Comment

GABOR T. HERMAN, YAIR CENSOR, DAN GORDON, and ROBERT M. LEWITT*

We wish to place the development presented by Vardi, Shepp,
and Kaufman into the framework of the research area that has
become known as “image reconstruction from projections.”
In the terminology of that field, the technique presented by
Vardi et al. is a finite series-expansion method. A recent tutorial
on such methods was given by Censor (1983). Figure 1 gives
an overview of the methodology of the finite series-expansion
methods.

The first significant step is the discretization of the problem.
Vardi et al. chose to do this based on the traditional approach,
in which the function of two variables, which is to be recon-
structed, is assumed to be constant in uniform square-shaped
regions of space, called pixels (short for picture elements).
Such a discretization for image reconstruction has been used
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since the beginnings of computerized tomography (e.g., see
Gordon et al. 1970), and it is certainly the most popular ap-
proach to discretization. However, there are some very different
alternatives (e.g., see Lewitt 1983 and Eggermont 1983). Al-
though we have no basic objection to pixel-based discretiza-
tion, we cannot agree with Vardi et al. that “for the maximum
likelihood method of Section 2.1, there seems to be no essential

difference in the final result if we discretize either at the outset

or after deriving a functional equation (using a limiting argu-
ment) that defines the estimate in the continuous case” (p. 10).
In our experience (Gray et al. 1982) the error introduced in
the model by discretization at the outset can far outweigh that
due to the limited number of photons. The maximum-likelihood
approach takes proper care of the error due to photon statistics,
but it ignores the discretization error.

The next step is to set up a system of algebraic equations.
The attitude in finite series-expansion image reconstruction
(Censor 1983) is usually that these equations are only approx-
imate due to both discretization and statistical errors. Thus we
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would write, instead of (2.18) of Vardi et al., the approximate
system

n* = P'A, e))
where P’ is a D X B matrix and n* is the observed measure-
ment vector.

The next step is to choose a criterion according to which we
can decide whether or not a particular \ is a “solution” of (1).
This is typically an optimization criterion of the form
subject to A € Q. )

The log-likelihood function optimized in the article by Vardi
et al. (ignoring a constant term) is ‘

optimize I(A),

N = i [—4%(d) + n*(d)log A*(d)],
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The constraint set Q in Equation (2) is the non-negative orthant
of the B-dimensional Euclidean space. As far as we know, the
first proposal to use the maximum-likelihood optimization cri-
terion in emission image reconstruction from projections was
made by Rockmore and Macovski (1976).

There have been many alternative optimization criteria pro-
posed in the literature. One that we have found potentially

useful in transmission tomography with low-photon count (Gray
et al. 1982) is
IN) = rln* = P'AP + In = R, )

where A is some predetermined picture (it éould, e.g., be the
expected prior value of A in a Bayesian approach) and r is a

€ predetermined constant (reflecting our belief in the accuracy
he =t of the measurements relative to the importance of the prior
where 5 distribution). We call this the regularized least squares (RLS)
A%(d) = E MB)p(b, d). ) criterion. This and other criteria were discussed in Censor
b1 (1983).
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Figure 1. Methodology of the Series-Expansion Approach.
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The next step is the development of a reconstruction algo-
rithm. Vardi et al. propose the EM algorithm for maximizing
(3); the iterative step of this algorithm is equation (2.13) of
their article. In the same notation, the algorithm proposed for
minimizing (5) by Herman et al. (1980) is the following (it
makes use of a D-dimensional dual variable w, whose dth
component is denoted by u(d), as well as the B-dimensional
primal variable A).

1. Start with an initial estimate of A°¢, which is \, and an
initial estimate of w° with all components equal to zero.

2. If A% and p°¢ denote the current estimates of A and .,
define the new estimates, A™* and p™*, by the following

process: Let A© = N Foreachd = 0,...,D — 1, do
the following three steps: '
- B ’
r[n*(d) = > A9b)p(b, d)] — uod)
c=p g . (6
Z [p(b, )P

2@tD(py = A9 (b) + rep(b, d), b=1, .,B, (D
and

wed) = ) + c, 3

where p is a constant called the relaxation parameter. Finally,
let A" = \D),

This algorithm looks somewhat more complicated than it rea]ly
is due to the complexity of notation (compare Censor 1983 and
Herman et al. 1980). We have adopted this notation, since it
allows us to point out the similarities and differences between
it and the EM algorithm of Vardi et al. The similarities are
that in each algorithm (a) getting from A to A™" involves the
calculation of an inner product between an estimate of A with
a p(-, d) vector D times [see (2.13) of Vardi et al. and our
Equation (6)] and (b) the calculation of A™¥(b) involves (for
d = 1, ..., D) the multiplication of p(b, d) by a previously
calculated value and then adding the product to an accumulated
partial sum [see (2.13) of Vardi et al. and our Equation (7)].
Thus the computer cost of one iterative step from A% to A"
is likely to be similar for the two algorithms. The differences
are three-fold:

1. Our algorithm makes use of both a dual-vector and a
relaxation parameter, neither of which appears in the EM al-
gorithm of Vardi et al.

2. The EM update is “simultaneous,” whereas ours is “row-
by-row.” In the simultaneous technique an update is done based
on all of the measurements, whereas the estimate is updated
separately for each measurement before going to the next one
in the row-by-row technique [see (7)]. That simultaneous and
row-by-row techniques can sometimes be considered extreme
cases of more general block-iterative techniques has been dem-
onstrated in Eggermont et al. (1981).

3. The updating in the EM algorithm is multiplicative, whereas
the updating in Equation (7) is additive. Thus the EM algorithm
is more similar to the multiplicative algebraic reconstruction
technique (MART) than to the additive one (ART), both of
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which were introduced in Gordon et al. (1970) and were dis-
cussed in Censor (1983). .
The next stage depiéted in Figure 1 is the mathematical
investigation. A major part of this is proving that the solution
specified by the solution concept exists and is unique, and that
the proposed algorithm converges-in the limit to the desired
solution as specified by the optimization criterion. This is the :‘
content of the theorem in Section 2.1, which in particular gives
a condition for the uniqueness of ‘the maximum likelihood:
solution. We point out that the RLS solution of Equation (5) -
always exists and is always unique, and that the algorithm
described using Equations (6), (7), and (8) converges to this
unique solution, provided 0 < p <2 (Herman et al. 1980).
The next stage in the process is computer ‘implementation.
In a previous paper, Shepp and Vardi (1982) published a com-
puter code for their EM algorithm. A modification of this code
was implemented by G. Muehllehner in our department on a
VAX computer (with some kind advice from Vardi). Muehl-
lehner has given us access to this computer code, and due to
the similarity of the two algorithms we easily made a version
of it that is an implementation of the RLS algorithm as de- .

scribed before. As expected, an iterative step of either algo-
rithm takes approximately the same time.

The next stage of investigation is the evaluation of the results
with respect to the original problem. One aspect of such work
is the experimental evaluation of the method for the type of .
application for which it was intended, as was done by Shepp
et al. (1984). An alternative interesting problem is that of the
relative performance of an algorithm in terms of its own cri-
terion. For example, one may ask whether alternative iterative
algorithms [which may not maximize the log-likelihood func-
tion (3) in the limit] may in their early stages achieve a faster
increase of the log-likelihood function than the EM algorithm
of Vardi et al. Since these iterative image-reconstruction tech-
niques are expensive compared with some alternative methods
(one iteration typically costs as much as a whole reconstruction
by what Vardi et al. call the convolution back-projection tech-
nique; see Herman 1980) and since reconstructions have to be
performed for a number of cross sections for each individual
patient, these considerations of cost are relevant to the original
medical problem. In an earlier paper (Herman 1982) we have
found that an iterative algorithm (ART) originally designed for
minimizing the norm (subject to equality and non-negativity
constraints) does as well in its early iterates in maximizing the
entropy functional defined by

B : .
— >, Abylog Ab) ©

b=1

l(X) =

as the already mentioned MART, which is known to converge
in the limit to the maximum entropy solution.

Based on these considerations we decided to compare the
early behavior of the EM algorithm of Vardi et al. with that
of the RLS minimizing algorithm of Equations (6), (7), and
(8). For this purpose, we have taken a particular data set and
applied the two algorithms for 10 iterations each, starting with
the same A. The data set is based on the so-called Derenzo
resolution phantom, which we have used in previous studies
(Muehllehner et al. 1983), and the geometry of data collection
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"~ Figure 2. Plots of the Log-Likelihood Function. The dots indicate the
values of the log-likelihood function using the EM algorithm of Vardi et
al. The triangles indicate the values of the same function using the RLS
algorithm of Equations (6), (7), and (8) on the same data, starting with
the same initial estimate (Oth iterate), for which the value of the log-
likelihood is less than —2,000,000.

simulates that of the hexagonal Anger-camera-based PET de-
vice built by Muehllehner and his associates (Muehllehner et
al. 1983). In the RLS algorithm we set r = 10 and p = .05.
Figure 2 shows plots of the log-likelihood function for the first
10 iterates (not counting the Oth iterate X). As can be seen,
the EM algorithm behaves as expected based on the discussion
of Vardi et al. The RLS algorithm has an interesting behavior
from the point of view of log-likelihood: Initially it far out-
performs the EM algorithm, it peaks at the third iterate, after

Joumal of the American Statistical Association, March 1985

which it slowly declines, and it is eventually overtaken by the
EM algorithm at the sixth iterate. (We note in passing that the
RLS functional is steadily reduced by the RLS algorithm.)

In this Comment we have attempted to put the very inter-
esting work of Vardi et al. into the general framework of finite
series expansion methods for image reconstruction from pro-
jections. We hope that this might lead to deeper understanding
and medically useful generalizations of the method.
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