very useful
physiological parameter, can be computed, and (iii) high-quality shaded-surface
images can be generated. (An important disadvantage of these approaches, at the
present time, seems to be that surface representation is not appropriate for interac-
tive manipulation of objects.) An important precursory step in these approaches to
visualization is the formation of object surfaces.

There are several approaches to surface formation. One approach is to first obtain
the borders of the object on each cross section and then patch them using triangular
[12, 44, 7, 46], trapezoidal [34], spline [42], or square [50] surface patches, or using
solid primitives [43, 4]. An alternative is to use the object itself to define its surface
and then track the surface either using the 3D binary image [1, 53, 2] resulting from
segmenting (say, by thresholding) the cross-sectional images, or using the cross-sec-
tional (gray-level) images directly [30, 55, 32]. The main advantage of surface
tracking in binary images is that it is considerably faster than that in gray-level
images. This combined with the previously stated advantages were the major
considerations in the design of the turnkey display system reported in [48].

The present paper focuses on the surface tracking algorithm [1] (hereafter referred
to as BD, an acronym for boundary detection) implemented in the system in [48].
BD treats a 3D binary image to be equivalent to a 3D array of cubes each of which
has a value of “0” or “1” assigned to it. Given such an array and a face shared by a
1- and a O-cube, BD produces a list of all those faces common to a 1- and a 0-cube
that are “connected” to the given face. In the process, each output face is visited
twice, and a hashing mechanism is used to keep track of the already-visited faces
(when a face is visited the second time it is removed from the hash table).

In this paper, we present a new definition of discrete surfaces and a modification
to BD. The modified algorithm (which was first briefly outlined in [16]) visits, on the
average, only % of the boundary faces twice. Since the rest of the boundary faces are
visited only once, hashing will be performed on only ; of the faces. This saving
combined with the special tracking options available in the new algorithm result in
an overall time saving of at least 35%. Such saving in time is vital to reducing the
cost of applying 3D display methodologies to medical problems. We do not
elaborate this point further, but refer the reader to [14] for a detailed discussion of
the need for high-speed surface detection in medical computer graphics.

An important unsolved problem relating to the new algorithm is the proof of its
correctness. While the correctness of BD has been proved [24], the correctness of the
new algorithm depends on certain stronger connectivity properties of discrete
surfaces. This aspect needs further investigation. We may recall here that BD was in
clinical use for quite some time before its correctness was established. The new
algorithm performed correctly on all (more than 100) complex medical and simpler
test objects to which it was applied. We have been using the new algorithm for over
two years in both technical as well as clinical research as related to medical 3D
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imaging. We have applied the algorithm to well over 100 objects including simulated
test objects and complex medical objects such as the skull, brain, spine, heart, and
pelvis. The algorithm performed correctly as conjectured in this paper in every
instance. In the case of simulated objects correctness was checked by comparing the
surface output by the algorithm with the known surface of the object. In the case of
medical objects, correctness was established either by comparing the surface with
the surface output by BD, or by displaying the surface in a dynamic movie mode
and visually inspecting the surface. In every instance, the volume enclosed by the
surface was computed to make sure that the computed volume agrees with the
known normal anatomic volume.

The organization of the paper is as follows: Section 2—our terminology and
definitions, Section 3—the original surface-tracking algorithm, Section 4— the new
algorithm, Section 5—implementational details, Section 6—results and discussion,
Section 7— conclusions.

2. TERMINOLOGY AND DEFINITIONS

We assume that the 3-dimensional space is partitioned into identical cubes by
equally spaced planes perpendicular to the three coordinate axes x, y, z. We call the
closed set of points in the 3-dimensional space that represents each such cube a
voxel. Note that a voxel consists of all points interior to the cube as well as points
forming faces, edges, and vertices of the cube.

We define a binary scene ¥~ as a tuple (V, g), where V' is a set of voxels

V= {v/v="(vy,0,,0s), where, for 1 </ < 3,
v, is an integer, and 0 < v, < b, },

b, being the dimension of the scene in direction /, and g is a mapping that assigns a
value 0 or 1 to each voxel in V. We refer to those voxels to which the value 1 is
assigned as 1-voxels, and to those to which the value 0 is assigned as 0-voxels. We
assume that those voxels v for which either v, = 0 or v, = b, (for some 1 < I < 3)
are O-voxels. If a given binary scene does not satisfy this condition we simply pad it
all around with an extra layer of 0-voxels.

Now consider a single voxel. We assign three directed circuits to the voxel as
shown in Fig. 1. Such an orientation of a voxel via lateral circuits was used in [24] to
represent a surface as a directed graph. We use the circuits to define adjacency and
connectivity of both voxels and their faces. Unlike in [24], we distinguish between
the three circuits and call them R-, G-, and B-circuits. We call the faces and edges
of the voxel through which an i-circuit passes the i-faces and i-edges of the voxel,
where i € {R, G, B}. Clearly, each circuit i passes through four i-faces and four
i-edges of the voxel such that two of the four edges of each i-face are i-edges. Note
that every face is both an i-face and a j-face for some i, j € { R, G, B}, with i # j.
An i-edge is not a j-edge if j # i.

Of course, complex objects are made up of many voxels. Imagine that every voxel
in the binary scene (1- as well as 0-voxels) has three circuits assigned to it. The
following notions of adjacency and connectivity of voxels define how voxels may be
put together to form objects.

DEFINITION 1. Two voxels u and v are said to be 1,-adjacent, for /e
{R, G, B}, if their intersection is an i-edge of both u and v; they are said to be
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Fi1G. 1. Association of three directed circuits labelled R, G, B with a voxel. These circuits are used in
the definition of adjacency and connectivity of voxels and their faces.

2.-adjacent if their intersection is an i-face of both u and v. We also define the
union of such adjacency relations. For example, two voxels are said to be ny-
adjacent, for 1 < n <2 and some i, j € {R, G, B}, if they are n-adjacent or n,-
adjacent.

Clearly, n-, n,~ and n,-adjacency are all identical. If two voxels are n, ;-
adjacent, for 1 < n < 2 and distinct i, j, k € { R, G, B}, we also say that they are
n-adjacent.

DEerFINITION 2. Let A be a subset of ¥ (we use ¥'= (V, g) to denote a binary
scene throughout this paper). Two voxels u and w are said to be n;-connected in A,
for i€ {R,G,B), if u=w or there exists a sequence of voxels u(= u),
Uy, ..., u,(=w)al in A such that u, is n-adjacent to u, ,, for 1 <t <m. We
snmlarly define n,- and n, connectmty using n,- and n; Jjk -adjacency, respec-
tively. We call n, k-connectwlty also n-connectivity (assurmng i, J, k are distinct).

Clearly, n,, n,r, and n,; ,-connectivity are equivalence relations. The partitions
induced by them on A are called respectively n;-, ny-, and n;;-components of A. We
call the n, ,-components of A also the n- components of A, when i, j, k are distinct.
Other approaches to the treatment of topological and geometric notions in 3- and
higher dimensional discrete spaces exist; see, for example, [53, 36, 38]. The main
departure here is that the adjacency and connectivity relations are made direction-
ally sensitive. Clearly, there are numerous ways in which connected components can
be defined as we have just demonstrated. Roughly speaking, objects whose surfaces
we are interested in correspond to connected components. Though a given physical
object can be described using a variety of different connectivity relations, some of
these relations are better than others in the sense they lead to more efficient and less
redundant tracking strategies.
Now we proceed to define adjacency and connectivity of boundary elements.

DEFINITION 3. A boundary face f in a binary scene 7" is the intersection of two
voxels u and z, both in ¥, such that u is a 1-voxel, z is a 0-voxel, and u and z are
2-adjacent.
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FiG. 2. The definition of in-edge and out-edge. The circuit labelled i, for some i € {R, G, B},
emanates from edge e; and is incident upon edge e,.

It is easily seen that f is an i-face of u as well as an i-face of z for some
i€ {R,G, B}. For defining adjacency and connectivity of boundary faces we will
make use of the fact that f is an i-face of u. Hence, to identify the 1-voxel among
the two voxels that form boundary face f, we represent f by the ordered pair (u, z).

DEerFINITION 4. Let f= (u, z) be a boundary face of ¥~ and an i-face of u for
some [ € {R,G, B}. Let e, e, be two i-edges of f such that the i-circuit passing
through f goes from e, to e, (see Fig. 2). Then e, is called an in-edge of f and ¢,
an out-edge of f with respect to circuit i.

The following notions of adjacency of boundary faces is fundamental to the
topological foundations of BD and of the algorithm presented in this paper.

DeriNITION 5. Let f; = (u, z) f, = (u/, ') be two boundary faces of ¥~, and
i€ {R,G, B}. Then,

(a) f, 1s said to be T;-adjacent to f,, and denoted f,7,f,, iff:
(1) f, and f, share a common i-edge e;
(2) e is an out-edge of f; and an in-edge of f, with respect to i;
(3) exactly one of the following cases holds (see Fig. 3):
(3.1) u = u’ and the remaining voxels sharing e are 0-voxels (Fig. 3(a));
(3.2) fy, f, are in the same plane and u, u’ are on the same side of this
plane (Fig. 3(b));
(3.3) z = z' (Fig. 3(¢)).
(b) f, is said to be T*-adjacent to f,, and denoted f,7;*f,, iff conditions (1)
and (2) above hold, and
(3) exactly one of the following cases holds (see Fig. 4):
(3.1) u = u’ (Fig. 4(a));
(3.2) same as (3.2) above (Fig. 4(b));
(3.3) z = 7/, and the fourth voxel sharing e is a 1-voxel (Fig. 4(c)).

We also define the union of such adjacency relations. For example, if f; and f,
are two boundary faces, then we say that fiT; f,, for some i, j € {R,G, B} if
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FiG. 3. The definition of 7-adjacency. f; is said to be T-adjacent to f, if exactly one of the cases in
(a), (b), (c) holds.

HT.f, ot fiT,f,. In particular, if fiT,, f, for distinct i, j, k € {R, G, B}, then we
say that f,Tf,. We similarly define T *, T;%, and 7™

Our notion of T-adjacency is similar to that of P-adjacency of [24]. An important
difference is that we think of T-adjacency as having three components each of which
defines adjacency along the R-, G-, and B-circuits, respectively.

DEFINITION 6. Let ¥"= (V, g) be a binary scene, U be the set of all 1-voxels in
V and Z = V — U. The boundary 8(U, Z) between U and Z is defined to be the set
of all boundary faces of 7.

We are now ready to precisely state the surface tracking problem: given a binary
scene ¥~ and a boundary face f, in 8(U, Z), to track an appropriate connected
component of §(U, Z) that contains f,. The main difference between the surface
tracking approach of BD and that presented here is in the definition of the
connectivity relation on §(U, Z). The two connectivity relations are defined using
T- and T,*-adjacency, respectively. In the following sections, we formulate this
difference.

3. DESCRIPTION OF ALGORITHM BD

DEerINITION 7. Let J be the reflexive, symmetric, and transitive closure of the
T-adjacency relation on 8(U, Z). We say that a set F of boundary faces is
T-connected iff for any two elements f, ' of F, (f, f) € 7. A set E of boundary
faces is said to be a T-component of a set F of boundary faces iff the following
conditions are satisfied: (i) E is a subset of F; (i) E is T-connected; (iii) £ is not a
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F1G. 4. The definition of T;*-adjacency. f, is said to be 7,*-adjacent to f, if exactly one of the cases
in (a), (b), (c) holds.
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proper subset of any set satisfying (i) and (ii) (i.e., E is an equivalence class of the
relation 7).

DEFINITION 8. Let #'= (¥, g) be a binary scene, U the set of all 1-voxels in V,
Z=V—-U, A4; a l-component of U, and Z, a 2-component of Z. Then S =
8(A,, Z,) is called a surface of A, visible from Z,. BD tracks surfaces such as S. In
the remainder of this section we state the two main results derived in [24] and
outline Algorithm BD.

Resurt 1. Let ¥, U, Z, A;, Z,, and S be as in Definition 8. Then S is a
T-component of §(U, Z).

This important result is stated and proved as Theorem 1 in [24]. It is shown that
for every boundary face f€ 8(U, Z) (i) there are exactly two boundary faces
fi f, €8(U, Z) such that fTf, for 1 </< 2, and (i) there are exactly two
boundary faces fy, f; € 8(U, z) such that f/Tf, for 1 < [ < 2. Further §(U, Z) is
represented as a digraph in which a boundary face is a node and T-adjacency
represents an arc of the digraph. It is also shown that S corresponds to a component
of such a digraph, and that this component has a binary spanning tree rooted at any
given node. Thus, the problem of tracking S that contains a given boundary face %o
is translated into a problem of traversing a binary spanning tree rooted at the node
corresponding to f,.

Given a binary scene and an initial boundary face f,, BD proceeds to the two
faces that are T-adjacent to f;. From every face discovered in this manner, the
algorithm proceeds to two new T-adjacent faces. Since for each face f there are two
faces that are T-adjacent to f, it is reached twice during tracking. A “marking”
mechanism is used to keep track of the faces that are discovered for the first time.
When a face is reached the second time it is “unmarked.”

INPUT: A binary scene ¥~ and a boundary face f,.
(Usually f; is specified interactively by pointing to a location close to the boundary
surface on the display of a slice of the binary scene.)
OUTPUT: A list L of faces in that T-component of 8(U, Z) that contains f,.
DATA STRUCTURES: A queue Q that contains faces to be processed and a list M of
marked faces.

ALGORITHM BD.

1. queue f, and put two copies of f, in M;
2. while Q is not empty
a. remove a face f from Q;
b. find f,, for 1 </ < 2, such that f7f;
c. output f;
d. forl < 1to02 do
dl. if f, € M then delete f, from M,
d2. else queue f; and put f; in M,
end for;
end while ;
end BD

The starting face f; is different from other faces in the sense that, every face
except f, is already visited once at the time the face is removed from Q in step 2a.
Whereas, f, at this time still remains to be visited. This is why we need two copies
of f, in M initially.
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ResurT 2. Algorithm BD terminates, and at that time L contains precisely one
copy of each face in that T-component of 8§(U, Z) which contains f, (Theorem 2 in
[24)).

There are numerous details that relate to the implementation of BD in the
minicomputer environment. Those that are relevant to the new algorithm will be
addressed in Section 5. For further details see [14].

4. THE NEW SURFACE TRACKING ALGORITHM

The new algorithm is based on the finding that one may completely ignore one of
the three circuits and still be able to track all the faces of a connected surface,
provided the notions of surface and connectivity of boundary faces are appropri-
ately redefined.

Imagine then that each voxel in V' has two circuits assigned to it. Note that, for
the single voxel of Fig. 1, each circuit associated with the voxel passes through four
of the six faces. By ignoring one circuit, we are left with only two faces that have
two circuits going through them; each of the rest of the four faces has only one
circuit passing through it. In any binary scene 77, hence, there are two types of
boundary faces. In the first category, each boundary face f = (u, z) is such that (i) f
is an i-face of u for some i € {R, G, B} and (ii) f is not a j-face of u for any
Jj € {R,G, B} unless j = i. We call such faces type-1 boundary faces. In the second
category, the faces are such that (i) f is both an i-face and a j-face of u for some i,
j€{R,G,B} and i #j and (ii) f is not a k-face of u for any k € {R, G, B}
unless k = i or k = j. We call such faces type-2 boundary faces. It is easily seen that
every boundary face in ¥ is either of type 1 or of type 2. We may further note that,
on an average, just one-third of the boundary faces in ¥~ are of type 2.

The following definitions of T, *-connectivity and 7;*-component take into ac-
count the above modification using the 7, *-adjacency defined in Section 2.

DEFINITION 9. Let k € {R,G, B} be the ignored circuit, and 7;* be the
symmetric, reflexive, and transitive closure of the T, *-adjacency relation on 8(U, Z)
with i, j € {R,G, B} — {k} and i # j. We say that a set F of boundary faces is
T;f-connected iff, for any two elements f, f* of F,(f, [Hedgr. A set E of
boundary faces is said to be a T;*-component of a set F of boundary faces iff the
following conditions are satisfied: (i) E is a subset of F; (ii) E is 7; *-connected; (iii)
E is not a proper subset of any set satisfying (i) and (ii) (i.e., E 1s an equivalence
class of the relation 7 *).

DerFINITION 10. Let "= (V, g) be a binary scene, U the set of all 1-voxels in V,
Z=V—-U, A, a 2-component of U, and k the ignored circuit. Let Z" be a
1, -component of Z, where i, j € {R, G, B} — {k}and i # j. Then, " = 8(4,, Z")
is called a surface of A, visible from Z’. The new algorithm, which we call NBD
(abbreviation for new BD), tracks surfaces such as S”.

An example is shown in Fig. 5 to illustrate the difference between the surfaces S
(defined in Section 3) and S’. Here, V consists of a 5 X 5 X 5 array of voxels, and U
consists of all the voxels in a 3 X 3 X 3 array (situated centrally in the 5 X 5 X 5
array) except the central voxel and a voxel on an edge of the 3 X 3 X 3 array as
shown.
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F1G6. 5. An example to illustrate the differences between surfaces S and S’.

Clearly, U has only one 1-component, namely U itself; Z has two 2-components
—the first (Z§) consists of the single 0-voxel at the center of the 3 X 3 X 3 array,
and the other (Z) consists of all the remaining 0-voxels of Z. Hence, according to
the definition of S, there are two surfaces, S; and S, of U—the first (consisting of 6
boundary faces) visible from Z}, and the other (consisting of 56 boundary faces)
visible from Z3. Clearly, S; and S, are T-components of §(U, Z).

Further, U has only one 2-component, namely U itself. Assuming that we ignore
circuit G, it is easily seen that Z has two 1, z-components—the first (Z]) consists
of the central O-voxel and the other (Z}) consists of the remaining 0-voxels of Z. By
the definition of S’, there are two surfaces S/ and S; of U—the first visible from Z;
and the other visible from Zj. Clearly, Z{ = Z}, Z; = Z, S; = S{, and S, = §J.
If, however, we ignore either circuit R or circuit B, Z will have only one
1, -component (since the central 0-voxel now gets connected to the remaining
0-voxels of Z). Consequently, there will be only one surface (consisting of 62
boundary faces) of U, and S’ = §(U, Z).

ASSERTION 1. For every type-t (1 = 1 or 2) boundary face in a binary scene ¥~
there are exactly 2¢ boundary faces f,, f/ in ¥, for 1 </ < ¢, such that T, *f, and
J/T;*f, where i, j are the two non-ignored circuits.

Proof. It suffices to prove the assertion for type-1 faces. The proof for type-2
faces is similar.

Let f= (u, v) be a type-1 boundary face in ¥". Clearly f has only one out edge.
There are exactly four voxels u, v, v’, and v” that share the out-edge of f, of which
u is a l-voxel and v is a O-voxel. From Definition 5 and considering the four
possible combinations of the values that can be assigned to v’ and v”, it follows that
there is only one boundary face f; in ¥~ that shares the out-edge of f such that
fT;*f,. Similarly, there is only one boundary face f;’ in ¥~ that shares the in-edge of
f such that f/T.*f. O

The following conjecture is the backbone of NBD; its validity is essential for
NBD to produce the expected output. Though we do not have a formal proof of its
validity, it has been found to hold good on all the objects—simple artificial objects
as well as complex medical objects—to which NBD has been applied to date.
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CoNJECTURE 1. Let ¥, U, Z, Ay, Z’, and S’ be as in Definition 10. Then S"is a
T, *-component of §(U, Z).

The input and data structures for NBD are the same as for BD. The algorithm
assumes that the initial face f, is of type 2 (if f, is of type 1, the implemented
program follows the circuit passing through f, until a type-2 face is reached which
is considered to be the real f;).

INPUT: A binary scene ¥~ and a type-2 boundary face f;.
OUTPUT: A list L of faces in that 7;*-component of §(U, Z) that contains f;.

DATA STRUCTURES: A queue Q that contains faces to be processed and a list M of
marked faces.

ALGORITHM NBD.

1. queue f, and put two copies of f, in M;
2. while Q is not empty do
a. remove a face f from Q and find its type 7 (1 or 2);
b. find f,, for 1 </ <, such that fT*f};
c. output f;
d. for [ « 1 to t do
dl. if f, is of type 1 then queue f
else { f; is of type 2—same as BD}

d2. if f, € M then delete f, from M
d3. else queue f;, and put f; in M;
end for;
end while;
end NBD

(As described under Algorithm BD, in step 2a, since f, is in a situation different
from the other type-2 faces, initially we need two copies of f, in M. The type ¢ of a
face is easily determined by table lookup since we know which of the three circuits
was ignored.)

TaEOREM 1. Algorithm NBD terminates.

Proof. Assume otherwise, and let f, f,,..., f,,... be the infinite sequence of
boundary faces output by NBD in step 2c. Since there are a finite number of
1-voxels in #7, at least one face appears more than once in the above sequence. Let
m be the minimal index such that f, = f, for some 1 </ <m. (f, may be
considered as the first face to be output twice.) Since a boundary face is output only
after it is removed from Q, it follows that f, was queued twice. There are two cases
to consider.

Case 1. f, is a type-1 boundary face. Let i € {R, G, B} — {k} be the circuit
through f,, k being the ignored circuit, and f be the boundary face such that
fT,*f,. By Assertion 1, there is exactly one such face in ¥". Hence in both times
when f, was queued in step 2d, it was reached via f. This implies that before f,,
was queued the second time, f was already output the second time in step 2c; i.e., f
appears twice in the sequence fi, f,, ..., f,,_;. This contradicts the minimality of m.

Case 2. f, is a type-2 boundary face. Let i, j be the two circuits through f,
(both different from k). By Assertion 1, there are exactly two boundary faces, f,
such that fT,*f, and f'T*f,.
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Claim.  f, was reached three times before it was queued for the second time. To
prove the claim, assume that f,, # f, (f, is the input type-2 boundary face).

When f,, was reached the first time, it was placed in Q and in M. The second
time it was reached, it was not queued because it was found in M, and it was
removed from M. Therefore, for f, to have been queued two times, it must have
been reached three times.

If £, = f, then f, was initially queued and two copies of it were placed in M.
Therefore, when f,, was reached the first two times it was not queued, and each
time one copy of f, was removed from M. So, for f, to have been queued two
times, it must have been reached three times.

It is obvious that f, must have been reached twice either from f or from f’.
Therefore, by arguments similar to those of Case 1, either f or f’ was output twice
before f,, was output the second time—contradiction. O

Cororrary 1. When NBD terminates L contains precisely one copy of each
boundary face in that 7, *-component of 8(U, Z) that contains f,.

5. IMPLEMENTATIONAL CONSIDERATIONS

In this section we identify the major computational steps of Algorithm NBD, and
describe how we implemented these steps on a 16-bit minicomputer of a medical
imaging scanner (GE 8800 and 9800 CT scanners). We will concentrate only on
those steps which had to be treated differently from those of Algorithm BD either
because of expected improvements in performance or because of the difference in
the nature of the two algorithms. We refer the reader to [14] for implementational
details that are common to both algorithms.

Input

The input operation appears implicitly in Step 2b of NBD. For a given boundary
face f= (u, z), to find f; such that f7;*f, NBD has to determine if certain voxels
in the neighborhood of u are 0- or 1-voxels. Since this step is very similar to the
corresponding step in BD, we refer the reader to [14] for details.

Queueing and Dequeueing

Though the queueing (Steps 2d,, 2d;) and the dequeueing (Step 2a) operations
are less expensive than other operations, the actual queueing discipline used has a
major influence on the performance of NBD. Here we describe three queueing
strategies that we implemented and discuss their merits and demerits. Our format of
storing a face in Q is illustrated in Fig. 6. The queue—dequeue overhead consists of
packing and unpacking the face descriptors in four bytes.

Last In First Out (LIFO). In this discipline, the most recently detected face
becomes the next face to be processed. Clearly, using this strategy, if f is a type-1
boundary face, there is no need to queue (hence dequeue) f,. If f is of type 2, one f,
has to be queued since there are two possible next faces. It is easily seen that, for
LIFO, the queue-dequeue overhead is, on the average, about 1 that when all faces
are queued. However, there are two serious disadvantages of the LIFO discipline.
First, since NBD using LIFO queueing tends to continually explore new territories
in the surface, the queue (and the list) grows very quickly. If we do not use virtual
memory for the queue (and the list), this causes queue (and list) overflow even for
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l(—— 2 bytes———»‘

[l = ]
L [ = ]

F1G. 6. A face is stored in Q using four bytes. Three bytes are used for the x-, y- and z-coordinates
of the center of the face. The other byte (actually only three bits) is used for storing information about
the direction of the face—the axis (d) to which the face is perpendicular in two bits and the sign of the
axis (s) in one bit.

objects of moderate size. Second, because of the continual exploration of new
regions, NBD constantly requires new segments of the input to be paged in (this is
because the computer of the imaging scanner can store only a small fraction of the
input binary scene), thus causing high input overhead. Hence, we have given up the
LIFO discipline.

First In First Out (FIFO). In this strategy, the least recently detected face
becomes the next face to be processed. Clearly, each detected face should be queued
(hence dequeued) when FIFO queueing is used. Thus, the queue—dequeue overhead
is about six times that using the LIFO discipline. However, since surface tracking
using FIFO queueing tends to proceed in a “locally exhaustive” fashion, the
problems of queue (and list) overflow and input overhead are far less severe. Similar
observations have been made based on the implementation of BD reported in [14].
Because of its special nature, NBD permits an additional, more effective queueing
discipline which is a hybrid of the LIFO and FIFO strategies.

Hybrid Queueing. In this discipline, we use the LIFO order if f is a type-1 face,
else we use the FIFO strategy. What this means is that if f is of type 1, f, is taken
to be the next face. If f is of type 2, both f;s are queued in the FIFO order. Though
we have not investigated the theoretical aspects of the effect of queue discipline on
maximum queue (and list) size and on input overhead, of the many disciplines we
have implemented (including a variety of other hybrid techniques), we find this
strategy to be the most effective.

Marking

For each type-2 boundary face f, detected in Step 2b, NBD has to check the
membership of f, in the list M (Step 2d,) and either delete (Step 2d,) or insert
(Step 2d,) f, in M. These three operations done on M are common to BD also. The
difference is that in NBD, the number of faces on which these operations are done
is, on the average, about 4 of those on which similar operations are done in BD. We
have chosen to implement M as a hash table with a linked list mechanism to resolve
collisions [29]. The same method was used in BD [14], but hashing is done
differently and more effectively in NBD.

The hash function is built around the face descriptors (see Fig. 6)—the x, y, and
z coordinates of the face and the parameter s (0 or 1) which indicates the direction
of the face. Since all type-2 faces have the same value of d, it is not included in the
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hash function. The actual function we use is given by
h(x,y,z,s)=x+y+z+(X+ Y+ Z)s,

where X, Y, Z are the maximum possible values of x, y, z, respectively. When a face
f is reached, the value of / is computed and used as an address to the hash table.
The content of the hash table at this address acts as a pointer to a chain of linked
sublists which store faces with the same value for 4. These sublists are explicitly
searched to check if f belongs to M.

The motivation for choosing the above hash function is the following. For a fixed
s, h assumes constant values on planes which are at 45° to the principal axes. Since
it is uncommon for medical objects to have such planar surfaces, the hash function
generates addresses that have a fairly uniform distribution. This ensures that no
chain of sublists is unusually long, and hence, collision resolution is efficient.

Neighborhood Face Encoding

Our main objective of detecting a surface is to display it. In the computer
graphics literature, many high quality surface shading algorithms have been re-
ported, but these algorithms would be very time consuming if applied to the well
over 200,000 faces produced by the surface tracking algorithms. We have developed
an alternative approach [6] which works effectively on such surfaces. In this
approach, the shade assigned to a face f is based on the orientation of four faces, in
addition to the orientation of f. In BD, two of these four faces are the faces that are
T-adjacent to f; the other two are faces to which f is 7-adjacent. In NBD, these
four faces are defined similarly by replacing 7' by 7 *. Since each of these four faces
has three possible orientations with respect to f, the neighborhood face orientation
information (with 3* = 81 possibilities) can be stored in one byte. This information
is appended to the face descriptor when the face is output.

TABLE 1
Input, Output, and Timing Description for BD and NBD
Object 1 Object 2 Object 3
Size of the
binary scene 160 X 255 X 198 251 X 255 X 144 223 X 237 X 239
BD No. of faces 297,212 352,280 741,538
Volume
(in voxels) 1,213,265 825,564 5,482,979
Time 15.0 min 18.5 min 43.1 min
NBD No. of faces 298,106 352,226 740,926
Volume
(in voxels) 1,212,733 825,554 5,482,612
Time 9.5 min 12.7 min 28.1 min
NBD (no neighborhood 6.6 min 8.6 min 19.7 min
face encoding)
NBD (no neighborhood 6.0 min 8.0 min 18.5 min

face encoding, no
output)
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Fi1G. 7. Illustration of the displays generated from the surfaces detected by BD (images in (a)) and
NBD (images in (b)). The input 3D binary scene was obtained by preprocessing (see [52]) a set of slice
images produced by a GE CT /9800 scanner. The surface displayed in (a) consisted of 332,876 faces and
enclosed 543,619 voxels. These figures for the surface in (b) are 334,780 faces and 541,908 voxels.
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There are two important differences between BD and NBD from the point of
view of neighborhood face encoding. First, because of the difference between 7~ and
T, *-adjacency, for a given face, BD and NBD may produce different neighborhood
face orientation information. Consequently, the shading procedure will assign
different shades to f based on the different neighborhood information. Thus, it is
possible that for the same input to BD and NBD, the images generated from the
output of BD and NBD are somewhat different. In our experience, this difference, in
terms of the quality of image, has been insignificant (see next section for display
examples). The second difference relates to the computational requirement. While
determining f, and f, in step 2b of BD, we already know their orientation with
respect to f. Of the remaining two face orientations we know one, because all faces
(except f,) removed from Q were put there in step 2d, of BD. Thus, in BD, three
neighbor codes result as a by-product of surface tracking, and only the fourth is
calculated explicitly. In NBD, however, the neighbor code calculation turns out to
be more expensive than that in BD. Clearly, for type-2 faces, this calculation is
identical to that in BD. For a type-1 face f, since there is only one next face and
since f is reached from only one face, two neighbor codes are available without
requiring computation. The remaining two should be calculated explicitly. Thus, in

NBD, on the average, 2 of the faces need two neighbor code computations and }

>3
need one computation. This seems to reduce the overall time saved by NBD as we

report in the next section.

6. EXPERIMENTAL RESULTS AND DISCUSSION

We now report on comparative timings for BD and NBD. Table 1 summarizes the
statistics for three medical objects for all of which the source of the data is X-ray
computerized tomography. Object 1 consists of a part of the spinal column of a
patient, object 2 is a dry skull specimen, and the human bony structure in the sacral
region constitutes object 3.

The first row of the table specifies the size of the input binary scene. The second
and the third row give the number of faces and volume (in terms of the number of
voxels enclosed by a surface) for the surfaces output by BD and NBD. The timings
given in these rows show that, for identical input and comparable output, NBD
takes about 35% less execution time than does BD. Since surfaces S and S’ are, by
definition, somewhat different, for the same input, the surfaces output by BD and
NBD are somewhat different as seen from the number of faces and volume
computed by the algorithms. In practice, this difference does not really matter. One
may also argue for and against the connectivity criterion used by the two algo-
rithms, which happens to be the main harbinger of the difference in the nature of
the outputs. We close this discussion by referring the reader to Fig. 7 which
compares several views of the surfaces output by BD and NBD keeping input the
same.

The significances of the further saving in time reported in rows 4 and 5 of the
table are the following: First, there exist surface shading algorithms [17] which do
not require neighborhood face orientation information. Second, there are many
clinical applications [40, 45] wherein the objective is not the visualization of object
surfaces but the computation of the volume enclosed by them [49]. For example, in
our work on the application of 3D display to craniofacial surgery to correct orbital
deformities, we routinely compute the volume of orbits preoperatively and at
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successive stages postoperatively to assess the effectiveness of surgical procedures.
In such applications, NBD can be used as a fast volume estimator.

A number of questions relating to the new algorithm still remain unresolved.
First, though we are completely convinced about the correctness of Conjecture 1 it
remains to be formally proved. Second, it is not clear how the choice of the circuit
to be ignored influences the execution time. It may be argued that, because of the
queueing, dequeueing, and marking overhead associated with the type-2 faces, the
circuit to be ignored should be so chosen such that the resulting number of type-2
faces will be a minimum. In the examples considered in this sectin, this choice did
not make any significant difference in the execution time. Third, there may be other
queueing strategies that make a better trade-off between the queue, dequeue
overhead, and the input overhead—for example, maintaining a miniqueue for each
of a number of cubic subregions of the scene.

Finally, NBD may be considered to have resulted from reducing redundancy in
BD. A logical continuation of this procedure should yield an algorithm that allows
tracking the faces on a surface in a single path—i.e., by proceeding from each face
only in one direction. Does such a path exist, and if so, is it possible to decide
locally (as NBD does) as to where the next boundary face is?

7. CONCLUSIONS

We have arrived at a new definition of a discrete surface, and based on this
definition, modified an existing state-of-the-art surface tracking algorithm. The new
algorithm has been fully implemented in a clinical environment and has been found
to yield an average saving of at least 35% of the execution time.

We believe that understanding the geometry and topology of 3D discrete surfaces
becomes increasingly important as the applications of 3D display in medicine
become more and more widespread.
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Note added in proof. Proof of Corollary 1: It suffices to show that if a face f is output by NBD, then
so are /', f”, where ['T;*fT.*f". f" is obviously produced. To see why f” is produced, note that either f’
was output before f, or else, by following circuit i from f, NBD eventually reaches f’ from the other
side.
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