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Abstract

Electron tomography (ET) combines electron microscopy and the principles of tomographic imaging in order to reconstruct the three-
dimensional structure of complex biological specimens at molecular resolution. Weighted back-projection (WBP) has long been the method of
choice since the reconstructions are very fast. It is well known that iterative methods produce better images, but at a very costly time penalty.
In this work, it is shown that efficient parallel implementations of iterative methods, based primarily on data decomposition, can speed up such
methods to an extent that they become viable alternatives to WBP. Precomputation of the coefficient matrix has also turned out to be important
to substantially improve the performance regardless of the number of processors used. Matrix precomputation has made it possible to speed up
the block-iterative component averaging (BICAV) algorithm, which has been studied before in the context of computerized tomography (CT)
and ET, by a factor of more than 3.7. Component-averaged row projections (CARP) is a recently introduced block-parallel algorithm, which
was shown to be a robust method for solving sparse systems arising from partial differential equations. It is shown that this algorithm is also
suitable for single-axis ET, and is advantageous over BICAV both in terms of runtime and image quality. The experiments were carried out on
several datasets of ET of various sizes, using the blob model for representing the reconstructed object.
© 2007 Elsevier Inc. All rights reserved.

Keywords: BICAV; CARP; CAV; Component-averaging; Electron microscopy; Electron tomography; Image reconstruction; Parallel processing; WBP;
Weighted back-projection

1. Introduction

Electron tomography (ET) combines electron microscopy
and the principles of tomographic imaging to elucidate the
three-dimensional (3D) structure of complex biological speci-
mens at molecular resolution [11,23,26]. This structural infor-
mation is of paramount importance to understand the cellular
function [11,33]. ET has already made possible the visualiza-
tion of the structure of large complex viruses, organelles and
even whole cells [6,14,26,29]. Recently, ET has also been ap-
plied in physical sciences for a full 3D analysis of nanomate-
rials [30,37].
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In ET, a set of images from a single individual specimen
is acquired at different orientations by following the so-called
single-axis tilt geometry. Here, the specimen is tilted over a
limited range at small tilt increments, and an image of the same
object area is then recorded at each tilt angle (Fig. 1). Those
images represent projections, or in other words, “radiographs’’,
of the specimen. To prevent radiation damage, images are taken
at reduced electron doses, which makes signal-to-noise ratio
(SNR) extremely low [23,26]. From those projection images,
a 3D reconstruction can be obtained by means of tomographic
reconstruction algorithms.

Proper interpretation of the structural features derived by
ET require that image reconstruction introduce as little noise
and artifact as possible at the spatial scales of interest. There-
fore, sophisticated 3D reconstruction algorithms are needed in
order to deal with the particularities of limited angle data and
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Fig. 1. Single-tilt axis data acquisition geometry. The specimen is imaged
in the microscope by tilting it over a typical range of [−60◦, +60◦] or
[−70◦, +70◦] in small tilt increments. The specimen can be considered
as being composed of slices perpendicular to the tilt axis, as sketched.
Reproduced from [7] with permission from Elsevier.

extremely low SNR present in ET. Despite its high sensitivity
to these problems [8,27], weighted back-projection (WBP) [32]
is the standard algorithm in the field mainly due to its com-
putational simplicity. However, series expansion reconstruction
methods [17] are better suited for the conditions found in ET
because of the implicit regularization mechanism provided by
their iterative nature and the possibility of incorporating spatial
constraints [8,27]. The use of spherically symmetric volume
elements (blobs) [24,25,28] makes them even more appropri-
ate for the noise conditions in ET [8]. These methods have not
been extensively used in ET due to their high computational
costs, although they are lately receiving an increasing interest
[23,34,37].

The need for high resolution makes ET of complex biolog-
ical specimens use large projection images [7,8], which yields
large reconstructed volumes after an extensive use of computa-
tional resources and considerable processing time. High perfor-
mance computing has turned out to be the key to address such
computational requirements and, in particular, to make the use
of iterative methods affordable in ET [7,8].

This work concentrates on the efficient parallel implementa-
tion of some iterative methods using blobs as basis functions
for its application in ET. We focus on parallel iterative algo-
rithms that have recently arisen for solving large and sparse
systems of linear equations, such as BICAV [3]. BICAV is the
block-iterative version of CAV (component averaging) [4]; both
algorithms were originally introduced for parallel image recon-
struction in computerized tomography (CT), and BICAV was
later also used for ET [7,8]. Another tested algorithm is the re-
cently introduced block-parallel component-averaged row pro-
jections (CARP) [12], which was shown to provide a robust
solution method for sparse systems arising from partial differ-
ential equations (PDEs). It is shown that this algorithm is also
suitable for single-axis ET, and is advantageous over BICAV
both in terms of runtime and image quality. These two methods
are compared with the standard WBP. We present these algo-
rithms in terms of computational performance (runtimes and

speedups), as well as image quality. Results from synthetic and
experimental datasets are shown and analyzed. Note that the
problem domains of PDEs and ET are quite different: In PDEs,
the system matrix is very sparse, with a small fixed number
of elements in each row, while in ET, the number of nonzero
elements is proportional to the square root of the number of
variables.

In previous studies of iterative methods in ET [7,8], it was
found that a single iteration of BICAV took about 10 times as
long as the computation by WBP. We present two main find-
ings. The first finding is that after efficient implementation, a
single iteration of CARP takes only about 2.5 times as long as
WBP when both algorithms are run on the same number of pro-
cessors (regardless of the actual number of processors). Thus,
the time difference between these two approaches has narrowed
down considerably. Our second important finding is that it takes
fewer than about 5–10 iterations to obtain reasonable-quality
images with CARP, and even after one iteration, it is already
better than WBP (in terms of the measured vs. estimated pro-
jection correlation). In terms of the quality of reconstruction,
the iterative methods are far superior to WBP, especially un-
der adverse conditions. CARP was found to be somewhat su-
perior to BICAV both in terms of runtime and image quality.
The consequences are that in some situations, some iterative
methods—specifically CARP and BICAV—can be considered
as viable alternatives to WBP. The extra time required by these
methods might be compensated for by adding more processors,
whose price is very minor compared to that of an electron mi-
croscope.

The rest of this paper is organized as follows. Section 2 ex-
plains the problem of image reconstruction in ET and provides
an overview of the common approaches to this problem. Sec-
tion 3 explains the BICAV and CARP algorithms used in our
reconstructions. Section 4 provides details of the various meth-
ods of implementing BICAV and CARP for ET reconstruction.
Section 5 gives the results of our experiments and a discus-
sion, and Section 6 concludes with a summary and some future
research directions.

2. Image reconstruction in electron tomography

For data acquisition in single-tilt axis ET, a specimen is
placed in the electron microscope and a beam of electrons is
shot towards the specimen in a direction perpendicular to an
axis. Scattered and unscattered electrons emerging from the
specimen are then collected by magnetic lenses and focused to
form an interference pattern, which constitutes the projection
image that is recorded by CCD cameras [11,15]. The specimen
is then tilted around the axis, and another beam of electrons
is shot. This is sketched in Fig. 1. Typically, the process is re-
peated over a range of [−60◦, +60◦], or [−70◦, +70◦], in small
tilt increments of 1–2◦. As a result, a so-called single-axis tilt
series is obtained, which is made up of all the images acquired
from the specimen at different orientations.

The reconstruction problem in ET is to obtain the 3D struc-
ture of the specimen from the set of projection images. WBP
[32] is currently the standard algorithm in ET. Briefly, the
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method distributes the measured projection values over com-
puted backprojection rays, i.e., the specimen mass is projected
back into a reconstruction volume. When this process is re-
peated for a series of projection images recorded from differ-
ent tilt angles, backprojection rays from the different images
intersect and reinforce each other at the points where mass is
found in the original structure. Therefore, the 3D mass of the
specimen is reconstructed. Parallelization of WBP is straight-
forward because the 3D problem can be decomposed into a set
of independent 2D reconstruction problems corresponding to
the slices perpendicular to the tilt axis (see Fig. 1).

Series expansion reconstruction methods assume that the 3D
object or function f to be reconstructed can be approximated
by a linear combination of a finite set of known and fixed basis
functions gj

f (r, �1, �2) =
n∑

j=1

xjgj (r, �1, �2), (1)

where (r, �1, �2) are spherical coordinates, and n is the total
number of the unknown variables xj .

Our aim is to estimate the xj ’s. These methods are based
on an image formation model where the measurements depend
linearly on the object in such a way that:

bi =
n∑

j=1

aij xj , (2)

where bi denotes the ith measurement of f and aij the value of
the ith projection of the jth basis function.

Under those assumptions, the image reconstruction problem
can be modeled as the inverse problem of estimating the xj s
by attempting to solve the system of linear equations given
by Eq. (2). The problem is that (2) is inevitably not a con-
sistent system due to a variety of reasons, such as the noise
and the discretization process. Hence, there is no exact so-
lution, and the problem has given rise to several approaches.
One approach is to apply some iterative algorithm to the sys-
tem, and to evaluate the sequence of iterates according to some
convergence measures, and also according to the visual results
of the reconstruction. One of the earliest and most success-
ful of such approaches, introduced for CT, is widely known
as algebraic reconstruction technique (ART) [16] (see Kacz-
marz’s algorithm in next section). ART with small relaxation
parameters, has yielded excellent results. See also [17]. More
recent methods were aimed towards parallel computing envi-
ronments, such as the component-averaging methods CAV [4]
and its block-iterative version BICAV [3], which have already
been successfully tested in ET [7,8].

Another approach to dealing with the inconsistent system (2)
is to seek a solution that satisfies some optimization criterion.
Quadratic optimization is one such method; it seeks to minimize
the L2-norm of the residual; see [1,13,18]. Other optimization
approaches are based on statistical considerations, such as max-
imum likelihood (ML) and expectation maximization (EM).
These methods also require long reconstruction times, and this

has prompted several studies on parallelization; see for example
[20,22] and the references therein.

Series expansion methods have the flexibility to use basis
functions to represent the volume elements gj , which greatly
influences the result of the reconstruction algorithm [24].
Spherically symmetric volume elements (blobs) with smooth
transition to zero were thoroughly investigated [24,28] as al-
ternatives to voxels for image representation, concluding that
blobs are more appropriate for representing natural structures
[8,27]. Blobs are defined as the generalized Kaiser-Bessel win-
dow functions [25]. They are spatially limited and, because of
the analytical restrictions on the density and its derivatives, can
also be considered band-limited. The shape of the blob and its
spectral features are controlled by, among other parameters, the
blob radius. This parameter is chosen on the basis of a trade-
off between resolution (narrower blobs) and noise suppression
(wider blobs). For a detailed description of blobs, refer to [24].

The use of blob basis functions provides the series expan-
sion methods with a further regularization mechanism, which
produces inherently smooth (effectively band-limited) recon-
structions. This feature makes reconstruction algorithms in-
corporating blobs well suited for noisy conditions, as already
shown in ET [8,27] and medicine [24,28]. However, blobs in-
volve significant additional difficulties in the parallelization
of reconstruction methods in ET due to their overlapping na-
ture [7]. In particular, the use of blobs precludes decompos-
ing the 3D reconstruction problem into independent 2D prob-
lems, thereby needing substantial communications among the
processors [7].

3. The CAV, BICAV and CARP algorithms

3.1. Background

Consider the following system of m linear equations in n
variables:

n∑
j=1

aij xj=bi for 1� i�m, or, in matrix form: Ax=b. (3)

Throughout the rest of the paper we assume that every column
of A is nonzero. Such a column, if it existed, can be removed as
a preliminary step since it corresponds in effect to coefficients
of a “fictitious’’ variable, i.e., one whose value can be arbitrary.
For 1� i�m, we denote by ai∗ the ith row vector of the matrix
A in Eq. (3), and by 〈u, v〉 the dot product of two vectors u, v.
‖u‖ denotes the L2-norm of u.

In Kaczmarz’s algorithm [21] (also known as ART), which
we shall denote by KACZ, each iterate is projected onto a
hyperplane (defined by one of the equations) in a cyclic manner.
KACZ has been studied very extensively, both theoretically
and experimentally. For results related to its convergence, see
[2,19,35,36].

KACZ can be described as follows: Starting from an arbitrary
point x0 in the n-dimensional Euclidean space, the kth iterate xk

is projected (orthogonally) towards the next hyperplane, and the
hyperplanes are chosen in cyclic order. The following operator,
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called KSWP (Kaczmarz sweep), will be useful for describing
KACZ and CARP (in Section 3.4).

Definition 1. Let B be a set of equations such as (3) and
� = (�1, . . . , �m) a vector of relaxation parameters (one
for each equation). For x ∈ Rn, we define the operator
KSWP(B, �, x) = ym, where y0, . . . , ym ∈ Rn are obtained
as follows:

set y0 = x.

for i = 1, 2, . . . , m do

yi = yi−1 + �i

bi − 〈ai∗, yi−1〉
‖ai∗‖2

ai∗ (4)

enddo
If �1 = · · · = �m = � then we shall simply write � instead of
� in KSWP.

Algorithm 1 (KACZ).

set x0 ∈ Rn to an arbitrary value.

for k = 0, 1, 2, . . . until convergence do

xk+1 = KSWP(B, �, xk)

enddo
end algorithm

Another well-known projection method is the Cimmino al-
gorithm [5]. In contrast to the Kaczmarz algorithm, the Cim-
mino algorithm considers all the orthogonal projections of the
current iterate, and takes the average of these projections. As-
suming a fixed relaxation parameter �, we get:

Algorithm 2 (Cimmino).

set x0 ∈ Rn to an arbitrary value.

for k = 0, 1, 2, . . . , until convergence do

xk+1 = xk + �

m

m∑
i=1

bi − 〈ai∗, xk〉
‖ai∗‖2

ai∗ (5)

enddo
end algorithm

3.2. The CAV algorithm

Cimmino’s algorithm was the starting motivational step lead-
ing to the CAV algorithm [4]. Consider the jth component in
Eq. (5), and rewrite the Cimmino iterative step with respect to
this component

xk+1
j = xk

j + �

m

m∑
i=1

bi − 〈ai∗, xk〉
‖ai∗‖2

aij . (6)

It was observed in [4] that when the system (3) is sparse,
then in the sum of Eq. (6) only a “small’’ number of elements

aij are nonzero but the sum is divided by the “large’’ m. This
led to an attempt to replace the m of Eq. (6) by the number of
nonzero elements in the sum, which we denote by sj . Note that
sj is simply the number of nonzero elements of the jth column
of A, and it is always positive according to our assumption on
A. This led to an algorithm whose iterative step is given by the
following equation

xk+1
j = xk

j + �

sj

m∑
i=1

bi − 〈ai∗, xk〉
‖ai∗‖2

aij , (7)

which is identical to [4, Eq. (1.9)].
In the Cimmino algorithm, the kth iterate is an average of

orthogonal projections toward the hyperplanes. However, it was
shown in [12] that the replacement of m by sj , i.e., Eq. (7),
resulted in projections that are not orthogonal (unless all the
sj ’s are equal). The CAV algorithm [4] also made use of the
sj ’s, but in such a manner as to make the projection directions
orthogonal. For 1� i�m, we define a sparsity weight

wi = 1∑n
j=1 sj (aij )2

. (8)

The iterative step of CAV is given by

xk+1 = xk + �
m∑

i=1

wi

(
bi − 〈ai∗, xk〉

)
ai∗. (9)

We can see that the difference between the iterative steps of
CAV and Cimmino (Eqs. (9) and (5)) lies in the different
weights given to the orthogonal projections. Note that Eqs. (9)
and (7) coincide when all the sj ’s are equal.

We introduce the following notation in order to formally
describe the CAV algorithm. This notation will also serve us in
the formal description of BICAV in the next subsection.

Definition 2. Let B denote a set of linear equations, such as
those of Eq. (3), wi as defined in Eq. (8), and � a relaxation
parameter. For x ∈ Rn, we define

CAV(B, �, x) = x + �
m∑

i=1

wi (bi − 〈ai∗, x〉) ai∗. (10)

Algorithm 3 (CAV ).

set x0 ∈ Rn to an arbitrary value.

for k = 0, 1, 2, . . . until convergence do

xk+1 = CAV(B, �, xk)

enddo
end algorithm

All Cimmino-type algorithms, including CAV, can be eas-
ily implemented in parallel as follows: the equations of the
system (3) are partitioned into (disjoint) blocks, and one
block is assigned to every available processor. Every proces-
sor now computes the partial sum formed from the equations
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of its assigned block. The partial sums are then distributed
and summed up, and the result is used to update the current
iterate.

3.3. The BICAV algorithm

BICAV is a block-sequential (or “block-iterative’’) gener-
alization of CAV, performed as follows. The equations of the
linear system (3) are divided into blocks, B1, . . . , Bt , which
are not necessarily disjoint. BICAV cycles over the blocks se-
quentially, and within each block of equations, one step of the
CAV algorithm is performed with respect only to the equa-
tions belonging to that block, meaning that the sj ’s and the
sparsity weights which are used within the block are local to
the block. Using our notation, BICAV can be expressed as
follows:

Algorithm 4 (BICAV ).

set x0 ∈ Rn to an arbitrary value.

for k = 0, 1, 2, . . . until convergence do

set y0 = xk .

for � = 1, 2, . . . , t do

y� = CAV(B�, �, y�−1)

enddo

set xk+1 = yt .

enddo
end algorithm

A detailed parallel implementation of BICAV, specific to the
problem of ET, is presented in Appendix A.

3.4. The CARP algorithm

The CARP algorithm was introduced by Gordon and Gor-
don [12] as a method of parallelizing KACZ for partial dif-
ferential equations using domain-decomposition, but without
using block-projections with their inherent limitations. This led
to a block-parallel method in which the domain is divided into
subdomains (possibly overlapping), which can be assigned to
different processors.

Starting from some initial estimate, the following two main
steps are repeated until convergence: In the first step, consec-
utively executed row projections are performed in every block
(as in KACZ) on all the equations of the block; in fact, more
than one sweep can be carried out. In the second step, the
results of the separate blocks are “merged’’ together to form
the next iterate by a “component-averaging’’ operation: ev-
ery variable shared by two or more blocks is replaced by the
average of its values in the separate blocks. Thus, only vari-
ables bordering a neighboring domain are averaged. CARP
can be applied to 3D reconstructions by assigning to each

processor a “slab’’ of consecutive slices. This way, in the sec-
ond step, only data at the boundaries of the slabs need to be
exchanged.

Formally, we proceed as follows. The equations of the lin-
ear system (3) are divided into blocks, B1, . . . , Bt , which are
not necessarily disjoint. Denote B = {B1, . . . , Bt }. For each
1�j �n, denote by Lj the index set of the blocks which
contain an equation with a nonzero coefficient of xj , i.e.,
Lj = {1��� t |xj has a nonzero coefficient in some equation
of B�}. Let sj = |Lj | (the size of Lj ). In other words, sj
is the number of blocks which contain at least one equation
with a nonzero coefficient of xj . This differs from the sj
of CAV; the two definitions coincide only when each equa-
tion is taken as a (single) block. Note that since A contains
no column of zeros, all the sj ’s are positive. The following
definition formalizes the component-averaging operation of
CARP.

Definition 3. LetB={B1, . . ., Bt }be as above. The component-
averaging operator relative to B is a mapping CAB :
(Rn)t → (Rn), defined as follows: Let y1, . . . , yt ∈ Rn. Then
CAB(y1, . . . , yt ) is the point in Rn whose jth component is
given by

CAB(y1, . . . , yt )j = 1

sj

∑
�∈Lj

y�
j , (11)

where y�
j is the jth component of y�, for 1��� t .

Let B be as above and � a fixed relaxation parameter. De-
note by d the number of times that KSWP is repeated in each
block before the averaging operations are done. CARP is the
following.

Algorithm 5 (CARP).

set x0 ∈ Rn to an arbitrary value.

for k = 0, 1, 2, . . . until convergence do

for 1��� t parallel do

y� = KSWPd(B�, �, xk)

enddo

set xk+1 = CAB(y1, . . . , yt ).

enddo
end algorithm

A detailed parallel implementation of CARP is given in [12,
Appendix A]. A special case of CARP, called CARP1 in [12],
occurs when every equation is taken as a separate block. As
mentioned, each sj in this case is the same as in CAV, i.e., it is
the number of equations in which xj has a nonzero coefficient.
It is easy to see that the iterative step of CARP1 is given by
Eq. (7). CARP1 can be implemented on a multi-processor sys-
tem in block-parallel mode, though the implementation-blocks
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are not necessarily single equations—they are simply (disjoint)
blocks of equations assigned to different processors for the
sake of runtime efficiency. Furthermore, the implementation-
blocks of CARP1 are not intrinsic to the algorithm as in
the general CARP. This implementation is detailed in [12,
Appendix B].

In [4], CARP1 was examined on phantom test cases of image
reconstruction from projections in transmission CT. Its initial
rate of convergence was identical to that of CAV, but the images
obtained were somewhat inferior to those obtained with CAV.
Similar comparative results were obtained in [3] with BICAV
and a block-sequential version of CARP1.

4. Implementation details

The single-tilt axis data acquisition geometry used in ET
allows the use of the Single-Program Multiple-Data (SPMD)
computational model for parallel computing. Here, all the nodes
in the parallel system apply the same program to its data subdo-
main. The single-tilt axis geometry allows data decomposition
into slabs of slices orthogonal to the tilt axis, and each node
then reconstructs its own slab.

Those slabs of slices would be independent if voxel basis
functions were used. However, due to their overlapping nature,
the use of blobs as basis functions makes the slices, and conse-
quently the slabs, inter-dependent. Therefore, the nodes in the
parallel computer have to receive a slab composed of its corre-
sponding subdomain together with additional redundant slices
from the neighbor nodes. The number of redundant slices de-
pends on the blob extension. Fig. 2 shows a scheme of the data
decomposition, where the 2D slices are sketched by bars and
the circle represents the blob extension. This data decomposi-
tion approach is used in our implementation of WBP, BICAV
and CARP.

Fig. 2. Data decomposition. Every node in the parallel system receives a slab including unique slices (light gray), and additional redundant slices (dark gray)
according to the blob extension. Reproduced from [7] with permission from Elsevier.

Previous implementations of BICAV in [7,8] recalculated the
matrix coefficients (i.e. aij in Eq. (2)) at every iteration, for
every angle and slice. The computation of the matrix coeffi-
cients is usually carried out by a footprint-based procedure, as
described in [28]. Our main improvement to this implemen-
tation was to precalculate the coefficients just once and store
them in memory. We refer to this mode of computation as the
“large memory model’’, or LM for short. Thus, BICAV-LM
and CARP-LM refer to the BICAV and CARP algorithms, re-
spectively, implemented in the LM mode.

Recall from Section 3 that BICAV partitions the set of equa-
tions into blocks, and then performs the CAV algorithm, in se-
quence, on each block. For this operation, we chose each block
as consisting of all the equations corresponding to a fixed an-
gle. Assuming, for example, that the angles ranged from −60◦
to +60◦, with an angle increment of 2◦, BICAV proceeds as
follows:

Step 1: Perform CAV on all the equations of −60◦.
Step 2: Perform CAV on all the equations of −58◦.
· · · · · ·
Step 61: Perform CAV on all the equations of +60◦.
The above sequence of steps repeats itself until

convergence—see Appendix A.
One problem that was encountered with the above approach

is the lack of core memory (for the matrix) with some of the
very large datasets. This led us to implement an intermedi-
ate approach, in which the matrix is not precomputed in its
entirety as above. Instead, before each of the above steps of
BICAV, the coefficients corresponding to all the equations of a
single angle are computed, and then they are exploited for all
the slices in the slab during the CAV step. After the CAV step,
the coefficients for the next angle are computed and stored in
place of the coefficients of the completed step. We call this
implementation the “small memory model’’, or SM for short.
BICAV-SM and CARP-SM refer to the BICAV and CARP
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algorithms, respectively, implemented in the SM mode. As will
be shown in the next section, this approach is not as efficient
as the LM approach, but it is still significantly better than the
original implementation of BICAV.

As described in Section 3, CARP is a block-parallel ap-
proach, meaning that the nodes of the computing system op-
erate in parallel on the different blocks. CARP uses the same
partitioning of the slices into slabs as BICAV. In each step
of CARP, each node operates on its allotted slab, and then
the nodes perform a component-averaging operation on the
data common to two adjacent slabs. Within each slab, each
computing node performs a Kaczmarz sweep on the equa-
tions; the order of the sweep depends on whether the CARP-
LM or the CARP-SM mode is in effect. In the LM mode,
we implemented the sweep so that it traversed the slices of
the relevant slab in the outermost loop, within each slice it
traversed all the angles, and for every angle, all the equa-
tions corresponding to that angle. Other orders are also possi-
ble. In the SM mode, the outer loop should be on the angles
in order to utilize the available coefficients for each relevant
angle.

Besides precomputation of matrix coefficients, we have
also used symmetry to save time in the SM and LM modes,
and also to save space in the LM mode. If the angles are
distributed evenly about 0◦, then there is a symmetry around
the Y-axis. Thus, the equation coefficients for a given an-
gle � are the same as those for −�, but with an exchange
of the slice’s X-coordinates with −X. This saves computa-
tion time in both modes, and also about 50% of the memory
required for the equation coefficients in the LM mode. For
a given memory size, the use of this symmetry increased
the scope of problems which can be handled in the LM
mode.

There is another symmetry which we have not utilized in
the present study, and that is the symmetry about the X = Y

line; i.e., for 0�� < 45◦, the coefficients for 45◦ + � are the
same as those for 45◦ − �, but with an exchange of the X and
Y coordinates. Using this symmetry would save about 25% of
the memory when the maximal angle is 60◦, and about 36%
when the maximal angle is 70◦.

Finally, the reconstruction algorithms have been provided
with the ability to impose spatial constraints, in the sense
that a priori information about the object or the image for-
mation process may be used to control the solution. In
this work, the algorithms have the so-called non-negativity
constraint incorporated. This constraint forces any negative
density in the reconstruction of the current iteration to be
zero.

5. Results and discussion

Tests were run on a PC cluster running under Linux. The
PC cluster consists of 16 Pentium IV 2.8 GHz processors with
1 GB memory each, except for the master processor which has
3 GB memory. The processors are connected with a dedicated
1 Gb/s. Ethernet switch. The algorithms were parallelized us-
ing the standard MPI (Message Passing Interface) routines.

The problems were run on the PC cluster with 1, 2, 4, 8, 12
and 16 processors. The runtimes of the algorithms were mea-
sured by running them in stand alone mode, to ensure ex-
clusive use of the communication and processors CPU and
memory.

Two classes of experiments were carried out. The first class
dealt with runtime and speedup comparisons of the algorithms,
which are described in Sections 5.1 and 5.2. The second class
of experiments is related to the quality of reconstruction, which
is described in Sections 5.3 and 5.4. For the former, synthetic
datasets resembling mitochondrion data were used, as designed
in [8]. For the latter, experimental datasets were used.

5.1. Runtime results

To obtain the runtimes per iteration and speedups of the al-
gorithms, three cases of reconstruction problems with different
sizes were studied

• Problem 1: 128 × 128 × 128 blobs from 70 images of 128 ×
128 pixels (70 projections of 128 rays and 128 slices). This
problem has m = 1, 146, 880 equations and n = 2, 097, 152
variables.

• Problem 2: 256 × 256 × 256 blobs from 70 images of 256 ×
256 pixels. This problem has m = 4, 587, 520 equations and
n = 16, 777, 216 variables.

• Problem 3: 480 × 480 × 480 blobs from 70 images of 480 ×
480 pixels. This problem has m = 16, 128, 000 equations
and n = 110, 592, 000 variables.

In all three problems, the set of tilt angles ranged between
−70◦ and +68◦, with 2◦ increment, which resembles typical
experimental problems in ET. Note that the runtimes per iter-
ation and speedups of the algorithms are independent of the
specific dataset; they depend only on the data size.

Six different reconstruction algorithms/implementations
were tested: WBP, CARP-LM, CARP-SM, BICAV-LM,
BICAV-SM, and the original implementation of BICAV as
applied to electron microscopy in [7]. For problems 1, 2
and 3, BICAV was run with 70 blocks, i.e., with block
sizes of 128 × 128, 256 × 256 and 480 × 480 equations,
respectively.

The value of the relaxation parameter was taken as � = 0.15
for CARP and � = 1.0 for BICAV. These values were found in
preliminary optimization studies to be near optimal. It should
be noted that the value of � does not influence the runtime
and speedup of the parallel implementation. It affects only the
correlation and 3D image quality for a given number of itera-
tions. The calculations were carried out for the standard blob
radius = 2.0 [8,24,28], which involved a single neighboring
slice, at both sides of each slice, affecting the calculation. All
other blob parameters were taken from previous studies [7] and
do not influence the performance of the parallel implementa-
tion. All our experiments were initiated with x0 = 0.

Tables 1–3 present a summary of the runtimes (computation
and communication runtimes) of the different algorithms and
their implementations on 1, 2, 4, 8, 12 and 16 processors, for
problems 1–3, respectively.
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Table 1
Problem 1 (128 × 128 × 128): runtimes (in s) for one iteration

Method 1 proc. 2 proc. 4 proc. 8 proc. 12 proc. 16 proc.

CARP-LM 14.2 7.2 3.7 1.9 1.3 0.9
CARP-SM 15.9 8.5 4.6 2.6 1.9 1.6
BICAV-LM 17.7 12.8 8.5 4.1 2.7 2.1
BICAV-SM 20.7 15.8 14.6 7.6 6.1 5.6
BICAV-orig. 87.0 64.6 32.7 16.5 11.1 8.4

WBP 7.69 3.86 1.97 0.96 0.66 0.49

Table 2
Problem 2 (256 × 256 × 256): runtimes (in s) for one iteration

Method 1 proc. 2 proc. 4 proc. 8 proc. 12 proc. 16 proc.

CARP-LM 128.7 66.8 33.7 16.6 11.7 8.7
CARP-SM 150.2 80.8 41.5 23.1 15.6 12.4
BICAV-LM 156.2 82.9 43.1 22.3 15.2 11.8
BICAV-SM 168.4 90.6 50.4 32.5 26.0 21.9
BICAV-orig. 630.9 210.8 160.5 79.7 54.9 40.2

WBP 57.37 28.58 14.33 7.16 4.92 3.57

Table 3
Problem 3 (480 × 480 × 480): runtimes (in s) for one iteration

Method 1 proc. 2 proc. 4 proc. 8 proc. 12 proc. 16 proc.

CARP-LM 904.3 523.3 235.6 118.0 79.5 60.0
CARP-SM 1121.4 570.0 286.8 147.6 99.9 74.5
BICAV-LM 1097.6 544.8 277.8 140.9 95.3 76.3
BICAV-SM 1170.8 612.0 322.1 200.0 134.4 112.1
BICAV-orig. 4104.9 2060.4 1028.3 515.4 344.8 259.6

WBP 370.8 186.3 92.6 46.4 30.8 23.3
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Fig. 3. Runtime for one iteration on 16 processors, for problems 1–3.

In order to help visualize the runtime distinctions between
the various algorithms, Fig. 3 presents bar plots of the runtimes
for one iteration of all the algorithms, for problems 1–3, on 16

processors. In addition, Fig. 4 shows how the runtimes improve
as the number of processors increases, for problem 3 (without
the SM algorithms).
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The following major conclusions can be drawn from Tables
1–3 and from Figs. 3 and 4:

1. Our implementations of BICAV have decreased its runtime
(per iteration) by over 70%.

2. On 16 processors, the runtime (per iteration) ratios of CARP-
LM over BICAV-LM are approximately 0.6, 0.7 and 0.8, for
problems 1, 2 and 3, respectively.

3. Perhaps for the first time, an iterative algorithm (CARP) can
be considered as a reasonable alternative to WBP in terms of
runtime, especially in view of the fact that a much superior
image can be obtained—see Sections 5.3 and 5.4. A single
iteration of CARP takes only about 2.5 times as long as WBP
regardless of the number of processors.

4. Of the iterative algorithms, CARP-LM is generally the most
efficient method on any number of processors, though in two
cases it is only slightly better or comparable to CARP-SM.
If the LM model cannot be implemented, then the next best
choice is CARP-SM.

5. Fig. 4 shows the extent to which BICAV-LM and CARP-
LM improve on the original BICAV. More importantly, it
shows that as the number of processors increases, the differ-
ence between one iteration of the LM algorithms and WBP
diminishes.

5.2. Speedup results

All our speedup results are based on the average runtime
for one iteration. Fig. 5 presents the speedup graphs of the

different methods for problems 1–3. These graphs show that
WBP exhibits a linear speedup behavior, and that its speedup
is almost optimal (i.e., the graph’s slope is close to 1). The
speedup behavior of the original BICAV implementation and
of CARP-LM is almost linear in all three cases. The original
BICAV is close to optimal in cases 2 and 3, while CARP-LM
is close to optimal in all cases. BICAV-LM is similar to CARP-
LM for the medium and large problems (2 and 3), and it is
somewhat worse for the small problem (1). BICAV-SM exhibits
a rather poor speedup, especially for the small size problem. We
can also see that for both BICAV and CARP, the large memory
version has better speedup behavior than the small memory
version, on all three problems.

When comparing between various algorithms, speedup
results should always be considered together with the overall
runtime, because they measure the ratio of the time for one
processor over the time for p processors. Even if one algorithm
is much less efficient than another, its speedup ratio could be
much better. The original BICAV is a case in point: its runtime
is much worse than the others, but its speedup on problems 2
and 3 is very good.

5.3. Correlation comparisons

Two datasets were used in the present study to evaluate the
performance of the different algorithms in terms of computation
times, speedups, correlation and general 2D/3D image quality,
when applied to experimental data. The two datasets are well
known in the cell-biology field and their structure was solved
at molecular resolution by electron microscope tomography.
Different techniques were employed in their preparation, and
these yielded different noise levels.

The first dataset is from Vaccinia virus (VV) (the virus that
was used as a vaccine against the smallpox virus) obtained with
cryo-electron tomography; see [6]. Here, the specimen is frozen
in vitreous ice to preserve it during the exposure. The contrast
in this dataset is poor and the SNR is low. The advantage of
this method is that the specimen is imaged in its “native state’’,
without any deformation/artifacts.

The second dataset is that of a mitochondrion prepared with
“negative staining’’, see [31]. With this technique the specimen
is covered with a stain to preserve it from the electron dose.
Here, the contrast and the SNR are relatively good. The dis-
advantage of this method is the “deformations’’ that the stain
may introduce into the specimen.

The above datasets were used to obtain the following two
additional problems:

• Problem 4: The VV, with a dataset of size 340 × 340 × 250
blobs, with 61 images of 340 × 250 pixels. This problem
consists of 5,185,000 equations in 28,900,000 variables. The
tilt angles varied from −60◦ to +60◦ in increments of 2◦.

• Problem 5: The mitochondrion (Mito) dataset of size 380 ×
380 × 450 blobs, with 70 images of 380 × 450 pixels. This
problem consists of 11,970,000 equations in 64,980,000 vari-
ables. The tilt angles varied from −70◦ to +68◦ in incre-
ments of 2◦.
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Fig. 5. Speedup graphs for problems 1–3. Results are based on the runtime for one iteration.

Table 4
Correlations achieved for the VV case

Iter 4 processors 16 processors

WBP CARP-LM BICAV-LM WBP CARP-LM BICAV-LM

1 0.5394 0.5693 0.5058 0.5394 0.5777 0.5058
2 – 0.7712 0.7266 – 0.7687 0.7266
3 – 0.8128 0.7809 – 0.8110 0.7809
4 – 0.8469 0.8057 – 0.8430 0.8057
5 – 0.8625 0.8224 – 0.8582 0.8224

Table 5
Correlations achieved for the Mito case

Iter 4 processors 16 processors

WBP CARP-LM BICAV-LM WBP CARP-LM BICAV-LM

1 0.6723 0.7229 0.7198 0.6723 0.7251 0.7198
2 – 0.7520 0.7567 – 0.7537 0.7567
3 – 0.7748 0.7702 – 0.7752 0.7702
4 – 0.7817 0.7765 – 0.7816 0.7765
5 – 0.7872 0.7715 – 0.7869 0.7715

To assess the quality of the reconstructions quantitatively we
use the correlation measure. The correlation is computed be-
tween the projections calculated from the reconstruction and
the experimental projection images taken with the microscope
for the specific experimental specimen (stained specimen in
the Mito case/frozen specimen for the VV case). Following the
notation in Eq. (2), the correlation is computed between the
set of experimental measures bi and the calculated projections∑n

j=1 aij xj , where xj represents the final reconstruction iter-
ate. Here, any deformations or artifacts due to the specimen
preparation or due to the imaging system are included in the
experimental images to which they are compared.

Tables 4 and 5 present a comparison of the correlations of
WBP, CARP-LM and BICAV-LM versus iteration number (up

to 5 iterations), on 4 and 16 processors, for problems 4 and 5,
respectively. Note that the iteration numbers are only relevant
for CARP and BICAV. These tables show that in all cases,
CARP achieves a better correlation than BICAV. Also, even
after one iteration, CARP is better than WBP on both problems
4 and 5, while BICAV is worse than WBP on problem 4 and
better on problem 5. The runtimes ratios of WBP over one
CARP iteration, for problem 4, are 0.37 and 0.36 for 4 and 16
processors, respectively. For problem 5, the respective ratios
are 0.39 and 0.42.

It can be noticed that CARP achieves slightly different
correlation values when the number of processors is dif-
ferent. This is because CARP is actually KACZ in some
superspace, and it is well known that KACZ behaves
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Fig. 6. Correlation vs. time on 16 processors for problems 4 (VV case) and 5 (Mito case).

Fig. 7. An axial slice of the reconstructed VV dataset.

differently when the equations are handled in different
orders.

Tables 4 and 5 do not present the actual computation time
required to reach a certain correlation value. This information is
shown in Fig. 6, which presents the correlation of CARP-LM,
BICAV-LM and WBP versus runtime, for problems 4 and 5, on
16 processors. Just one data point is shown for WBP because
it is not iterative. Both iterative methods achieve significantly
better results than WBP, with CARP having a clear advantage
over BICAV. This figure shows that with the VV case, if we wish
to achieve a correlation value of 0.85 or higher, then BICAV
needs at least twice the computation time as CARP. Similar
consequences can also be drawn with the Mito case.

5.4. Visual comparisons

Figs. 7 and 8 show visual results derived from the applica-
tion of CARP, BICAV and WBP to the VV and Mito datasets,
respectively. In those figures, an axial slice extracted from
the 3D reconstruction is shown. The results from CARP and
BICAV shown here correspond to the reconstructions obtained
after 5 iterations using 16 processors and the LM approaches.
For the VV dataset, the correlation obtained for those re-
constructions was 0.8582 for CARP, 0.8224 for BICAV and
0.5394 for WBP. The computation times that those reconstruc-
tions required were 72.9, 92.9 and 5.35 s, respectively. For the
Mito dataset, the correlation was 0.7869 for CARP, 0.7715 for
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Fig. 8. An axial slice of the reconstructed Mito dataset.

BICAV and 0.6723 for WBP, and the computation times were
174.7, 210.0 and 14.8 s, respectively.

The results obtained with WBP are noisier and with lower
contrast compared to those from CARP and BICAV. Some
structural features appear to be smeared out by the noise and the
low contrast (for instance, compare with the areas marked with
arrows in the reconstruction from CARP). This effect is par-
ticularly important in the VV case due to the extremely noisy
conditions derived from cryomicroscopy techniques.

CARP and BICAV are superior to WBP, yielding results that
are smoother and with higher contrast. Both iterative methods
obtain results with significantly better preservation of the in-
teresting structural features, such as better continuity of the
membranes both in the VV and Mito cases; the spiky inner
membrane of VV and its potential embedded pores are high-
lighted (see arrow in Fig. 7); the junctions between the cristae
and the membrane in the mitochondrion stand out (see hori-
zontal arrow in Fig. 8); some other prominent features become
visible (see vertical arrow in Fig. 8). These structural details
are of paramount importance from the biological point of view.
However, they are not apparent in the WBP reconstructions.
Visually, the differences between BICAV and CARP are hard
to discern as far as the preservation of the interesting structural
features is concerned.

In these experiments, we saw that BICAV requires more
iterations to achieve results of the same visual quality as CARP.
These additional iterations make BICAV require at least twice
the computation time as CARP. For instance, in the VV case,
9 iterations of BICAV (which involved a computation time of
167.3 s) yielded a reconstruction with approximately the same
sharpness as that obtained with 5 iterations of CARP. In that

example, the runtime ratio of BICAV over CARP (to yield
similar results) was 2.3. There were similar experiences with
the Mito case.

These experiments have also shown that only a relatively
few iterations of the iterative methods are needed to obtain a
good quality reconstruction. Around 5–10 iterations of CARP
seem to be an appropriate number of cycles. Further iterations
only involve marginal improvements in the reconstructions. For
BICAV, 10–20 iterations appear to be an adequate number of
iterations.

These visual results turn out to be consistent with the cor-
relation measures shown above. CARP exhibits the best re-
sults, followed by BICAV, and finally WBP. The difference
among the three methods is substantially more evident for ex-
tremely noisy conditions, such as those found in cryo-electron
tomography (VV case). These results then point out that the
benefits from iterative methods are better exploited under the
adverse circumstances of low contrast and low signal-to-noise
ratio.

Note that, in the case of CARP, thin artefactual lines may
appear at the boundaries between slabs in the first iterations, but
they rapidly vanish as iterations evolve. They go unnoticed or
disappear completely after approximately 5 CARP iterations.
An initialization of the process with backprojection makes those
lines disappear earlier.

6. Conclusions and further research

This paper presented efficient implementations of two paral-
lel reconstruction algorithms as applied to single-axis electron
tomography—BICAV and CARP. The data model was based
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on blobs, which are superior in terms of quality to regular vox-
els for unregularized image reconstruction from projections.
Experiments were carried out on several datasets, demonstrat-
ing that parallel iterative methods can be considered as reason-
able alternatives to weighted back-projection (WBP) in terms
of computational efficiency. It is already well known that it-
erative methods are far superior to WBP in terms of image
quality.

The primary reason for improved runtime efficiency is the
computation of the matrix coefficients as a preprocessing step,
instead of the usual method of computing the coefficients on the
fly for each equation. On our test data, this produced runtime
improvements by factors ranging from 3.74 to 4.9. An inter-
mediate approach, in which coefficients are precomputed only
for every specific angle, was less efficient. Since core memory
is very cheap as compared to the price of an electron micro-
scope, the best approach is clearly the precomputation of the
entire matrix.

Of the two tested iterative methods, CARP proved to be better
than BICAV both in terms of computational efficiency and in
terms of image quality. Depending on the problem size, CARP
was from 25% to 67% faster than BICAV (per single iteration)
when run on 16 processors. Furthermore, CARP achieved better
correlation values with each iteration. The result of these two
advantages is that (starting with iteration 4 and onward) BICAV
needed at least twice the time as CARP to reach the same
correlation as CARP.

There are two main reasons why CARP is more efficient
than BICAV. The first one is basically similar to the reason
why KACZ is more efficient than Cimmino: in KACZ, the
projected values are used immediately for the next projec-
tion, while in Cimmino, in every step, all the projections are
taken from the current iterate. This fundamental difference also
exists between CARP and BICAV, which are derived from
KACZ and Cimmino, respectively. A second reason is that in
the block-parallel mode (CARP), data is exchanged only af-
ter a complete sweep of all the equations, while in the block-
sequential mode (BICAV), the processors exchange information
after every block. Thus, CARP requires less communication
time.

Future research in this direction should concentrate on the
following topics:

• Testing BICAV and CARP on raw data from electron mi-
croscopy in biological and physical sciences.

• Testing and evaluating efficient implementations of other it-
erative algorithms for image reconstruction in electron to-
mography.

• Quantitative analysis of the influence of blob parameters and
relaxation parameter on BICAV and CARP.

The parallelization strategy described in this article is ap-
plicable to other problems too, namely, to those based on
the solution of a PDE [12], or those related to multidimen-
sional image processing [9,10]. In general, it is applicable
to any problem where domain decomposition with neigh-
boring relationships between immediate neighbors can be
used.
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Appendix A. Parallel implementation of BICAV for ET

1. Let t be the total number of angles. The primary partition-
ing of the equations into blocks for BICAV will be accord-
ing to the angle corresponding to each equation. For every
0��� t − 1, let B� be the block of equations correspond-
ing to angle �. Every block of equations will be processed
in parallel by the different processors.

2. Let p be the number of available processing nodes, denoted
P0, . . . , Pp−1. The set of slices is partitioned into p disjoint
slabs, with each slab holding the same number (or almost
the same number) of consecutive slices. The slabs are also
numbered 0, . . . , p−1, and for 0�r �p−1, Pr will handle
only equations belonging to slab r. The partitioning planes
between the slabs pass between blob centers, but blobs close
to the boundary may extend beyond their slab.

3. For every angle 0��� t − 1 and 0�r �p − 1, denote:

I�r = {1� i�m | equation i corresponds to angle �

and is in slab r},

Ir = {1� i�m | equation i is in slab r} =
t−1⋃
�=0

I�r .

4. The equations are sent to the processors.
5. For 0�r �p − 1, two sets of column indices are defined as

J 1
r = {1�j �n | xj represents a blob of slab r}.
J 2

r = {1�j �n | for some i ∈ Ir , aij 	= 0}.
The boundary between two adjacent slabs passes through the
midpoint between blob centers. J 1

r is the set of indices of
blobs whose centers lie in slab r. J 2

r also contains all those
indices, but it may also contain indices of boundary blobs of
neighboring slabs whose radius extends into slab r to such
an extent that they are intersected by rays of slab r. This
happens when the blob radius is > 1.

6. Every processor Pr , 0�r �p − 1, has an assigned set of
“neighboring’’ processors, defined as Nr = {0�q �p − 1 |
q 	= r and J 2

q ∩ J 2
r 	= ∅}.
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7. For every 0�r �p − 1, an “expanded’’ set of row indices
is defined as

Er = {1� i�m | for some j ∈ J 1
r , aij 	= 0}.

Clearly, Ir ⊆ Er . Each processor Pr now retains only the
equations whose index is in Er . Note that an equation in Er–
Ir is handled by a neighboring processor of Pr , but due to the
overlapping blobs, such an equation might have a nonzero
coefficient corresponding to a blob of slab r.

8. Every processor Pr computes the sparsity weights relevant
to its equations. Note that for i ∈ I�r , the weights are specific
to the block �, so they are denoted by w�

i .
9. The initial estimate x0 = (x0

1 , . . . , x0
n) is sent to the proces-

sors. Throughout the computation, each processor Pr holds
only the variables xj for j ∈ J 2

r .
10. Every processor sets the iteration index k = 0.

11. for k = 0, 1, 2, . . . until convergence do

set y0 = xk . Note: y� is the iterate during the loop

on �.

for � = 0, 1, . . . , t − 1 do (sequential iteration on

the blocks)

for 0�r �p − 1 parallel do

For every i ∈ I�r , Pr computes all the val-

ues

di = w�
i

(
bi − 〈ai∗, y�〉) .

Note: Pr has all the required information

for this computation.

For every q ∈ Nr , and i ∈ I�r , if i ∈ Er , Pr

sends di to Pq .

For every j ∈ J 1
r , Pr computes the jth com-

ponent of the next y iterate:

y�+1
j = y�

j + �
∑

i∈Er

diaij .

For j ∈ J 1
r , if j ∈ J 2

q for some q ∈ Nr , Pr

sends y�+1
j to Pq .

enddo (on r)

enddo (on �)

set the next iterate: xk+1 = yt .

enddo (on k)
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