Lesson 12:

Graphs
« Basic Terminology 'S
* Types of Graphs ol Aviv Jerusalem

* Graph Isomorphism
* Graph Connectivity

. _ Rehovot
* Euler & Hamiltonian Beer_Shev/
Paths

Chapter 8.1-8.5



Graphs

A Graph is a discrete structure composed of vertices and
connecting edges.

Graphs represent data and problems and can be used to
analyze and solve problems.

* Road and city Maps
« Communication/computer Networks
* Molecular Structures

 Relations between people/objects.
« WWW



Graphs
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Graphs

In the city of Konigsberg Prussia (now Kaliningrad , Russia)

The city is divided into 4 parts with 7 interconnecting bridges.

Can one tour the city and cross all bridges exactly once and
return to the starting position?



Graphs
The Seven Bridges of Konigsberg.

Leonard Euler (1707 - 1783)



Types of Graphs

Definition:
An Undirected Graph (jion x7 1) G = (V,E) consists

of a nonempty finite set V and a set E of unordered

pairs of elements from V.

The elements of set V are called Vertices (n'1ij711j?).
The elements of Set E are called Edges (niy7y).

An Edge in an undirected graph is denoted {v1,v2}.




Types of Graphs

Example: Undirected Graph

a

/\. G = ({a,b,c}, { {a,b}.{a,c} })
b C H(_/ N ~ J

V E




Types of Graphs

Example: Undirected Graph

Haifa

Two-Way Communication
Tel-Aviv Jerusalem Network

Rehovot Road/Street Map
Beer-Sheva




Types of Graphs

Example: Undirected Graph
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Types of Graphs

Definition:

An Directed Graph (juon 91a) G = (V,E) consists
of a nonempty finite set V and a set E of ordered

pairs of elements from V.

The elements of set V are called Vertices (n'11j711j?).
The elements of Set E are called Edges (ninwp).

An Edge in an undirected graph is denoted (v1,v2).




Types of Graphs

Example: Undirected Graph

G = ({a,b,c}, { (b,a),(a,c) })
b / \

eC %{_} N N J
Vv E
Example: Undirected Graph
Haifa
One-Way Communication
Tel-Aviv Network

-® Jerusalem

One way Road/Street Map

Rehovot



Types of Graphs

Definition:

An Simple Graph (viwo 9q) G = (V,E) is a graph with
1) No ‘loops’ (i.e. E does not contain edges of the form
(x,x) with x € V).

2) There is at most one edge between every 2 vertices.




Types of Graphs

Definition:

An Multigraph (911 '07in) is a graph with more than
one edge between 2 vertices.
G =(V,E)and a functionf (or G = (V,Ef)).
V = Set of vertices
E = set of names of edges (e.g. e1,e2...)
f=afunction f.E—>V XV/{v,v}|veV}

which defined the vertices connected by the edge.

If f(e,) = f(e,) then e, and e, are called
Parallel Edges (ni7apn ninwyp)




Types of Graphs

Example: Multigraph

€, a
O

G=({ab.c}{es eye;e},f)
\ N - J
V E

f(e1) = {a’b} f(e3) = {a’b}
f(e;) ={ab}  f(es) =1{a,c}



Types of Graphs

Example: Multigraph

Haifa
Two-Way Communication

: Network
Tel-Aviv Jerusalem

Road/Street Map

@
Rehovot



Types of Graphs

Definition:

A Pseudograph (912 1mxo9) is a multigraph G = (V,E,f)
that may contain ‘loops’.
i.e. E may contain edges f(e) ={v,v} v eV.




Types of Graphs

Example: Pseudograph

G= ( {a’b’C}’ { €1, €3, €3, €4, €5 }’ f)
\ AN ~ /
V E

f(e’l) = {a’b} f(e?)) = {a’b} f(GS) = {a’a}
f(e;) ={a,b}  f(es) =1{a,c}



Types of Graphs

Example: Directed pseudograph

G = ( {a,b,C}, { e1’ eZ’ 63’ e4’ e5 }’ f)
H(_/ - ~ J
V E
f(e’l) = (b’a) f(e?)) (a’b) f(GS) = (a’a)
f(e;) = (b,a)  f(ey) = (a,c)




Terminology of Graphs

Definition:

Two vertices u,v in an undirected graph G={V,E} are
called adjacent (nnow) if there is an edge between

uandv: {u,v} e E.

Denote by n(a) the set of all vertices adjacent to a.

a C u is adjacent to b.
u is not adjacent to c.

u(u) = {a,b.e}




Terminology of Graphs

Definition:

Let e ={u,v} be an edge in an undirected graph.
Then, e connects (hwpn) between u and v.

u and v are the endpoints (nxy7 niTi;71) of e.

a S e = {b,c}
e connects between b and c.
b and c are the endpoints of e.




Terminology of Graphs

Definition:

The degree (na0T) of a vertex v in an undirected graph
Is the number of edges that connect with v (a loop
edge counts as 2). deg(v)=| u(v) |

b
3 C deg(u)=3
O
d deg(c)=4
O
e u deg (f) =0




Terminology of Graphs

A vertex with deg(v) = 0 is called isolated (TTi1an)
A vertex with deg(v) = 1 is called pendant ('17n)

fis isolated
d a,d,e are pendant



Terminology of Graphs

Theorem: The Handshaking Theorem

In an undirected graph G ={V,E}:. 2*|E|= Zvdeg(v)
Ve

b
2. deg(v) =10

e u

Corollary: An undirected graph has an even number of
vertices with odd degree.




Terminology of Graphs

Definition:

Let e = (u,v) be an edge in a directed graph.

Then, u is adjacent to (-7 pw) v

and vis adjacent from (-n pw) u.

and visuandyv are the endpoints (nxy niTij7) of e.
Edge e from u to v (v-2 nn"non\noidai u-2 n7'nnn\nxxr).
u is the initial vertex (Nipn), v is the end/terminal (Tv')

b

e = (b,c)
d e connects from b to c.




Terminology of Graphs

Definition:
In a directed graph G = {V,E},

The in-degree (N0 nanT) of a vertex v deg (v)
equals the number of edges with v as its terminal.

The out-degree (nx'x' nanT) of a vertex v

equals the number of edges with v as its initial vertex.

deg*(v)

b deg'(a) = 1

a S deg(b) = 1
d deg’(c) =2

O © deg(e) = 1

e

deg*(a) = 1
deg*(b) =3
deg*(c) = 1
deg*(e) =0




Terminology of Graphs

Definition:
In a directed graph G = {V,E},
The degree (na1T) of a vertex v is the sum of the
iIn-degree and out-degree. deg(a) = deg (a)+deg*(A)

b

a € c deg(b) =
9 deg(b) + deg+(b)=1+3 =4
O

O
e




Examples of Graphs

Complete Graph (x7n q912a) with n vertices K, is a simple
graph with an edge between every two vertices.




Examples of Graphs

A Cycle ("7avn 971a) with n vertices n>3 C, is a simple

graph with vertices: {v,,v,, ..., v} and edges:
{{va,va} {va,vals ooy {Vin1sVihs {Vi Vel 1

O O

O O




Examples of Graphs

A Wheel (7272 9171) with n vertices n>3 W,_ is a Cycle
with an additional vertex connected to all other vertices.




Examples of Graphs

A n-Cube (ip 9na) with n vertices Q,, is the graph whose
vertices represent the 2" Bit-strings of length n. Two vertices
are adjacent iff their bit-strings differ by exactly 1 bit.

110 111
10 11 C/
. A 100, 1010/

10 011




Bipartite Graphs

G ={V,E}
Vertices are people in a village.
An edge connects between married partners.

Husbands Wives

Vertices can be divided into 2 sets with edges only
between sets.



Bipartite Graphs

Definition:

A simple graph G={V,E} is called Bipartite (*1Tx-1T q12)
If V can be partitioned into disjoint sets V,, V, s.t. every
edge in E connects between a vertex in V, and a vertex

in V,. (No edges connect between vertices in V,)

V, V, Vi Vs

© O

T
s




Bipartite Graphs

Examples:
Vo \Z
Ve v, C; is bipartite
V= {V,V,Vy} U {V4,V3,Vs}
V4 Vs,

K5 is not bipartite
Every partition will have a subset
with 2 vertices, in which, since the
graph is complete, there will be an

edge.




Bipartite Graphs

Examples:

f C No: {a,b,c} forms a K,



Bipartite Graphs

Examples:
a b
>< Yes: V = {c} U {a,b,d,e}
d e
b
C
3 Yes: V ={b,e,d} u {a,c}
d



Bipartite Graphs

Definition:
A graph G={V,E} is a Complete Bipartite Graph K, |
(07w '173-1T 902) if V ca be partitioned into V, and V,

IV, =n |V,|] =m and an edge is in the graph iff it

connects a vertex in V, with a vertex in V,.

Vi Vs




Examples:

Bipartite Graphs




Examples of Graphs

Local Area Networks (LAN) -
a network connecting computers and peripherals.
Often there is a server with which all others communicate.




Creating New Graphs

Definition:

A subgraph (922a-nn) of a graph G={V,E} is a graph
G =(V,E) st VVcV and E'cE.

G Subgraph of G

b b
a C a
d
e u e u




Creating New Graphs

Definition:

A subgraph of a graph G={V,E} can be
obtained by deleting a set of vertices and all their
connecting edges. G\S where S cV

G G\ {b} = Subgraph of G

b
a C d g
e U e u




Creating New Graphs

Definition:
The union of 2 graphs G1={V1,E1} and G2 = {V2,E2} is
the graph G1 U G2 = (V1 U V2, E1 U E2).

2 b .
O O ; f
C d b d % d

G, G, G, UG,




Representing Graphs

G =(V,E) R={(a,b)|{a,b} € E}
A
Adjacency Matrix of G Matrix representation of R
Vi Vy V3 V,
vi(0110) |
vo,{1 00 1 Entry (i,j) ={1 vVt € E
val1 00 O O otherwise
v,{0 100,




Representing Graphs

Example:

ab cd

—AO O O
—— OO
— O O
O i i

® O O T



Representing Graphs

Undirected Graphs

Directed Graphs

Simple Graphs

Multigraphs

Pseudo Graphs

Symmetric Adjacency matrix

Not necessarily Symmetric

0 on the diagonal

Matrix entries can be > 1

diagonal may be > 0



Representing Graphs

Example:

Multigraph

O O T O
OFrRP WO 9
OO OW T
OO OFr 4
OO OO o




Representing Graphs

Example:
Pseudograph
3 a b cd
a (1220
b|l2000
; cl|12010
5 < d\0000O0)



Representing Graphs

Example:

Directed Pseudograph

3 a b cd

a (1210

C b | 0000

c|!1010

b g d \00OO

Entry (i,j) = 1if (i,j) € E



Graph Isomorphism

Molecule - stable state Molecule - reactive state

= d



Graph Isomorphism

Definition:

Two simple graphs G, = (V,,E,), G, =(V,,E,) are
Isomorphic (no'o1mirx) if there is a 1:1 and onto function
from V, to V, s.t. a,b are adjacent in G, iff f(a), f(b) are
adjacent in G,.

Function f is called an Isomorphism.




Graph Isomorphism

Example:
%1 %2
f-U->V
G, =(U,E)
5 A f(uq) =
Us u, f(uy) =
y y f(us) = V3
] f(uy) = vy
G, =(V.E)) fis 1:1 and onto

fis adj. preserving



Graph Isomorphism

Proving Isomorphism of graphs: HARD!
n! possible 1:1 and onto functions between V, and V, (|V,|=n)

Contradicting Isomorphism may be easier.

Invariant properties under isomorphism:

* number of vertices |V,| = [V,]
* number of edges |E,| = |E,]
* vertex degree deg(v;) = deg(f(v,))



Graph Isomorphism

Example:

G1=(V1,E1) G2=(V2,E2)

VAN

G1 and G2 are NOT Isomporphic. |V1|=|V2|, |[E1|=|E2]|
but G2 has a vertex with deg = 1, and G1 does not.



Graph Isomorphism

Example:
=(V., G,=(V,,E
: WE . Go(VaBd)
O O
1/ ]
/1 % Y o
\Y; u
|V1|=|V2| =8
|E4|=|E,| =10

4 vertices of deg = 4
4 vertices of deg = 3



Graph Isomorphism
Example Cont:

=(V,,E, G,=(V,,E

a 1 S 2(2 2) t
Q O

/1 O Z Y O
Vv u

Answer: G, and G, are NOT Isomorphic !

Proof: deg(a) = 2 so f(a)  {t,u,x,y}
u(a) = {b,d} and deg(b)=deg(d)=3
However t,u,x,y do not have 2 neighbors of deg=3.
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Graph Isomorphism

cy matrix.

o ~ o ~

X 'HOoO O dH T HAAAO
n_nuAW —AOO H OCHOOdA
S > dd O O HOO
B S Oddd T O
o N \ N %
— A uu i
O T O 0T
C — a= = =
O
r—
© A 1
S
-
S
)
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I a ~N T ~
c X A d1OO = —AAdO
2 S oo 23dood
Q > —HOAHdA L£>HO0O A
m S O A dA—dA ®© 3O
. N 22— 5%
L2 UVWX UXWV

T TR



Graph Connectivity

* Are two computers in a network connected?

* What are all the paths that an email may take to reach
its destination?

* What is the shortest/fastest connection between two

computers?
Computer 1

Computer 2 /\. Computer 3

Is there a “path” between 2 vertices in a graph?
Are two vertices in a graph “connected” via edges?




Graph Connectivity

Definition:

A path (7170n) of length n from vertex u to vertex v in
a graph G={V,E} is a sequence of n edges in E:
€1={X0: X1}, €={X1: X}, - s €47 (X 1,Xp}

S.t. Xo=uU and Xx,=V.

In a simple graph the path can be represented by a
sequence of n+1 vertices: X,=u,Xq, ... , X,=V




Example:

Graph Connectivity

There is a path between a and d:
of length 2: e1,e2 = a,b,d

of length 3: e1,e4,e3 a,b,c,d

of length 4: e1,e4,e4,e2 a,b,c,b,d

a,c,d - is not a path

A path of length 0: = a



Graph Connectivity

Definition:

A circuit (7avn) in a graph is a path from a node to

itself.
tc)\ e, g) circuit from b to b of length 3:
) e2,e3,e4 = b,d,c,b
S| X4 |8 e4,e3,62 = b,c,d,b
O
a C circuit from b to b of length 6:

e2,e3,e4.e2,e3,e4 = b.d,c,b,d,c,b



Graph Connectivity

Definition:

A path or circuit in a graph is called simple (viwo) if it
does not pass through a vertex more than once.
(There is no ‘loop’ in the path).

abcd - simple path
C abca - simple circuit
abcdecb - not simple
' contains a ‘loop’




Graph Connectivity

Definition:

An undirected graph is called connected (0'wy) if there
IS a path between every two distinct vertices.

Haifa

Jerusalem
Tel-Aviv

Are every 2 cities connected?

.,_
Eilat Rehovot




Graph Connectivity

Example:

b b
a C a C
: . \9
e f e f

Connected Not Connected



Graph Connectivity

Theorem: In a connected undirected graph there is
a simple path between every 2 distinct vertices.

Proof: assume a, b are vertices. Since G is connected
there is a path between a and b. Let x,,...,x, be the
shortest of these paths, then it is necessarily simple.
If not, then there is a vertex that appears twice in the
path: x; = X;. But then Xs++-XisXjs -5 Xn Is a path from
a to b which is shorter - contradiction!



Graph Connectivity

G = (V,E) - an undirected graph.
Define a relation R on V : aRb iff there is a path from a to b.

Is R an equivalence relation?

R induces a partition on V.
Every equivalence class is
a connected subgraph.




Graph Connectivity

Definition:

A graph that is not connected is a union of two or more
disjoint connected subgraphs. These subgraphs are
called connected components (nN'wp ).

b
aﬂ C
\g
0
e f

Not Connected - 3 connected components




Graph Connectivity - Directed Graphs

Definition:

A path/circuit (7avn/7170n) of length n from vertex u to
vertex v in a directed graph G={V,E} is a sequence of n
edges in E:

€1=(Xp:X1), €3=(X1,Xp), .. s €, (X 1,Xp)

s.t. X,=u and x,=v.




Graph Connectivity - Directed Graphs

Example:

b There is a pathfromatob

@\ There is no path from b to a

There is a path from c to f in
the underlying undirected graph.



Graph Connectivity - Directed Graphs

Definition:

A directed graph is called strongly connected (prn Y'wy?)
iIf there is a path between every two distinct vertices.

Definition:

A directed graph is called weakly connected (v7n 2'wp)
iIf there is a path between every two distinct vertices in
the underlying undirected graph.




Graph Connectivity - Directed Graphs

Examples:
b b
a C a C
e f e f
Strongly Connected Weakly Connected
b

Not Connected



Graph Connectivity - Directed Graphs

G = (V,E) - a directed graph.
Define a relation Ron V :
aRb iff there are paths from a to b and from b to a.

Is R an equivalence relation?

R induces a partition on V.
Every equivalence class is
a strongly connected subgraph.
Called a connected component.




Graph Connectivity

How many paths of length n exist between 2 vertices
in a graph?

Example:
b e, d
Q O
61 e4 e3
O
a C

Between a and b there are 3 paths of length 3:
abcb abab abdb



Graph Connectivity

In Relations: There is a path of length n between a
and b iff (a,b) € R".

Theorem: Let G be a graph with adjacency matrix M.
The number of different paths of length n between
vertex i and vertex j equals the (i,j)-th entry of M".

Proof: By induction on n.




Graph Connectivity

Example: How many paths of length 4 exist fromatod ?

a d a b cd
a(0110)
b{1001
M= ¢l1001
d\0110,
b C
(800 8\ There are 8 paths from a to d.
ME= 08 8 o
(800 8) abdbd abdcd ababd abacd

acdbd acdcd acabd acacd



Graph Connectivity
Questions:

Describe an algorithm to find the length of the shortest
path between vertices i and j.

Describe an algorithm to determine whether a graph is
connected.



Euler & Hamilton paths

Is there a circuit that contains all edges?
Is there a circuit that contains all vertices?

557 M o X i)
SRR mmv_-w il
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Euler & Hamilton paths

Definition:
An Euler Path (W711x 7170n) in multigraph G is a path
that contains every edge of G.
An Euler Circuit (071x 7avn) in multigraph G is a path
that contains every edge of G.




Euler &

lamilton paths

Examples:
a b a b a b
Q 0 Q C
e e
® O O O
d C d C d C e

Euler Path - no Euler Path - no Euler Path - yes
Euler Circuit - yes  Euler Circuit - no Euler Circuit - no

abedcea

adcabceb



Euler & Hamilton paths

Theorem: A connected multigraph G has an Euler
Circuit IFF all vertices have even degrees.

Proof: By Construction.




Euler & Hamilton paths

Theorem: A connected multigraph G has an Euler
Path IFF exactly 2 vertices have an odd degree.

Proof: By Construction.




Euler & Hamilton paths

Examples:

= XX




Euler & Hamilton paths

The Seven Bridges of Konigsberg ?

C

no Euler Path
a d no Euler Circuit
b

Euler Path

Euler Circuit




