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1. Introduction

Right in-threaded binary trees, introduced by
Perlis and Thornton [3], offer the advantage of
inorder traversal without a stack (see also [1,5]). In
such trees, the right pointer field of a node with
no right son contains a pointer to the node’s
inorder successor (the pointer is then called a
thread). In order to distinguish between a thread
and a right-son pointer, a 1-bit Boolean flag is
used. In many applications, the flag can be worked
into the node’s existing fields (e.g., as the sign bit
of an always-positive field), but in others the flag
must be added as an extra field. On most com-
puters, this requires a byte, or even a larger word,
and the attractiveness of the scheme diminishes
—especially in applications where space is at a
premium.

Morris [2] and Robson [4] proposed solutions
for inorder traversal without flags, back-pointers
or stack (see also [1, p. 281]). The underlying
principle in both is that certain pointers are mod-
ified during traversal to keep track of the path.
This solution is unacceptable in applications where
read-only access is allowed. Such a restriction can
occur with read-only memory or in cases where a
single data set is shared by several processors that
may access it simultaneously.

* Present address: Department of Computer Science, School
of Mathematical Sciences, Tel-Aviv University, Tel-Aviv
69978, Israel (on leave from the University of Haifa).

In this paper we demonstrate how threading
can be used without flags in a binary search tree
[1,5]. We prove a basic property of binary trees
that allows us to distinguish efficiently between a
thread and a right-son pointer during searching or
insertion. The same property also yields a method
for identifying a thread during inorder and pre-
order traversal of binary search trees with con-
stant extra space.

We also consider doubly-threaded binary search
trees [1,5], which, in addition to right threads, also
contain left threads, which point at a node’s in-
order predecessor when the node has no left son.
Traversing a path from the root to some node, for
example for searching and insertion, can be done
on such trees in a manner similar to regular (right
in-) threaded trees. For inorder or preorder traver-
sal, the above-mentioned method for identifying a
thread does not work, but we prove that inorder
traversal is possible without distinguishing be-
tween a thread and a right-son pointer.

Our algorithms are simple modifications of the
regular ones for threaded trees and exhibit the
same time complexity. There is no modification of
pointers (or any other fields) in any of the al-
gorithms, so they are suitable for shared memory
in a multiprocessing environment.

2. An elementary property of binary trees

Assume that every node P has two fields LEFT
and RIGHT pointing at P’s left and right sons
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Fig. 1. A threaded binary tree. If node P has no right son, its inorder successor Q is the last node on the path from the root to P at

which the left branch is taken.

respectively, if they exist. We say that the left
branch is taken at a node N, of a path
(N,, N,,...,N_) if N, ; = N,.LEfT; otherwise, the
right branch is taken. Our technique is based on
the following result, which is illustrated in Fig. 1.

Theorem 2.1. Let node P of a binary tree have no
right son. Node Q is P’s inorder successor iff P is
in Qs left subtree and, on the path from the root to
P, Q is the last node at which the left branch is
taken.

Proof. Let < denote the inorder relation among
nodes. Assume that Q is P’s successor. Since P < Q,
one and only one of the following cases is true:

(1) Pisin Q’s left subtree.

(2) Q is in P’s right subtree.

(3) For some third node R, P is in R’s left
subtree and Q is in R’s right subtree.

To see why (3) must hold if (1) and (2) are
false, take R to be the lowest-level common ances-
tor of P and Q.

Because P’s right subtree is empty, (2) is impos-
sible. Case (3) is also impossible because otherwise
we would have P < R < Q, contradicting the as-
sumption that Q is P’s inorder successor. This
leaves (1) as the only possibility.

From (1) it follows that Q is on the path from
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the root to P and that the left branch is taken at
Q. Assume now that the left branch is taken at a
third node R on the path from Q to P. Then,
P <R < Q, again contradicting the assumption
that Q is P’s successor. This completes the proof
in one direction.

Assume now that P is in Q’s left subtree and
that Q is the last node at which the left branch is
taken on the path from the root to P. Then P < Q,
so P is not the last inorder node. Let R be P’s
successor. By what has been proved above, R is
the last node on the path from the root to P at
which the left branch was taken. Since there is
only one path from the root to any node in a
binary tree, R=Q. O

3. Searching and insertion

Assume that we have a right in-threaded binary
search tree, i.e., if node P does not have a right
son, then P.RIGHT is P’s inorder successor or NIL
if P is the last inorder node (as in Pascal, NIL is a
null pointer value).

Searching for a node or inserting a node in a
binary search tree calls for traversing a path from
the root to some place in the tree. This can be
done using Theorem 2.1 in the following manner.
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At any point in the traversal a pointer variable LL
(Last Left) points at the last node at which the left
branch was taken. Thus, initially LL = NiL, and
taking a left branch at node Q calls for the assign-
ment LL := Q. This is illustrated in Fig. 1.

Assume now that in the traversal a node P has
been reached and let Q =P.RicHT. If Q= NIL,
then P is the last inorder node. Otherwise, we
determine if Q is P’s inorder successor or right son
by comparing Q with LL. If Q=LL, then, by
Theorem 2.1, Q is P’s inorder successor (see Fig.
1); otherwise, Q is P’s right son. All other oper-
ations for searching and insertion are done in the
usual way for threaded binary trees.

4. Inorder and preorder traversal

For these traversals we need the fact that the
tree is a binary search tree: each node has some
field Key and a linear order < is defined between
KEeY’s so that, for any nodes P and Q, P.KEyY <
Q.K=xy iff P precedes Q in inorder.

Traversal in inorder or preorder is performed
as usual for threaded trees [1,5]; it is only neces-
sary to be able to determine, for any node P,
whether P.RIGHT is NiL, P’s right son, or P’s
inorder successor. To do this requires the fact that
the tree is a binary search tree. Let Q = P.RIGHT
and, provided Q # N1, let R = Q.LEFT. Our tech-
nique is based on examining R.

If Q=Nrm, then P has no right son and no
inorder successor. Otherwise, we are left with four
mutually exclusive, exhaustive cases (see Fig. 2):

(a) R =N (see Fig. 2(a)): Q has no left son,
so, by Theorem 2.1, Q is not P’s inorder successor.
Hence, Q is P’s right son.

(b) R # NiL and R = P (see Fig. 2(b)): Q is not
P’s right son, because then P would be its own
proper descendant, so Q is P’s inorder successor.

(¢) R#=Ni, R#P, and RKey < P.KEy (see
Fig. 2(¢)): Q is P’s inorder successor, as is proved
below.

(d) R=Ni, R#P, and RKey > PKEy (see
Fig. 2(d)): Q is P’s right son, as is proved below.

. Proof of the claims in (¢) and (d). Assume R # NIL
and R # P. If Q is P’s successor (but not its right
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Fig. 2. Determining whether a node P’s right pointer is a
thread during traversal: Q= P.RicHT, R = Q.LEFT. () R =
NiL—Q is P’s right son. (b) R = P—Q is P’s inorder successor.
(c) RKEY < PKEY—Q is P’s inorder successor. (d) R.Kgy >
P.KEY—Q is P’s right son.

son, see Fig. 2(c)), then, by Theorem 2.1, the path
from the root to P turns left at Q, so it passes
through R. The path turns right at R because Q is
the last node at which it turns left. Hence, P is in
R’s right subtree, and, by the binary search prop-
erty, R KEYy < P.KEY. If Q is P’s right son (see Fig.
2(d)), then all KEY values in the subtree rooted at
Q are greater than P.KEY; in particular, R.KEY >
P.Key. The claims made in (c) and (d) now im-
mediately follow. O

Hence, by examining R and P only we can
determine whether P.RIGHT is a thread. Cases (b)
and (c) can be combined into R # NiL and R. KEY
< P.KEY, so just one extra test may be required to
identify a thread compared to the use of a flag.
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5. Doubly threaded binary search trees

In these trees (see [1,5]), the right pointers are
used in the same way as in right in-threaded trees.
The left pointer of a node P is used in a symmetri-
cal manner: P.LEFT is P’s left son if it exists;
otherwise, P.LEFT is P’s inorder predecéssor (or
NiL if P is the first inorder node).

In a manner similar to Theorem 2.1, we can
prove the equivalent statement for inorder prede-
cessors: if P is not the first inorder node and has
no left son, then Q is P’s inorder predessor iff P is
in Q’s right subtree and, on the path from the root
to P, Q is the last node at which the path turns
right.

Searching and insertion can be done by extend-
ing our technique so that left and right branches

. are handled in a symmetric manner: besides varia-
ble LL (see Section 3), we maintain a variable LR
(for Last Right), which always contains the last
node from which the right branch was taken. LL
helps identify a right thread, and LR a left thread.

For morder or preorder traversal, the previous
technique for identifying a right thread does not
work, because the left pointer is not NIL when
there is no left son (except for the leftmost node
of the tree). However, identifying a thread is un-
necessary for inorder traversal. This is shown by
the following theorem, which forms the basis for
our inorder traversal algorithm.

Theorem: 5.1. Let P be a node (not the last in
iriorder) in a doubly threaded binary search tree and
L,=PRIGHT. Then there exist nodes L, L,
..., Ly, k=1, such that

(1) L,y =L,.LefT for 0 <i<Kk,

(2) L, Key > P.KEY for 0 <1<k,

(3) L, Key < PKEy, and

(4) L, _, is P’s inorder successor.

Proof. L,.KeY > P.KEY because L, is P’s right
son or inorder successor. Let L, =L,.LeFr, and
consider the following four cases, illustrated in
Fig. 3:

(a) L,=P and L, is a thread (see Fig. 3(a)):
then L;.KeY = P.KEY and the statement holds with
k=1.

(b) Ly=P and L, is P’s right son (see Fig.
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Fig. 3. P’s inorder successor in a doubly-threaded tree is
reached by moving right to Ly and then left to L,,...,L; until
L. KEY < PKEY; the successoris L,_q. (@) Ly=Pand Ly isa
thread—k =1. (b) Li =P and L, is P’s right son—k =1. (¢)
L,# P and P.RIGHT is a thread—k =1. (d) L, # P and L, is
P’s right son—k is the number of nodes in the left-most branch
rooted in L.

3(b)): again, L,. KEY = P.KEY and the statement
holds with k =1; note that L, is also P’s inorder
successor in this case.

(c) L, # P and P.RIGHT is a thread (see Fig.
3(c)): then, by the argument used in the proof of
cases (c) and (d) of Section 4, L, Ky < P.KEY
and the statement again holds with k = 1.

(d Ly #P and L, is P’s right son (see Fig.
3(d)): take k to be the number of nodes in the
longest leftmost path of the subtree rooted at
L,, and define L,,...,L, according to (1);
Ly,...,L,_,; form that entire branch, they are in
P’s right subtree and so their KEY’s are > P.KEy;
furthermore, L, _, is P’s successor and so its left
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Inorder traversal of a nonempty doubly threaded binary tree

"Set P to the first inorder node:”
P := Root of tree;
while P.LEFT+# NIL do P:=P.LEFT;

VISIT(P); L = P.RIGHT;
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{invariant: node P is the last node visited in inorder and L is the corresponding value L, of Theorem 5.1 (each iteration

visits one node)}
while L # NIL do

begin ““Change P to its inorder successor, using Theorem 5.1:”

while L.LEFT.KEY > P.KEY do L :=L.LEFT,;
{Lis node L,_, of Theorem 5.1}
P:=L;
“Visit node P and reestablish the invariant:”
VISIT(P); L :=P.RIGHT
end

Fig. 4.

pointer is a thread pointing at P; therefore, L, = P
and L, .Key=PKgy. O

Our inorder traversal algorithm starts from the
leftmost node, follows the right pointer and then a
succession of left pointers until it reaches the L,
of Theorem 5.1. L,_, is then the next inorder
node, and the algorithm continues until the right
pointer is NiL. The algorithm is presented in Fig.
4. Visit(P) is assumed to be some procedure to be
performed on each node P in inorder.

The correctness of the algorithm is a straight-
forward corollary of Theorem 5.1. Notice that
when executing L := P.RIGHT, we may be moving
to the right son or to the inorder successor, and
the algorithm is oblivious to the difference (i.e.,
the same code is executed in either case).

6. Concluding remarks

Our traversal algorithms are simple variations
of the regular algorithms for threaded trees with
flags. The only differences are the following: For
right in-threaded trees, we differ in our method of
identifying a thread, but require only one extra
test (which is not always evaluated). For doubly
threaded trees, our traversal algorithm only differs
in the need to go one extra node to the left (to L,

of Theorem 5.1) and compare its Ky value to the
last KEY value visited. Furthermore, each thread
and each real edge of the tree is traversed exactly
once by the algorithm, and there are 2n — 2 such
threads and edges, where n is the number of
nodes. It follows that the time complexity of our
traversal algorithms is of the same order as that of
the regular algorithms, which is O(n).

Our technique for insertion or searching, in
both types of threaded trees, is very simple, but
may take a little longer than the one for flagged
threads, due to maintaining LL (and LR). Overall,
our algorithms are slightly slower than the ones
for threaded trees with flags. For any planned
implementation, this must be weighted against the
saving achieved by eliminating the flags. Examples
of such considerations are (i) restricted memory,
and (ii) a paging environment, where the saved
space could result in fewer page fetches and hence
an even improved throughput.
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