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Abstract

Component averaging (CAV) is introduced as a new iterative parallel technique suitable for
large and sparse unstructured systems of linear equations. It simultaneously projects the
current iterate onto all the system’s hyperplanes, and is thus inherently parallel. However,
instead of orthogonal projections and scalar weights (as used, for example, in Cimmino’s
method), it uses oblique projections and diagonal weighting matrices, with weights related to
the sparsity of the system matrix. These features provide for a practical convergence rate
which approaches that of algebraic reconstruction technique (ART) (Kaczmarz’s row-action
algorithm) — even on a single processor. Furthermore, the new algorithm also converges in the
inconsistent case. A proof of convergence is provided for unit relaxation, and the fast con-
vergence is demonstrated on image reconstruction problems of the Herman head phantom
obtained within the SNARK93 image reconstruction software package. Both reconstructed
images and convergence plots are presented. The practical consequences of the new technique
are far reaching for real-world problems in which iterative algorithms are used for solving
large, sparse, unstructured and often inconsistent systems of linear equations. © 2001 Else-
vier Science B.V. All rights reserved.
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1. Introduction and motivation

Large and sparse systems of linear equations arise in many important practical
applications. Solving linear equations is a special case of the convex feasibility
problem of finding a point x* € C£ (", C; # ), where C is the nonempty intersec-
tion of finitely many closed convex sets C; C R", i =1,2,...,m, in the Euclidean
space. Systems of linear equations, linear inequalities, or convex inequalities are
important special cases of the convex feasibility problem which repeatedly appear in
various significant real-world applications.

We are interested here in iterative algorithms for this problem, which can be
generally classified as being either sequential or simultaneous or block-iterative — see,
e.g., [14, Section 1.3], and the review paper of Bauschke and Borwein [3] for a variety
of specific algorithms of these kinds.

The prototype of simultaneous algorithms is the well-known Cimmino method. In
this method the current iterate x* is first projected on all sets to obtain “intermediate
points”

xk+l,i:])i(xk)7 i:l,z,.--7m7 (11)

where P, is the orthogonal (least Euclidean distance) projection onto C;, and then the
next iterate is

P :xk—|—/lk<2w,-xk+l’i —xk>, (1.2)
i1

where w; are fixed weights such that w; > 0 for all 7, and ", w; = 1, and {/},.,
are relaxation parameters, commonly confined to the interval e < 1; <2 — ¢, for some
fixed but arbitrarily small € > 0. The origin of this method is in [15]; see also [20,
Chapter 5, Section 22]. We can replace the system of fixed weights {w;}}" in (1.2) by
{wi}, with wf >0, and >, wf =1, for all k>0, and still have a convergent
scheme in the consistent case, when the convex feasibility problem has a nonempty
intersection set C— see [1, Theorem 1].

Besides its inherent parallelism, one advantage of the fully simultaneous algo-
rithm over sequential methods such as the method of successive projections (also
known as POCS, for “projections onto convex sets”), see, e.g., [14, Algorithm 5.2.1],
or even over non-sequential block-iterative schemes which are not fully simulta-
neous, is its behavior in the inconsistent case. It is guaranteed to converge to a
weighted least-squares solution which minimizes the weighted sum of the squares of
the distances to the sets C;, i = 1,2,...,m. This has been shown by Iusem and De
Pierro [23], via a local convergence result, and globally by Combettes [16]. However,
the slow rate of convergence of the method hampers its use, particularly for large
and sparse unstructured systems. Throughout this paper, we use the term “rate of
convergence” in an informal manner to refer to the practical behavior of the algo-
rithm during a finite number of iterations starting from the first iterate x” and on-
wards. This usage is different from the standard mathematical definition of the rate
of convergence, which describes the asymptotic behavior of the algorithm.
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A widely used row-action sequential algorithm for solving systems of linear
equations is algebraic reconstruction technique (ART) — see, e.g., [21], [14, Algo-
rithm 5.4.3]. This algorithm, originally due to Kaczmarz [24], cyclically projects the
current iterate onto the hyperplanes. In the inconsistent case, it is known to converge
cyclically — see [34]. It has also been shown by Censor et al. [13] that for a fixed
positive relaxation parameter, the limits of the cycles lie within a bounded distance
from the geometric least-squares solution. This distance depends on the relaxation
parameter, and it approaches zero as the relaxation parameter tends to zero. Thus,
ART with small relaxation parameters can also be used to approach the least-
squares solution arbitrarily close.

In this paper, we introduce a new algorithm, which we call “component averag-
ing” (CAV). This technique is derived from the recently studied method of Byrne
and Censor [10], which employs diagonal weighting matrices instead of the fixed
weights {w;} in (1.2) or the iteration index dependent weights {w*}. The weighting is
also directly related to the sparsity of the system matrix. The new algorithm retains
the much desired feature of convergence of Cimmino’s algorithm in the inconsistent
case, but accelerates the numerical convergence in practical computation very sig-
nificantly. By diagonal sparsity-oriented weighting, the proposed acceleration is in-
troduced into the mathematical structure of the algorithm and can be realized even
on a single processor. It does not destroy the inherently parallel nature of the al-
gorithm, thus allowing farther clock-time savings with parallel implementations.

It should be noted though that for sparse problems, the sequential row-action
ART method can also be parallelized by simultaneously projecting the current iterate
onto a set of mutually orthogonal hyperplanes (obtained by considering equations
whose sets of nonzero components are pairwise disjoint). For the case of image
reconstruction from projections, such sets of equations can be obtained by consid-
ering parallel rays that are sufficiently far apart so as to pass through disjoint sets of
pixels, see Section 5.1. However, for image reconstruction, such a procedure pro-
duces very small granularity, and the amount of communications required between
processors could make such a parallel implementation unattractive.

To motivate our work, let us consider the case of linear equations in which the sets
C; are hyperplanes

H={x e R"|(d,x) = b;} (1.3)

fori=1,2,...,m, where (.,-) is the inner product and o' = (a)7_, € R" and b, € R
are given vectors and given real numbers, respectively. Then, for any z € R”, the
orthogonal projection of z onto H; is

bi — <ai7Z>

— a, (1.4)
lla'll5

P(z)=z+

where || - ||, is the Euclidean norm.

In Cimmino’s algorithm for the convex feasibility problem, with relaxation pa-
rameters and with equal weights w; = 1/m, the next iterate x**! is the average of the
projections of x* on the closed and convex sets C;, as follows:
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Algorithm 1.1 (Cimmino).
Initialization: x° € R" is arbitrary.
Iterative step: Given x*, compute
ko
F =X 4= (P(x") —x), (1.5)
P
where {4}, , are relaxation parameters.

Expanding the iterative step (1.5) according to (1.4) produces, for every compo-
nent j=1,2,....n

I N by — (XY
W =gk 2K AR L 1.6
g hoom ; [ o

which can be written in matrix notation as

=+ 3 A"D(b — AXY), (1.7)
where b = (b;) € R", AT (the transpose of A) has &' in its ith column, and
L .. 1 1 1
D:—dlag< 55 Syeees 2). (1.8)
m la'lly lla*lly el

Our new CAYV algorithm will be similar in form to (1.7), but with a totally different
diagonal matrix D.

Consider now system (1.3). When it is sparse, only a relatively “small” number of
the elements a_},ajz., ..., d} are nonzero, but in (1.6) the sum of their contributions is
divided by the relatively “large” m.

This observation led us to consider a modification of the algorithm in which the
factor 1/m in (1.6) is replaced by a factor that depends only on the nonzero elements
in the set {a},a;,...,a7}. For each j=1,2,...,n, we denote by s; the number of
nonzero elements of column j, and we wish to replace (1.6) by
=Xk —i—ﬁ 2”’: Mai,. (1.9)

! S 2= A 7
Certainly, if the m x n system matrix 4 = (a}) is sparse then the s; values will be
much smaller than m. But this poses a theoretical difficulty. The iterative step (1.6) is
a special case of

m ik
I S i ) (110
=T lla’ll3

where the fixed weights {w;},_, must be positive for all i and > ", w; = 1. The at-
tempt to use 1/s; as weights in (1.9) does not fit into scheme (1.10), unless one can
prove convergence of the iterates of a fully simultaneous iterative scheme with
component-dependent (i.e., j-dependent) weights of the form



Y. Censor et al. | Parallel Computing 27 (2001) 777-808 781

m i k

o :xfﬂkzwﬁwa; (1.11)
i=1 lla'll5

forall j=1,2,...,n.

As will be seen in the sequel, it turns out that to derive the proof of convergence
for (1.11), we need to modify it further by replacing the orthogonal projections onto
the hyperplanes H; by certain oblique projections induced by appropriately defined
weight matrices.

Simultaneous or block-iterative methods were extensively studied in recent years,
see, e.g., [18,19], and the recent paper of Kotzer et al. [26], with interesting extensions
to nonlinear equations such as, e.g., [17,29]. To the best of our knowledge, none of
the earlier algorithms for the convex feasibility problem or for a system of linear
equations, except for the recent method of Byrne and Censor [10], allow component-
dependent weights.

The paper is organized as follows. In Section 2 we discuss oblique projections and
define generalized oblique projections. The CAV algorithm is developed in Section 3
and in Section 4 we prove its convergence regardless of the consistency or incon-
sistency of the system of equations. Currently though, our proof is limited to the
special case when all relaxation parameters are equal to unity, i.e., no relaxation is
permissible. In Section 5 we compare the new algorithm against Cimmino and ART.
We use the problem of image reconstruction from projections, in its fully discretized
model, as a test bed for the comparisons of the three methods. We also study the
parallel behavior of component averaging on varying number of processors on the
IBM SP2 parallel machine.

2. Generalized oblique projections onto hyperplanes

Consider a hyperplane H = {x € R"|(a,x) = b}, with a = (a;) € R", b € R and
a#0. Let G be an n x n symmetric positive definite matrix and let ||x[|7, 2 (x, Gx) be
the associated ellipsoidal norm, see, e.g., [6, Proposition A.28]. Given a point z € R”,
the oblique projection of z onto H with respect to G is the unique point P5(z) € H for
which

P (z) = arg min{||x — z||;|x € H}. (2.1)
Solving this minimization problem leads to
b —
Po(z) =24 2@ Gy (2.2)

2
llallG-+

where G! is the inverse of G. For G = I, the unit matrix, Eq. (2.2) yields the or-
thogonal projection of z onto H, as given by (1.4); see, e.g., [5, Section 2.6].
Oblique projections have been used in the past in several contexts. Kayalar and
Weinert [25] promote oblique projections for local processing in sensor arrays and
credit Murray [30] and Lorch [28] for pioneering work on oblique projections.
Behrens and Scharf [4] use oblique projections for signal processing applications.
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Oblique projections in Cimmino’s algorithm have been proposed and used by
Arioli et al. [2]. They showed that using a Cimmino algorithm in which all projec-
tions are oblique with respect to a given symmetric positive definite matrix G, for a
system Ax = b, is equivalent to applying a Cimmino algorithm with all orthogonal
projections to the post-conditioned system AG~'/>% = b, where ¥ = G'/>x and G'/?,
the symmetric square root of G, is the unique symmetric positive definite matrix
obtained from G = G'/>G'/.

We wish to consider oblique projections onto H with respect to a diagonal matrix
G = diag(gi, g, - .-, gs) for which some diagonal elements might be zero. Since this
does not fit into formula (2.2), we introduce the following definition. We need,
however, to allow g; = 0 on the diagonal of G only for such j for which a; = 0 in the
normal vector a of the hyperplane H onto which we intend to project with respect
to G.

Definition 2.1. Let G = diag(gi,g2,...,8,) With g; >0 for all j=1,2,...,n, let
H = {x € R"|[{a,x) = b} be a hyperplane with a = (¢;) € R" and b € R, and assume
that g; = 0 if and only if a; = 0. The generalized oblique projection of a point z € R"
onto H with respect to G is defined for all j =1,2,...,n, by

b—(az) aj .
Zj"'niz'—_ lfg]‘iléo7
as/. g
(P2 2 (23)

In the following sections, Pj(z) is always meant as in (2.3), which reduces to (2.2)
ifg; # 0 forall j =1,2,...,n. Itis not difficult to verify that this P5(z) belongs to H,
that it solves (2.1) if we just replace ||x — z||; there by (x — z, G(x — z)), and that it is
uniquely defined, although other solutions of (2.1) may exist due to the possibly
zero-valued g;’s.

3. The component averaging (CAYV) algorithm

Consider a set {G;}, of real diagonal n x n matrices G; = diag(gi, gn; - - -, &in)
with g; >0 for all i=1,2,...,m and j=1,2,...,n, such that > G;=1. The
linear system Ax = b is represented by the m hyperplanes

H,={xeR'|{d,x) = b}, (3.1)

where @' = (a;) € R" is the ith row of 4, ' # 0 for all i, and b = (b;) € R". Referring
to the sparsity pattern of 4 we make the following definition.

Definition 3.1. A family {G;}", of real diagonal n x n matrices with all diagonal
elements g;; > 0 such that Y | G; = I will be called sparsity pattern oriented (SPO,
for short) with respect to an m x n matrix A if, forevery i =1,2,...,m, g; = 0 if and
only if a; = 0.
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Our proposed CAV algorithm combines three features:

1. Each orthogonal projection onto H; in (1.10) is replaced by a generalized oblique
projection with respect to G;.

2. The scalar weights {w;} in (1.10) are replaced by the diagonal weighting matrices

{Gi}.

3. The actual weights are inversely proportional to the number of nonzero elements
in each column, as motivated by the discussion preceding Eq. (1.9).

The iterative step resulting from the first two features has the form

K=k 4GP () — ) (3.2)
=1
or equivalently, substituting from (2.3) for each ng, we obtain:

Algorithm 3.1 (Diagonal weighting for linear equations).
Initialization: x° € R" is arbitrary.

Iterative step: Given x*, compute x**! by using, for j =1,2,...,n, the formula:
"\ b—{d Xy
NP T G ik AL R (33)

n i\2 ’ .
! ’ Z:1: S (@) en
;70 2170

where {G,}!" | is a given family of diagonal SPO (with respect to A) weighting ma-
trices as in Definition 3.1, and {/:}, . , are relaxation parameters.

Finally, we specify how we construct the diagonal matrices {G;};., in order to
achieve the acceleration discussed in Section 1. Let s; be the number of nonzero
elements aj, # 0 in the jth column of 4 and define

1oifd £0
D J ’ )
8y { 0 ifa=0. (3.4)

With this particular SPO family of G;’s we obtain our CAV algorithm:

Algorithm 3.2 (Component averaging, CAV).
Initialization: x° € R" is arbitrary.

Iterative step: Given x*, compute 1! by using, for j =1,2,...,n, the formula:

= i
= x + A -, (3.5)
K Z Zz 151 al) !
where {/;},. , are relaxation parameters and {s,};_, are as defined above.
The CAV algorithm of (3.5) can be rewritten compactly in matrix notation. Let

S=diag(sy,sa,...,5,), with the s;’s as defined above (we assume s, # 0 for all
j=1,2,...,n), and define
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1 1 1
Dsédiag< , ey ) (3.6)
[ e P e
Then (3.5) can be rewritten as
X =Xk 4 A" D (b — Ax5). (3.7)

This representation of CAV (suggested by an anonymous referee) does not reveal the
logic that led us to (3.2). Note that (3.7) is similar in form to (1.7), but with a dif-
ferent diagonal matrix. It should not be confused with the generalized Landweber
iteration which has the form

= 4 ad AT (b — AXY), (3.8)
where « is related to the singular values of A4, and 4 (called a shaping matrix in [32]) is
a certain polynomial in «47A. For further information on the Landweber iteration

see, e.g., [7,35]. Recent applications of Landweber-type algorithms in image recon-
struction from projections appear in [31,32].

4. Convergence analysis of the CAV algorithm

We shall prove here that Algorithm 3.1, with 4, =1 for all £ > 0, generates se-
quences {x*} which always converge, regardless of the initial point x° and inde-
pendently from the consistency or inconsistency of the underlying system Ax = b.
Moreover, it will always converge to a minimizer of a certain proximity function.
Our analysis is an appropriately modified and revised adaptation of the unpublished
study of Byrne and Censor [10], whose more general results also follow from Byrne

and Censor [11, Algorithm 4.2].
Let {G;}!_, be an SPO family with respect to A, as in Definition 3.1. For such
diagonal matrices with nonnegative diagonal entries, we shall denote

xlg, = v/ (x, Gix). (4.1)

Each |x| is a vector seminorm (see, e.g., [27]) because it may be equal to zero for an
x # 0 if G; has at least one g;; = 0. We define a proximity function F as follows:

m

F(x)& ) |Pg(x) =g, (4.2)

=1
Since we are dealing in our proof only with the case of unity relaxation (4, = 1 for all
k = 0), we denote, for any x € R”, the algorithmic operator of (3.2) by

T(x)2 Y GP(x). (4.3)
i1
We prepare the ground by proving several auxiliary lemmas.

Lemma 4.1. If {G;}, is SPO with respect to A, then for all x,z € R"

m m

Y 1P g, =D IPE(2) ~ T(2)

i=1 i=1

6 TIT() = x5 (4.4)
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Proof. We have

m

> (IPG(2) = x, = PG () = TGN, )

i=1
=3 (Wl — ITEE, +2(GPg (), T() — %) ). (4.5)
i=1
Using (4.3) and the fact that, due to > | G, =1
>y
i=1

for any y € R", we obtain the required result. [

o = vl (4.6)

Lemma 4.2. For every sequence {x*}, _ ., generated by Algorithm 3.1, with 2 =1 for
all k=0, the sequence {F(x*)},_,, with F defined as in (4.2), is decreasing and
limy ., [|x**! — x|, = 0.

Proof. From (4.2) and Lemma 4.1 we obtain

m

F) =Y |PI ) = TG + 1T — 3. (4.7)

i=1

From (4.3) and (3.2) with /; = 1 for all k£ > 0, we have that x**! = T(x*), and since
Pg (x*+!) minimizes |[x — x**! |2G[ over all x € H;, we can continue (4.7) to obtain, for all
k=0

m

. 2 . 2

F(xk) > Z |Pgl, (xk-H) _xk+1|G, + ||xk+1 _kaz
i=1

= FE) + W4 =) = FEH). (4.8)

The monotonicity and nonnegativity of {F(xf)} guarantee that the limit
lim;_., F(x*) exists, and thus, (4.8) implies lim [ — x|, =0. O

The following lemma generalizes a classical result. We prove it here along the
same lines as the proof of a similar result for Bregman generalized distances (see [8])
given in [14, Theorem 2.4.1].

Lemma 4.3. Let H C R" be a hyperplane, G a nonnegative diagonal matrix and z € H
a given point. Then, for any y € R", the following inequality holds:

IPF0) =G < bz =Y = 2= PO e (4.9)

Proof. By expanding the function

E(u) & u— g —lu = P0G (4.10)
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according to (4.1), we find that E(u) = (u, o) + f for some o € R" and € R which
are independent of u, thus E(u) is convex. Denoting u; 2 /z + (1 — 2)PS(y), for any
0< A< 1, we obtain, due to the convexity of E(u)

E(u) < 4(l =i = = PEOIG ) + (1= DIPF0) — vl (4.11)
For 4 > 0, this gives
2 =¥l — 12 = PSOING — 1PEG) — vl
1 1
> 5 (s = ¥l = 1PS0) = 31E) = 7w = PO (4.12)

The first term on the right-hand-side of (4.12) is nonnegative because of the
minimization property of PS(y) and the second term tends to zero as A — 0.
Therefore, for small enough positive values of A, the right-hand-side of (4.12) is
nonnegative. [

Definition 4.1. A sequence {x*}, ., is called Fejér-monotone with respect to a non-
empty set Q C R" if, for any x € Q,

llx — |, < |]x — x*||, for all k > 0. (4.13)

See, e.g., [14, Definition 5.3.1,]. It is easy to verify that any Fejér-monotone se-
quence is bounded. We denote the set of minimizers of the proximity function F by

@é{xewmwﬂgF@)mumxeRq. (4.14)

The following lemma establishes the Fejér-monotonicity with respect to @ of our
CAVV iterates.

Lemma 4.4. If @ # 0, then any sequence {x*}, ., generated by Algorithm 3.1, with
A =1 for all k = 0, is Fejér-monotone with respect to ®.

Proof. Take any £ € @ and use (4.8) with x" = £ and x' = T(x). Then we get
F(3) > F(T(%)) + IT(x) — £[|>- (4.15)

Since % is a minimizer of F, F (%) < F(T(x)), yielding, by (4.15), that (%) = %. Using
Lemma 4.3 with y =x*, G=G,;,, H = H,, z—Pg_( ), we obtain, for i =1,2,...,m,
that for any sequence {x*}, - ¢- generated by Algorithm 3.1 with 4, = 1 for all k >0,

PG (%) = x[g, = 1P (&) — [, + P (%) — P ()]G, (4.16)

Summing up all these inequalities, using Lemma 4.1 for the resulting left-hand side,
and using (4.2), we obtain

m

DO IPGE) = TG, + ITE) =3 = F(*) + T ("), (4.17)

i=1
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where
I(v)2 Y |PF(%) — PG (v)]g,- (4.18)
i=1

Using (4.2) again and the fact that T(x) = %, (4.17) can be rewritten as

% — x5 = F(*) — F(x) + T'(xY). (4.19)
Since £ minimizes F, we have F(x) — F(%) > 0. Denoting

7' (0) & Pyl (%) = Pyl (v), (4.20)
we have, by (4.3)

m

zm: Gy'(v) = Zm: GPJ (%) — Z GPj(v) =T(%) — T(v) =% — T(v). (4.21)

i=1
Then, from (4.18) and (4.1), we get

m m

I =3 0/(),Gy(v) > <iGﬁ"(v),ZGﬁ/"(v)> =t =T (4.22)

i—1 =

which, along with (4.19) and x**! = T(x*), proves the required result. The inequality
in (4.22) follows from convexity considerations: Due to )", G; =1 we have, for
everyj=1,2,...,n,that} " g; =1 while g; > 0 for all i and all j. Convexity of the
real-valued function f(x) = x?, then implies that, for every j =1,2,... n,

2

Zm:gij(y;(v))z > i (gl;,-y;(v)) . (4.23)

i=1

Summing up all these inequalities over j yields the inequality in (4.22). O
Now we prove the convergence theorem.

Theorem 4.1. If the proximity function F has minimizers, i.e., ® # (), then any se-
quence {x"}k>0, generated by Algorithm 3.1, with A, = 1 for all k = 0, converges to a
minimizer of F.

Proof. It follows from the Fejér-monotonicity, established in Lemma 4.4, that
{x*}, - is bounded, thus it has at least one cluster point. We show now that any
cluster point of {x*},_ ; is a minimizer of F.

Let x* be a cluster point of {x*}, _, and let X € ®. Assume, by way of negation,
that x* ¢ &. Using Lemma 4.3 with y=x*, G=G;,, H=H,, z:ng()%), for
i=1,2,...,m, summing up all inequalities, using Lemma 4.1 and Egs. (4.2) and
(4.18), we obtain

F(®) 4 ||£ — x| = F(x*) + T'(x"). (4.24)

The second assertion of Lemma 4.2 guarantees that 7'(x*) = x* because x* is a cluster
point, thus (4.24) and (4.22) lead to the contradiction F(x) = F(x*).
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Finally, if x* is a cluster point of {x*}, _, then x* € ® and Lemma 4.4 guarantees
that, for all k£ > 0,

0< [l =, < [l — ]l (4.25)

Thus, the limit lim;_., [Jx* — x*||, exists and since x* is a cluster point, this limit must
be zero, proving that x* is the limit of {x*},_,. O

When all matrices G; = (1/m)I, i =1,2,...,m, then the proximity function F of
(4.2) is the classical least-squares measure, and the projections Pg[" are the orthogonal
projections. For this case, [usem and De Pierro [23] proved local convergence in the
inconsistent case, while Combettes [16] showed global convergence in the inconsis-
tent case by employing a product space formulation which can handle the incon-
sistent case and extends the one by Pierra [33].

5. Experimental results on a problem of image reconstruction from projections

Three algorithms were implemented on a problem of image reconstruction from
projections, described in Subsection 5.1. The three algorithms are ART, Cimmino
(referred to as CIM), and the new ‘“component averaging”, which we refer to as
CAYV. All three methods were implemented sequentially, and CIM and CAV were
also implemented in parallel using MPI (message passing interface — a standard,
well-known tool for parallel computing on distributed memory system). The im-
plementations were done within SNARKO93, a software package for testing and
evaluating algorithms for image reconstruction, see [9].

The algorithms were implemented on an IBM SP2 parallel machine with 64
processors of type Thin2. 58 of the processors have a memory of 128 MB, and six of
them have 512 MB. The inter-processor communication was based on US (user
space) protocol, with point-to-point bandwidth of 35 MB/s, and 40 ms latency. The
programs were compiled with the IBM AIX XL Fortran compiler version 4, with
optimization flag O3.

We compare the algorithms on the basis of their qualitative and quantitative
behavior. The parallel implementations were executed on various sized groups of
processors in order to test their scalability and their efficiency.

5.1. Problem and algorithm description

In the medical application of transmission computerized tomography (TCT), a
planar cross-section of the body is considered and the tissue’s attenuation of X-rays
everywhere in the cross-section has to be reconstructed. This unknown function of
two variables has real nonnegative values and is called the image or picture. The
fundamental model in the finite series-expansion approach, see, e.g., [12], is formu-
lated as follows. A Cartesian grid of square picture-elements, called pixels, is in-
troduced into the region of interest so that it covers the whole picture that has to be
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discretized image
domain

source

i'th ra
/;;\; y

% . .
Sy j’th pixel

detector

NS

Fig. 1. The fully discretized model for transmission tomography image reconstruction.

reconstructed. The pixels are numbered in some agreed manner, say from 1 (top left
corner pixel) to n (bottom right corner pixel); see Fig. 1.

The X-ray attenuation function is assumed to take a constant uniform value x;
throughout the jth pixel, for j =1,2,...,n. Sources of X-rays and detectors are
assumed to be points, and the rays between them — lines. It is further assumed that
the length of intersection of the ith ray with the jth pixel, denoted by a} for all
i=1,2,....,m,j=1,2,... n, represents the contribution of the jth pixel to the total
attenuation along the ith ray.

The physical measurement of the total attenuation along the ith ray, denoted by
b;, represents the line integral of the unknown attenuation function along the path of
the ray. Therefore, in this fully discretized model, each line integral is approximated
by a finite sum and the model is described by a system of linear equations

> xdi=b, i=12,...m (5.1)
Jj=1

Here, b = (b;) € R" is the measurements vector, x = (x;) € R" is the image vector and
the m x n matrix 4 = (d}) is the projection matrix.
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We demonstrate the performance of the three algorithms on the reconstruction of
the Herman head phantom [21, Section 4.3] and perform the experiment within the
SNARK93 programming system of Browne et al. [9]. The Herman head phantom is
specified by a set of ellipses, with a specific attenuation value attached to each el-
liptical region. The values of b;, i = 1,2,...,m, are calculated by computing the line
integrals through the elliptical regions (without reference to the discretization). Thus,
system (5.1) is basically inconsistent, because the left-hand side is only an approxi-
mation to the actual integrals. This matches the real-life situation where the b,’s are
actual X-ray readings through an object but the region of interest is discretized as
above.

The performance of the new CAV algorithm is compared with CIM (Algorithm
1.1) with fixed scalar weights and with the row-action sequential ART algorithm —
see, e.g., [21, Chapter 11] and [14, Algorithm 5.4.3]. In this experimental section of
our paper we use the term iteration to mean a single whole sweep through all
equations of the system. All our experiments were initiated with x° = 0.

In the sequential implementation of CAV, we compute all the values
s;, j=1,2,...,n, during the first iteration, and then we compute the denominators
of Eq. (3.5) and store them. These are then used in subsequent iterations.

The parallel implementation of CIM and CAYV is straightforward. Each processor
is assigned an equal (or almost equal) number of equations. For CIM, the sums in
Eq. (1.6) are computed as follows: each processor computes the partial sums (for
j=1,2,...,n) associated with its equations. These partial sums are then gathered,
summed up, and redistributed to all the processors (using the MPI routine MPI —
ALLREDUCE). Each processor then multiplies the sums by 4, /m and adds them to
x* to get the new iterate x/*!.

For CAYV, some initial processing is done as follows: each processor computes the

number of nonzero elements in each column (i.e., for j =1,2,...,n) in its set of
equations. These numbers are then gathered, summed, and redistributed to all the
processors. As a result, each processor has all the values of s; for j=1,2,...,n, and

it uses them to compute the denominators of Eq. (3.5) for its set of equations. These
denominators do not change during the iterations, so each processor stores its set of
denominators in its local memory for use during the iterative steps. Subsequently, in
each iteration, each processor computes the partial sums (related to its set of
equations) of Eq. (3.5) for j=1,2,...,n. These partial sums are then gathered,
summed and redistributed. Each processor then multiplies the sums by 4, and adds
them to the current iterate x* to obtain the new iterate x**!.

5.2. Qualitative differences

Qualitative differences indicate the different behavior and applicability of the
various methods. Such differences provide a quick overview of the basic properties
that a user might need from an algorithm. Table 1 summarizes the qualitative dif-
ferences between ART, CIM, and CAV. Regarding the parallelization of ART, recall
the comment made about this in Section 1.
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Table 1

Qualitative differences between ART, CIM and CAV
Property ART CIM CAV
Inherently parallel No Yes Yes
Sequential convergence Acceptable Slow Acceptable
Parallel convergence n/a Slow Fast
Parallel efficiency (2-64 proc.) n/a 1-0.5 1-0.5
Image quality (50 iterations) Good Unacceptable Good

5.3. Sequential comparisons

In this subsection we show representative test results for one processor. Four
different test cases, using the Herman head phantom, are examined. The four cases
used differing image resolutions and differing numbers of projections and rays per
projection, which resulted in differing numbers of variables and equations, as shown
in Table 2.

The three algorithms were run with two different relaxation parameters, (which
remained fixed throughout the iterations): CIM - 1.0, 2.0; ART - 0.1, 1.0; CAV -
1.0, 2.0. Three different measures were used for comparisons: distance, relative error,
and standard deviation, calculated by SNARKI93 [9], and defined there as follows.

Let xﬁ and X; denote the density assigned to the jth pixel of the reconstruction after
k iterations, and the density of the jth pixel in the phantom, respectively. Let S
denote the set of indices j of pixels which are in the region of interest and let o be the
number of elements in S. The average value of the reconstructed image x* is given by

1
pké_zxj(W (52)
o Jjes
and the variance of x* is given by
1
Uké& Z(xf—pk)z. (53)
jes

The standard deviation of the reconstructed image x* is then

o2 /0. (5.4)

Similarly, we define the average value p, variance ¢ and standard deviation ¢ for the
phantom, in terms of the phantom values ;.

Table 2

The four different test cases
Cases Equations Variables Image size Projections Rays
1 13,137 13,225 115 x 115 151 87
2 26,425 13,225 115 x 115 151 175
3 126,655 119,025 345 x 345 365 347
4 232,275 119,025 345 x 345 475 489
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The distance between x* and the phantom ¥ is

(/51 (1/2) Dyust = 5" if 6> 0,

= (5.5)
S st — %) if 6<0.
With t£ Y7 ¢ |%;] the relative error of x* is defined by
gal W eshy =5l il x>0, (5.6)
ZjeS |xj — X/ if <0.

Convergence results for the four test cases are shown in Figs. 2-13. For each case, we
present the distance measure, the relative error, and the standard deviation. The
actual time for a single iteration is the same for all three algorithms (since it means a
complete sweep through all equations), hence the number of iterations is a true
timing comparison measure between the algorithms.

The results indicate that CIM is by far much slower to converge than the other
two methods. A comparison of ART and CAV shows that ART initially converges
faster, but CAYV is eventually better. In fact, ART even deteriorates after a certain
number of iterations, while CAV continues to improve.

Some other facts emerge from these results: from the pairs of values that we used,
the better relaxation parameters for each method are as follows: CIM - 2.0, ART —
0.1, and CAV - 2.0. These values were obtained after many runs with different re-
laxation parameters. Note that ART converges to different values with different
relaxation parameters. This is due to the fact that in the inconsistent case, ART only
converges cyclically, and that only the small relaxation parameter causes the limits of
the cycles to approach the geometric least-squares point, see, €.g., [13]. On the other
hand, CAV with different relaxation parameters approaches the same solution, and
the differences are only in the initial rate of convergence.

Visual comparisons. Figs. 14-25 correspond to the four test cases, showing the
phantom and the images reconstructed with ART, CIM and CAYV, after 10, 20, 30, 40
and 50 iterations. The results for the Cimmino algorithm atest to its slow conver-
gence. Only weak shadows of some of the internal structures can be noticed. Each test
case is shown with the better relaxation parameter, as noted above. Generally, it can
be seen that ART produces sharper images within a small number of iterations, and
this is in accordance with the convergence plots, where the initial behavior of ART is
superior. However, at some stage ART begins to deteriorate, while the images pro-
duced by CAV improve with increased iteration numbers. It can also be seen that
both ART and CAYV produce better images when more equations are used for the
same phantom. Note also that in case 1, the circular artifacts produced by ART are
more strongly pronounced than those produced by CAV, for all iteration numbers.

5.4. Parallel behavior of CAV

Of the three algorithms, we implemented only CAV in parallel. As noted
in Section 1, ART is less suitable for parallelization for the problem of image
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Table 3
Run times (in s) and efficiency of CAV for the four test cases
No. of 1 2 4 8 16 32 48 64
processors
Case 1
Time 0.752 0.385 0.218 0.132  0.0845 0.065 0.063  0.08
Efficiency 1.0 0.98 0.86  0.71 0.55 0.36 0.25 0.15
Case 2
Time 1.480 0.753  0.397 0.238  0.142 0.093  0.085  0.093
Efficiency 1.0 0.98 093 0.78 0.65 0.50 0.36 0.25
Case 3
Time 22.10 11.15 5.875 3.56 2.126 1.323 1.01 0.92
Efficiency 1.0 0.99 094  0.78 0.64 0.52 0.46 0.37
Case 4
Time 4248 218 11.95 6.22 3.83 2.225 1.628 1.355
Efficiency 1.0 0975 0.89  0.85 0.693 0.60 0.543  0.49

reconstruction from projections, and the parallel behavior of CIM is essentially
similar to that of CAV (as far as run-time per iteration and efficiency are concerned),
but it converges much more slowly.

Table 3 shows the run-times (in s) and efficiency of CAV on the SP2, for the four
test cases, with the number of processors varying from 1 to 64. The usual definition
of efficiency is as follows: if 7, denotes the time for p processors, then the efficiency is
T1/(T, x p). The run-times include the recalculation of the matrix elements during
each iteration, which is the standard method employed by SNARK93, designed to
save space for the nonzero matrix elements.

5.5. Other experiments

We have also implemented the iterative scheme with (1.9) instead of (3.5) in Al-
gorithm 3.2. In matrix notation, (1.9) is equivalent to

A =X+ 4 SAT(mD) (b — AxY), (5.7)

where S = diag(sy, s,,...,s,) and D is given by (1.8). This formulation might appear
similar to the generalized Landweber iteration (Eq. (3.8)) but it is, in fact, quite
distinct due to the appearance of mD in (5.7) and the specific values appearing to the
left of AT in (3.8), as noted at the end of Section 3.

In contrast with CAV, the resulting scheme uses orthogonal (instead of oblique)
projections, but it retains features 2 and 3 mentioned in the text following Defini-
tion 3.1.

The convergence plots of this particular scheme were very similar to those of
CAV. This first led us to believe that the schemes behave identically on problems of
image reconstruction from projections. However, the resulting images were inferior
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to those of CAV, with pronounced artifacts in some cases. Furthermore, one should
note that we have no proof of convergence for that scheme.

Two conclusions can be drawn from this experiment regarding the implementa-
tion of these schemes on the problem of image reconstruction. One is that the initial
rate of convergence of CAV is due to the sparsity-induced diagonal weighting rather
than to the oblique projections. The second conclusion is that the oblique projec-
tions, in some sense, more accurately capture the essence of the problem and produce
better images. The precise nature of this difference is a topic for further research.

Note that if all the s;’s are equal, then (3.5) reduces to (1.9). This might explain the
similar rate of convergence of the two schemes, since a histogram of the values of the
s;’s indicated that most of them do not differ much. Again, further research is re-
quired in order to precisely quantify how the difference between the schemes depends
on the variability of the s;’s.

6. Conclusions

Cimmino’s simultaneous algorithm, for the case of a very large system of sparse
linear equations, exhibits a very slow convergence rate, due to the fact that the
change between successive iterates is relatively small. This observation has led to a
modified algorithm, in which the change depends only on the nonzero elements of
each column. The resulting algorithm, which we called CAYV, is a special case of the
general diagonally weighted simultaneous algorithm of Byrne and Censor [10,11].
The behavior of CAV in the inconsistent case is similar to Cimmino’s algorithm:
with unity relaxation, it provably converges to the geometric least-squares solution,
and it appears from experimental results that this property also holds for other
values of the relaxation parameter.

CAV is as easily parallelizable as Cimmino’s original algorithm, but its practical
convergence rate is close to that of ART, which is essentially sequential in nature.
With regard to sequential implementation, we noticed that after many iterations,
ART deteriorated somewhat, whereas CAV continued to improve. However, it
should be emphasized that we did not invest any additional efforts into the imple-
mentation of ART except for using the small relaxation parameter — see in this re-
spect Herman and Meyer [22].

Future research on CAV will concentrate on its behavior on other cases of sparse
systems, and on its generalization to systems of linear inequalities and nonlinear
systems.
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Fig. 2. Distance measure for case 1 (13,137 equations, 13,225 variables).
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Fig. 3. Relative error for case 1 (13,137 equations, 13,225 variables).
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Fig. 5. Distance measure for case 2 (26,425 equations, 13,225 variables).
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Case 2
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Fig. 6. Relative error for case 2 (26,425 equations, 13,225 variables).
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Fig. 7. Standard deviation for case 2 (26,425 equations, 13,225 variables).
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Fig. 9. Relative error for case 3 (126,655 equations, 119,025 variables).
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Fig. 10. Standard deviation for case 3 (126,655 equations, 119,025 variables).
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Fig. 11. Distance measure for case 4 (232,275 equations, 119,025 variables).
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Fig. 14. Images produced by ART for case 1 (115 x 115 pixels, 13,137 equations, 13,225 variables).
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Iter 30

Fig. 15. Images produced by CAV for case 1 (115 x 115 pixels, 13,137 equations, 13,225 variables).
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Fig. 16. Images produced by CIM for case 1 (115 x 115 pixels, 13,137 equations, 13,225 variables).
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Fig. 17. Images produced by ART for case 2 (115 x 115 pixels, 26,425 equations, 13,225 variables).
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Fig. 18. Images produced by CAV for case 2 (115 x 115 pixels, 26,425 equations, 13,225 variables).
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Fig. 19. Images produced by CIM for case 2 (115 x 115 pixels, 26,425 equations, 13,225 variables).
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Fig. 20. Images produced by ART for case 3 (345 x 345 pixels, 126,655 equations, 119,025 variables).
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Fig. 21. Images produced by CAV for case 3 (345 x 345 pixels, 126,655 equations, 119,025 variables).
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Fig. 22. Images produced by CIM for case 3 (345 x 345 pixels, 126,655 equations, 119,025 variables).
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Fig. 23. Images produced by ART for case 4 (345 x 345 pixels, 232,275 equations, 119,025 variables).
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Fig. 24. Images produced by CAV for case 4 (345 x 345 pixels, 232,275 equations, 119,025 variables).
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Fig. 25. Images produced by CIM for case 4 (345 x 345 pixels, 232,275 equations, 119,025 variables).
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