Polynomially-parsable Unification Grammars

Hadas Peled

THESIS SUBMITTED IN PARTIAL FULFILLMENT OF
THE REQUIREMENTS FOR THE MASTER DEGREE

University of Haifa
Faculty of Social Sciences
Department of Computer Science

November, 2011



Polynomially-parsable Unification Grammars

By: Hadas Peled
Supervised By: Prof. Shuly Wintner

THESIS SUBMITTED IN PARTIAL FULFILLMENT OF
THE REQUIREMENTS FOR THE MASTER DEGREE

University of Haifa
Faculty of Social Sciences

Department of Computer Science

November, 2011

Approved by: Date:
(supervisor)

Approved by: Date:
(Chairman of M.Sc. Committee)




Acknowledgments

I would like to thank Prof. Shuly Wintner for his devoted guidance, and for sharing his wide knowl-
edge and enthusiasm for the world of Unification Grammars.

II



Contents

ADStract . . . . . e
Listof Figures . . . . . . . . . o e e
1 Introduction
1.1 Typed Unification Grammars . . . . . . . . . . ... vt it v et
1.2 Constrained Unification Grammars . . . . . . . . . . . . . v v v v vt e e
1.3 Range Concatenation Grammars . . . . . . . . . . . v vt bt e e e
1.4 Structure of the thesis . . . . . . . . . . . . e
2 Restricted Typed Unification Grammars
2.1 Representing Lists of Terminals with TFSs . . . . . . . . ... ... ... ... ...
2.2 Restricted type signatures . . . . . . . . . ... e e e e e e e e e e e
2.3 Restricted TES . . . . . . o e
2.4 Restricted lexicon . . . . . . . . e
2.5 Restrictedrules . . . . . .. e
2.6 Restricted Unification Grammars . . . . . . . . . . . . 0ot e e e e e
2.7 Examples of Restricted TUG . . . . . . . . .. ... . .
3 Simulation of RTUG by RCG
3.1 Mapping of type signature to RCG clauses . . . . . . . ... ... ... ... ......
3.2 Mapping of UGrulesto RCGclauses . . . .. ... ... ... ... ... ......
3.3 Mapping the lexiconto RCGclauses . . . . . . . . . .. ... ... ... .. .....
34 Examples . . . . . e e e
4 Simulation of RCG by RTUG
4.1 Examples . . . . . . e e e e
5 A sketch of the proof
5.1 [Instantiated grammar . . . . . . . . . L. e e e e e e e
5.2 Direction 1: Lroa C LRTUG « «+ « v v v e e e e e e e e e e e
5.3 Direction 2: Lrrua C LROG -+« v« v v v e e e e e e
6 Conclusions
Bibliography
A Representing bidirectional lists with TFSs
A.1 Restrictions over node TFSsand bi_list TFSs . . . . . . . . . . .. ... ... ....
A2 Explicitbilists . . . . . . ..

25
26
26
28
30

33
36

49

50
51

55

57



A3 Bilistoperations . . . . . . . ... L e e 64

Proofs of the main results 69
B.1 Instantiated grammar . . . . . . . . . .. .. e e e e e e 69
B.2 Direction 1: Lroa C LRTUG + + « « v« v e e e e e e e e e e e e 73
B21 L(G)CL(Grug) « « oo ee e e e 73
B22 L(Gug) CL(G) ... 82
B.3 Direction 2: Lrrug C LROG -+« « v o o e e e e e e e e 84
B.3.1 Predicate subsumption . . . . . .. ... ... ... 85
B32 L(G)CL(Greg) - -« oo 86
B33 L(Greg) CL(G) ..o 92

1AY



Polynomially-parsable Unification Grammars

Hadas Peled

Abstract

Unification grammars (UG) underlie several contemporary linguistic theories, including Lexical-
functional Grammar (LFG) and Head-driven Phrase-structure Grammar (HPSG). UG is an attractive
grammatical formalism, inter alia, because of its expressivity: it facilitates the expression of complex
linguistic structures and relations. Formally, UG is Turing-complete, generating the entire class of recur-
sively enumerable languages (Francez and Wintner, 2012, Chapter 6). This expressivity, however, comes
at a price: the universal recognition problem is undecidable for arbitrary unification grammars (Johnson,
1988).

Several constraints on UGs were suggested in order to reduce the expressiveness of the formalism and
thereby guarantee more efficient processing. A series of works (see Jaeger et al. (2005) and references
therein) define various off-line parsability constraints, which guarantee the decidability of the universal
recognition problem, but not its tractability. The recognition problem for off-line parsable grammars is
NP-hard (Barton et al., 1987). Other works define highly restricted versions of UG, such that efficiency
of parsing is ensured: Feinstein and Wintner (2008) define non-reentrant UGs, which generate exactly
the class of context-free languages; and one-reentrant UGs, which generate the class of tree-adjoining
languages (TALs). Keller and Weir (1995) define PLPATR, an extension of Linear Indexed Grammars
that manipulates feature structures rather than stacks, which has a polynomial-time parsing algorithm.
PLPATR languages are included in the set of languages generated by Linear Context-Free Rewriting
Systems. The expressivity and flexibility of these constrained formalisms, however, are severely limited,
and seriously handicap the grammar designer.

In this work we define a constrained version of UG that is equivalent to Range Concatenation Gram-
mar (RCG). RCG is a formalism that generates exactly the class of languages recognizable in deter-
ministic polynomial time (Boullier, 1998b); specifically, it strictly contains the class of TALs (Boullier,
1998a). Boullier (1999) shows that RCG can express natural language phenomena such as Chinese num-
bers and German word scrambling, that lie beyond the expressive power of TALs. RCG is closed under
union, concatenation, Kleene iteration, intersection and complementation (Boullier, 1998b). Since RCG
has a polynomial parsing algorithm (Boullier, 1998b; Kallmeyer et al., 2009), a restricted version of UG
that is equivalent to RCG (along with an efficient conversion procedure) guarantees the efficiency of
parsing.

The main contribution of this work is thus a constrained version of UG that is on one hand expressive
enough so as to allow the expression of complex linguistic structures in terms of typed feature structures
that linguists favor, and on the other hand guarantees efficient processing for all grammars that can be

expressed in the formalism.
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Chapter 1

Introduction

Unification grammars (UG) underlie several contemporary linguistic theories, including Lexical-func-
tional Grammar (LFG) and Head-driven Phrase-structure Grammar (HPSG). UG is an attractive gram-
matical formalism because of its expressivity: it facilitates the expression of complex linguistic structures
and relations. Formally, UG is Turing-complete, generating the entire class of recursively enumerable
languages (Francez and Wintner, 2012, Chapter 6). This expressivity, however, comes at a price: the
universal recognition problem is undecidable for arbitrary unification grammars (Johnson, 1988).

In this work we define a constrained version of UG that guarantees efficient processing, while al-
lowing the expression of complex linguistic structures. We do so by showing that the constrained UG
is equivalent to Range Concatenation Grammar (RCG), a formalism that generates exactly the class of
languages recognizable in deterministic polynomial time (Boullier, 1998b).

In this introduction we set up notation for the two formalisms this work deals with, Typed Unification
Grammars (Section 1.1) and Range Concatenation Grammars (Section 1.3). In addition, in Section 1.2
we list other constraints on UG that were suggested in the past, in order to guarantee more efficient

processing, at a price of reduced expressiveness.

1.1 Typed Unification Grammars

We assume familiarity with typed unification grammars, as formulated, e.g., by Carpenter (1992). For a
partial function F, ‘F'(x) |’ (and similarly, ‘F'(x) 1°) means that F' is defined (undefined) for the value
x. The following definitions recapitulate basic notions.

Definition 1 (Type hierarchy). A partial order T over a finite, non-empty set TYPES of types is a type
hierarchy if it is bounded complete, i.e., if every up-bounded subset I of TYPES has a (unique) least
upper bound, UT. Ift; T to we say that t; subsumes, or is more general than, ¢s; t2 is a subtype of
(more specific than) t1. We say that t1 is an immediate subtype of to, denoted to I% t1ifty C tq, t1 # to,
and for every t' € TYPES, if t' T ty, thent' T to. If t is such that fornot' # t,t C t/, thentis a
maximal type, or a species. Let 11T be the greatest lower bound of the set T, if it exists. 1. = L) is the

most general type.



Definition 2 (Appropriateness). Given a set of types TYPES and a set of features FEATS, an appropri-
ateness specification is a partial function Approp : TYPES X FEATS — TYPES, such that:

e for every f € FEATS, let Ty = {t € TYPES | Approp(t, f) 1}; then Ty # 0 and Intro(f) =
|_|Tf € Tf.

o if Approp(ty, f) | and ty €ty then Approp(tz, f) | and Approp(ty, f) E Approp(ts, f).
A type t is featureless if for every f € FEATS, Approp (t, ) 1.

Definition 3 (Type signatures). A type signature is a quadruple (TYPES, T, FEATS, Approp), where
(TYPES, C) is a type hierarchy and Approp : TYPES X FEATS — TYPES is an appropriateness specifi-

cation.

In this work we use the LKB notation for defining a type signature, where a subtype is listed below
its super type, with increasing indentation. The features and the appropriate types of each type are listed

in the same line as the type. For example, the following specification:

TYPES = {t1,t2,t3,t4}, FEATS = {f1, fo}
3]

ta fiits  fortly
t3

12}

represents a typed signature where 1. T ¢, t1 T to, L T t3, t3 T t4, and Approp(te, f1) =
ts, Approp(ta, f2) = ta.

Definition 4 (Typed feature graphs). A typed feature graph (Q, q,6,0) is a directed, connected, labeled
graph consisting of a finite, nonempty set of nodes Q, a root ¢ € Q, a partial function 6 : Q) X FEATS —
Q specifying the arcs such that every node q € Q is accessible from § and a total function 0 : ) —
TYPES marking the nodes with types.

Let 4 be the reflexive-transitive closure of 8. In the sequel we abuse notation and refer to §asé. Let
PATHS = FEATS™.

Definition 5 (Paths). The paths of a feature graph A are 11 (A) = {m € PATHS | d4 (Ga, ™) }}.

Definition 6 (Path value). for a feature graph A = (Qa,Ga,04,04) and a path w € 11 (A) the value

vala () of win A is a feature graph B = (@, qB, 0B, 0B), over the same signature as A, where:
® (= 514 (QAvﬂ-)
e Qp={qd €Qua | forsomen' 64 (qp,7")=q'} (Qp is the set of nodes reachable from qp)

e for every feature f and for every ¢' € Qp, 05 (¢, f) = 04 (¢, f) (0B is the restriction of § 4 to
@B)



o foreveryq € Qp, 0 (q") =04 (') (05 is the restriction of 64 to Qp)

Definition 7 (Reentrancy). Let A = (Q,q,0,0) be a feature graph. Two paths w1, 7m0 € II1(A) are
reentrant in A, iff 0 (g, m1) = 6 (q, m2) implaying val (71) = val (72).

Definition 8 (Subsumption). Let Ay = (Q1,q1,01,01) and Ay = (Q2, G2, 02, 02) be two typed feature
graphs over the same signature. A, subsumes A, (denoted by A1 T As) iff there exists a total function
h: Q1 — Q2, called a subsumption morphism, such that h(q,) = Gz, for every q € Q1 and for every f
such that 61(q; f) 1. h(61(q, f)) = 02(h(q), f); and for every q € Q1, 1(q) T b2(h(q)).

A typed feature structure (TFS) is an equivalence class of isomorphic feature graphs (ignoring
the identities of the nodes). A multi-rooted structure (MRS) is a sequence of TFSs, with possible
reentrancies (shared nodes) across the members of the sequence. Following the linguistic convention,
we depict TFSs and MRSs as attribute-value matrices (AVMs) in the sequel. Example 6 (page 14) depicts
a TFS represented as an AVM.

Definition 9 (Maximally specific TES). A TFS F is maximally specific if no TFS I exists such that
F1 C Fs.

Definition 10 (Rules). A rule is an MRS of n > 0 TFSs, with a distinguished first element. The first
elemnt is its head and the rest of the elements are the rule’s body. We adopt a convention of depicting

rules with an arrow (— ) separating the head from the body.

Since a rule is simply an MRS, there can be reentrancies among its elements: both between the head

and (some element of) the body and among elements in its body.

Definition 11 (Typed unification grammar). A typed unification grammar over a finite set WORDS of
words and a type signature (TYPES, T, FEATS, Approp) is a tuple G = (R, As, L), where R is a finite
set of rules, each of which is an MRS, A is the start symbol (a TFS), and L is the lexicon which
associates with each word w € WORDS a set of TFSs L(w).

The language generated by a UG is defined in terms of a derivation relation over MRSs. See
Carpenter (1992); Francez and Wintner (2012) for the details. Figure 2.2 (page 20) depicts a unification

grammar and specifies the language it generates.

1.2 Constrained Unification Grammars

UG, as defined above, is Turing-equivalent (Francez and Wintner, 2012, Chapter 6). In other words, it
generates the entire class of recursively enumerable languages. Consequently, the universal recognition
problem for UG is undecidable (Johnson, 1988). Several constraints on UGs were suggested in order to

reduce the expressiveness of the formalism and thereby guarantee more efficient processing.

Off-line parsability (OLP) constraints These constraints guarantee that the recognition problem for
grammars that obey them is decidable (Jaeger et al., 2005). The idea behind all the OLP definitions

3



is to rule out grammars which license trees in which an unbounded amount of material is generated
without expanding the frontier word. This can happen due to two kinds of rules: e-rules (whose
bodies are empty) and unit rules (whose bodies consist of a single element). However, even for

unification grammars with no such rules the recognition problem is NP-hard (Barton et al., 1987).
Other works define highly restricted versions of UG, which guarantee th efficiency of parsing:

Non-reentrant unification grammars A unification grammar is non-reentrant if it includes no reen-
trancies. Non-reentrant unification grammars generate exactly the class of context free grammars
(Feinstein and Wintner, 2008).

One-reentrant unification grammars A unification grammar is one-reentrant if every rule includes at
most one reentrancy, between the head of the rule and some element of the body. One-reentrant
unification grammars generate exactly the class of Tree-Adjoining languages (Feinstein and Wint-
ner, 2008).

Partially Linear PATR (PLPATR) A unification grammar is PLPATR if it obeys the following con-

straints:

e the start symbol contains no reentrancies;

e every rule includes at most one reentrancy, between the head of the rule and some element of
the body;

e reentrancies are allowed between elements in the rule’s body, as long as they are not also in
the rule’s head.

PLPATR is more powerful then Tree-Adjoining grammar (TAG) since it can generate the k-copy
language for any fixed k: {wk | we L} for any k£ > 1 and context-free language L. PLPATR
languages are included in the set of languages generated by Linear Context-Free Rewriting System
(LCFRS) (Keller and Weir, 1995).

These versions ensure efficiency, by limiting the expressivity and flexibility of the formalism, thereby
handicapping the grammar designer. Our goal in this work is to define a constrained version of UG
that on one hand is expressive enough so as to allow the expression of complex linguistic structures,
and on the other hand guarantees efficient (polynomial time) processing. This is achieved by mapping
constrained UGs to RCGs, a formalism that guarantees polynomial-time processing (in the size of the
input string), but is maximally expressive. (Note that recognition time with RCGs can still be exponential
in the size of the grammar; we are only concerned with complexity as a function of the length of the input

string below.)

1.3 Range Concatenation Grammars

Range Concatenation Grammars (RCG) is a syntactic formalism that was introduced by Boullier (1998b).

The basis of RCG is the notion of ranges, pairs of integers which denote occurrences of substrings in

4



a source text. RCG generates exactly the class of languages recognizable in polynomial time (Boullier,
1998b), and it is closed under union, concatenation, Kleene iteration, intersection and complementation
(Boullier, 1998b).

Boullier (2000) introduces both Positive and Negative RCG, where the formalism is the union of the
two. Since the negative variant has no additional generative power over the positive one, however, we
only use Positive RCG, referring to it as RCG, for simplicity. The following definitions are taken from
Boullier (2000).

Definition 12 (Range Concatenation Grammar (RCG)). A range concatenation grammar (RCG) G =
(N, T,V,P,S) is a 5-tuple, where:

o N is a finite set of nonterminal symbols (also called predicate names); each non-terminal A € N

is associated with an arity, ar (A).

T is a finite set of terminal symbols,

V is a finite set of variable symbols, such that T NV = ().

S € N is the start predicate, or the axiom, ar (S) = 1.

P is a finite set of clauses of the form

wo — wldjjwm

where m > 0 and each v;, 0 < 1 < m, is a predicate of the form

A0, ey Qi ooy Qg 4))-
where A € N, and each o; € {T UV }* |1 <i < ar (A), is an argument.

Example 1. Following is an RCG grammar G. While we only define the notion presently, the language
of this grammar is {a"b"c"}. G = (N, T,V, P, S) where N = {S, A}, T = {a,b,c}, V ={X,Y, Z},
S is the start symbol, ar (S) =1, ar (A) = 3, and P is given by:

(1) S(XYZ)— A(X,Y,Z)
(2) A(aX,bY,cZ) — A(X,Y,Z)
(3) A(e,e,6) > €

The language defined by an RCG is based on the notion of range.

Definition 13 (Range). For a given input string w = aj . . . ay, a range is a pair (i,7),0 < i < j <mn,
of integers, which denotes the occurrence of some substring a;11 . .., a; in w. The number i is its lower
bound, j is its upper bound and j — i is its length. If i = j, the range is empty. For w € T™ such that
|w| = n, its set of ranges is R, = {p | p = (i,5),0 < i < j < n}. RE is the set of vectors of ranges in
Ry, with k elements: RE = {{p1,...pp) | pi € Ru,0 <14 < k}.

5



Letw = aj...ay, be an input string. Let w1 = a1...a;, w2 = @jy1...a5 and w3 = a;j41...0an
be three substrings of w. wy is denoted by w{%?, ws is denoted by w(*7) and ws is denoted by w7
Therefore, w7 = ¢, wl—19) = a; and w0 =w. 5= p1,...,pi,--. , Pp 18 a vector of ranges,

by definition w” denotes the tuple of strings w”!, ..., wP, ... wPp.

Definition 14 (Concatenation of ranges). Range concatenation is defined by w'1-71) .qp{i2-72) = wli-32)

if and only if j1 = io.

In any RCG, terminals, variables and arguments in a clause are bound to ranges by a substitution
mechanism. For the follows discussion, fix an RCG G = (N, T, V, P, S)

Definition 15 (Instantiation). A pair (X, p), denoted by X /p, where X € V and p is a range, is called
a variable binding. p is the range instantiation of X and w” is its string instantiation. A set 0 =
{X1/p1,.... Xp/pp} of variable bindings is a variable substitution if and only if X;/p; # X;/p; implies
X; # Xj. A pair (a, p) is a terminal binding, denoted by a/p if and only if p = (j — 1..j) and a = a;.

Example 2. A(w'9-" w-3) kD) 5 Bwlotl-h qp@+1-3=1) 4 kd=1)Y s an instantiation of the
clause A(aX,bYc,Zd) — B(X,Y, Z) if the input word w = ay...ay is such that ag1 = a,ai41 =
b,a; = cand a; = d. In this case, the variables X,Y and Z are bound to wl9th) o lit1d=1) gug

ke.l—1)

w' , respectively.

For brevity, in the following discussion we often use the term instantiation to indicate string in-
stantiation, rather then range instantiation. In any case, every variable substitution (by range or by
substring) is subject to the constraints of Definition 15 above.

Definition 16 (Argument instantiation). Let p = g — ¥1...%Um,m > 0 be a clause in P. Let
a € {T UV} be an argument of some predicaate 1;,0 < i < m. Given a string w, and a substring of

w, wP, wP is an instantiation of « if and only if:
o a=wP = ¢ hence p = (i,1), o,
e a=XeV, or
e a=wP =a €T, hence a/p is a terminal binding, or,

o a = f3-7, suchthat B,y € {T UV}, and p = pu - o, such that w" is an instantiation of 3, and

w? is an instantiation of .

We now define the sets of instantiated predicates and instantiated clauses for a given RCG G, and
a given word w. The set of instantiated clauses is the set of all the clauses that can be generated by

instantiating the clauses in P by substrings of w.

Definition 17 (The set of instantiated predicates). Foran RCG G = (N,T,V, P,S) and a string w € T*
we define the set of instantiated predicates as

TP, ={A(p)| A€ N,jc R h=ar(A)}.



Definition 18 (The set of instantiated clauses). For an RCG G = (N, T,V, P, S) and a string w € T*,
p = Ag (6%) — Ay (6_1) LA <ﬂ;@> is an instantiated clause of G if and only if:

e Foreveryi, 0 <i<m, A; (@) € IPg .y, and,
o there is a clause p = Ap (ap) — A1 (1) ... Ay, (o) € P, such that:

— foreveryi, 0 < i < m, [5; is the set of instantiated arguments of &;, and,

- if {X1,..., X} is the set of variables in p, and {p1,...,p1} is the variable binding of
{X1,.... X }inp/, then {X1/p1,...,X1/pi} is a variable substitution.

The set of instantiated clauses of G and w is denoted 1Cg 4, .

As is customary in rewriting systems, we now define the language of an RCG grammar by first
defining an immediate derivation relation, and then taking the set of strings derived by its reflexive-
transitive closure as the language. However, RCG differs from standard rewriting systems by the fact

that derivations begin with the full input words and end with the empty word e.

Definition 19 (Derivation relation). For an RCG G = (N,T,V, P, S) and a string w € T*, a derivation
relation, denoted by = G ., is defined on strings of instantiated predicates. If I'y and I'y are strings of
instantiated predicates in (I Pg )"

I'1Ag (p_f)) Ty =Gw I'MAy (p_i) AL (p_,;l) Iy e ICG@

if and only if
Ao (p0) = A (A1) - - Am (pm) € 1CG -

The reflexive-transitive closure of = ., is denoted by :*>G7w.

Definition 20 (The language of an RCG). The language of an RCG G = (N, T,V, P, S) is the set
L(G) = {w | S(w) 26 e}

An input string w = ay...a,, is a sentence if and only if the empty string (of instantiated predicates) can
be derived from S(w'*-™), the instantiation of the start predicate on w.

More generally, the string language of a nonterminal A is defined as

L(A) = |J L(4,w)

weT*

where

L(A,w) = {w” | 7€ Rl h=ar (4), A7) S

Observe that L (G) = L (S), as expected.



Example 3. The following grammar defines the language {www | w € {a,b}*}:

1
2
3
4

S(XYZ) = A(X,Y, Z)

A(aX,aY,aZ) — A(X,Y, Z)

A(bX, bY, bZ) — A(X,Y, 2)
(

(
(
(
(4) Al €¢) =

~— ~— ~— ~—

Below we demonstrate that the input string w = ababab is a sentence:

S(ababab) = A(ab, ab, ab)

using clause (1) and variable substitution {X /ab,Y /ab, Z [ab}
A(ab, ab,ab) =G, A(b,b,b)

using clause (2) and variable substitution {X /b, Y /b, Z/b}

A(b,b,b) =G Ale, €, €)
using clause (3) and variable substitution {X/(2..2),Y/(4..4), Z/(6..6) }
Ale,€,€) =g €

using clause (4)

Definition 21 (RCLs). If G is an RCG, then L (G) is a range concatenation language (RCL). Let Lo
be the class of RCLs.

We demonstrate the formalism by presenting two RCG grammars: The grammar Gripme Whose
language is a?"™¢ = {aP | pis aprime}; and a grammar, G'scr, accounting for the phenomenon of

word scrambling which occurs in several natural languages such as German.

Example 4 (G ime). The idea behind the grammar is as follows: Given a string a”, if n =2 orn = 3,
accept. Otherwise, try to divide n by any number in the range between 2 and (n — 1) /2. If n is not
divisible by any of these numbers, accept.

Division of n by k is done by RCG, using strings, as follows:

1. Letx = a*
2. Lety =a"
3. Repeat while x and y are not empty:

(a) Remove one a from x

(b) Remove one a from y

4. If x is empty and y is not:



(a) x=a

(b) Go to line 3

5. Ify is empty and x is not, x is not a factor of y. Stop.

6. If both x and y are empty, x is a factor of y. Stop.

The clauses of G prime are:

1. Sf(aa)— accept aa
2. S(aaa) — accept aaa
3. S(XaY)— A(X,XaY,X,XaY)eq(X,Y) given a”, try to dividen by k = (n — 1) /2
4. A(aX,aY,ZW)— A(X,Y,Z,W) start the loop in the algorithm above, line 3
5. A(e,Y,Z,W)— A(Z)Y,Z,W) X is empty, restart the loop, line 4
6. A(X,e,aZ W)— A(Z,W,Z,W) Y is empty, X is not,
NonEmpty (X) MinLen2 (Z) kis greater than 2, try k = k — 1
7. A(X,e,Z,W)— NonEmpty (X) Len2 (Z) Y is empty, X is not, k = 2, n is a prime.

8. eq(aX,aY) —eq(X,Y)
9. eq(ee) —e

10. NonEmpty (aX) — €
11. Len2(aa) — €

12. MinLen2 (aX) — NonEmpty (X)

To demonstrate the operation of the grammar, we describe below a derivation of the string aaaaa

9



with Gpm'me

(clause3) S (aaaaa) — A(aa,aaaaa, aa, acaaa) eq (aa, aa)
(clause8)  eq(aa,aa) — eq(a,a)

(clause8) eq(a,a) —  eq(€€)

(clause8)  eq (e, e€) — €

(claused) A (aa,aaaaa,aa,acaaa) — Al(a,aaaa,aa,aacaa)
(claused)  A(a,aaaa,aa,acaca) —  A(e, aaa, aa, aaaaa)
(clauseb) A (e, aaa,aa, aaaaa) — A(aa,aaa,aa, acaaa)
(claused) A (aa,aaa,aa,acaaa) — A(a,aa,aa,acaaa)
(claused)  A(a,aa,aa,acaaa) —  A(e,a,aa,aa0aa)
(clauseb)  A(e,a,aa,aaaaaq) — Afaa,a,aa,acaaa)
(claused)  A(aa,a,aa,acaaa) —  Af(a, € aa,aaaaa)
(clause?)  A(a,e€,aa,aaaaa) —  NonEmpty (a) Len2 (aa)
(clausel0) NonEmpty (a) — €

(clausell) Len2 (aa) — €

Example 5 (Word scrambling). Scrambling is a word-order phenomenon which occurs in several lan-
guages such as German, Japanese and Hindi, and is known to be beyond the formal power of TAGs
(Becker et al., 1991). Scrambling can be seen as a leftward movement of verb arguments (nominal, prepo-
sitional or clausal), and can be abstracted by the formal language SCR = {m (n1,...,np) v1,...,04},
such that m is a permutation, ny, . . . ,ny, are terminals of the set of nouns N, and v1, . . . , v, are terminals
of the set of verbs V. In addition, there is a mapping function h : N' — V), such that, for every1 < i < gq,
there is a j, 1 < j < p, such that, h (nj) = v;, which indicates that the noun n; is an argument of the
verb v;. Several nominal arguments can be attached to a single verb (hence, p > q). The grammar below
is a simplified version of the scrambling RCG that is presented in Boullier (1999)".

Gscr includes the terminals T = {ny,...,n;,v1,...,0n}, and the following non-terminals:
o N defines the set of nouns,

o )V defines the set of verbs,

o I defines the mapping between N and V,

o N VT separates the input string into two parts: a prefix of nouns and a suffix of verbs,

o N verifies that every noun n in the nouns part has a corresponding verb v in the verbs part, such
that h (n) = v,

o NinV* verifies that a single noun n has a corresponding verb v in the verbs part, such that
h(n)=wv,

!'The original grammar is a negative RCG that also checks the uniqueness of the nouns and verbs in the sentence.

10



o )V, verifies that every verb v in the verbs part has a corresponding noun n in the verbs part, such

that h (n) = v,

o VinNT verifies that a single verb v has a corresponding noun n in the nouns part, such that

h(n) =,

The clauses of Gscr are listed in Figure 1.1.

() SW)
(2) NTYVE(WTY)
(3) NTYVH(XTY,TY)
(4) N (TX,Y)
(5)  Ns(e,Y)
(6) NinV* (T,T'Y)
(7)  NinV* (T,T'Y)
(8) Vi(X,TY)
9)  Vi(X,¢)
(10) VinN T (T,T'Y)
(11) VinN* (T, T'Y)
(12) N (n1)

N ()
(13) V(v1)
(14) h (nl, 1)1)

.h. ('nl, Um)

N s

i

i

NV (W, W)
N (T) NV (W,Y)
V(T)N, (X, TY) Vs (X,TY)

NinV* (T,Y) N, (X,Y)
€

h(T, T

NinV* (T,Y)

VinA+ (T, X) Vs (X, Y)
€

h (T, T)

VinN* (T,Y)

Figure 1.1: The clauses of Gscr

To demonstrate the operation of the grammar, let the set of nouns be N' = (ny,ns, ns3), the set of

verbs be V = (v1,v2), and the mapping between N and V be:

h (n3a U2)

— €
— €
—

€

We describe below a derivation of the string nonsnivive with Ggcor. First, seprate the string to two

11



substrings, one of nouns and one of verbs:

S (ngnsnivive) NTVT (nangnivive, nansnivivs)

N (n2) NTVT (nangniviva, ngnivive)
N (n3) NTVT (ngngnivive, niviva)
N (n1) NTVT (nangnivive, v1vs)

V (v1) Ns (ngngni, v1v2) Vs (ngngny, v1v2)

N+V+ (n2n3n1v1v2, 77@713711’1)1?12)

L4l il

( )

( )

(clause2) NTVT (ngnsnivive, ngnivivs)
( ) NTVT (nangniviva, nivivs)

( ) (

NTVT (nangnivive, vivs)
Now, check that every noun n, has a verb v, such that h (n,v):

NinV™T (ng, vive) Ns (ngni, vive)
h (ne,v1)

€

NinVt (n3, vive) Ny (ny, v1v2)
NinVT (n3,vs)

h (n3,v2)

€

NinV™T (nq,v1ve) N (€, v1v2)
h(ny,v1)

€

(claused) N5 (nangni, vive)
(clause6) NinVT (ng,viva)
(h2) h (ng,v1)
(claused) Ns(ngni,vivs)
(clauseT) NinV* (n3,viv9)
(clause6) NinVT (ng,v9)
(h3) h (ns3,v2)
(claused) N (ny,v1v9)
(clause6) NinV* (ny,vavs)
(h1) h(ni,v1)
(clauseb) N (€,v1v2)

A

€

Finally, check that every verb v, has a noun n, such that h (n,v):

Vin Nt (v1,nansng) Vs (nanq, va)
h (ne,v1)

€

VinN™T (vg, nansny) Vs (ngnq, €)
VinNTt (v2, n3ny)

h (ns,ve)

€

clause8) Vs (nansni, viv2)
clausel0) VinN™* (vi,nangny)
h2) h (ng,v1)

clause8) Vs (nansgni,va)
clausell) VinN™ (v, nansny)
clausel0) VinNT (va, ngny)
h3) h (n3,v2)

clause9) Vs (nansni,e€)

(
(
(
(
(
(
(
(

A

€

1.4 Structure of the thesis

In Chapter 2 we define a restricted version of UG, such that constrained grammars can be simulated by
an equivalent RCG. This mapping is given in Chapter 3; in Chapter 4 we show a reverse mapping of
an arbitrary RCG to an equivalent restricted UG, thereby establishing the equivalence between the two
classes of languages generated by the two formalisms. Chapter 5 presents a sketch of a proof of the

correctness of the two mappings. We conclude with suggestions for future research.
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Chapter 2
Restricted Typed Unification Grammars

We are looking for a restricted version of TUG that would facilitate conversion of restricted grammars
to RCG. RCG clauses consist of predicates whose arguments are parts of the input string, and nothing
more. An RCG derivation starts with the input word, and in each derivation step, substrings of the
strings associated with the mother of the clause are passed to the daughters, until reaching, in the end of
the derivation, the empty word.

Our motivation in the design of the restricted TUG is to have the unification rules simulate RCG,
where feature values simulate RCG arguments. We thus define restrictions over unification grammars,
such that feature values can only contain representations of parts of the input string, and nothing more.
In addition, we want UG derivations to simulate RCG derivations, such that in every UG rule, the feature

values of the daughters can only contain parts of the feature values of the mother.

2.1 Representing Lists of Terminals with TFSs

RCG arguments are strings of terminals and variables, where in each derivation step, these strings can
be split or concatenated. In order to manipulate strings and substrings thereof with UG, we define an in-
frastructure for handling bi-directional lists of terminal symbols with TFSs. While the formal definitions
are suppressed for brevity (see Appendix A), we list below some of the main concepts we need, in an
informal way. First, we manipulate lists of terminal symbols. Each such list consists of nodes. A bi_list

node is a TES with three features:
e CURR which includes the actual value of the node of type terminal;
e PREV which points to the previous node in the list;
e NEXT which points to the next node in the list.
Then, the list itself is represented as a TFS with two features:
e HEAD which points to the first node of the list;

e TAIL which points to the last node of the list.

13



For every type t € TYPES we define the following bi_list infrastructure types:

node, the super-type of bi_list nodes,

null, such that node C null, the type of empty nodes.

(¢]
e ne_node, such that node T ne_node, the type of non-empty nodes.

bi_list, the super-type of bi_lists,

elist, such that bi_list C elist, the type of empty bi_lists.

o ne_bi_list, such that bi_list C ne_bi_list, the type of non-empty bi_lists.

Definition 22 (bi_list signature). Let

bi_list TYPES = {terminal, node, null, ne_node, bi_list, elist, ne,bi,list}

bi_list_ FEATS = {CURR,PREV,NEXT,HEAD, TAIL}

bi_list signature = (bi_list_TYPES, bi_list FEATS, C) is defined as follows:

terminal
node

null

ne_node CURR: terminal PREV.: node NEXT: node
bi_list

elist

ne_bi_list HEAD: node TAIL: node

Example 6 (bi_list). As an example of a TFS representing a bidirectional list of terminals, consider A
(Figure 2.1). The terminals are a and b (in other words, terminal C a and terminal T b). A represents
the list (a,b,b). Note that:

o the length of A is 3;
o the 1-node of A is the 2-node is | 2 | and the 3-node is ;

ATFS A= [bi,lis% (that is, neither an elist nor a ne_bi_list), is called an implicit bi_list.

We use the notation of (ai, ..., ay,) for a bi_list TFS whose length is m, where for every i, 1 < i <
m, a; is a TFS of type terminal, the CURR value of the i-th node of the bi_list TFS. For example, the list
notation of the bi_list of Example 6 is (a, b, b).

Let A; and As be two bi_lists. The concatenation operation of A; and As, denoted by A; - Ao,

produces a new bi_list which contains the nodes of A, concatenated with the nodes of As.
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[ne_bi_list

[ne_node

CURR : a

PREV : null

[ne_node
CURR : b

PREV :

NEXT : [ne_node

NEXT :

A = |HEAD :[1]

CURR : b

PREV :

NEXT : null]

| TAIL :

Figure 2.1: An example TFS representing a bidirectional list of terminals

Example 7. (bi_list concatenation) Let terminal, a, b be three types in TYPES, such that terminal C a,
and terminal T b. Let A1 = (a,a,a) and Ay = (b,a) be two bi_list TFSs of type terminal. Then
Ay - Ay = (a,a,a,b,b).

Let A be a bi_list. The sublists of A are all the bi_lists whose nodes are ordered subsets of the nodes

of A.

Example 8. (sublists) Let A = (a, a,b). Then its sublists are: elist, {a), (b), (a,a), (a,b) and {(a,a,b).

2.2

Restricted type signatures

We begin by defining restrictions over the type signature. We constrain the set TYPES to consist of the

following types only:

all the types in bi_list_TYPES, as defined in Definition 22.
A type for every word a € WORDS, such that £ («) # §).

A type main which will be used as the super-type of every TFS ocurring at the top level of any

grammar rule.

Subtypes of main. Such types can include only features of type bi_list. These types are called
main types.

Any main type must include one feature of type bi_list which is used to encode a substring of the

input word. This feature is called the input feature.
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e A main type start which is the type of the start FS A;. Since in RCG the start predicate always
has one argument only, containing the input word, the type start only has one feature, the input

feature.

In addition, we require that for every two main types ¢ and t’, such that ¢ C ¢, ¢’ have no additional

features over the ones it inherits from ¢. The motivation for this restriction is explained in Section 31.

Definition 23 (Restricted signature). A type signature (TYPES, FEATS, C) is restricted if TYPES includes
exactly the following types:

e all the types in bi_list_TYPES, as defined in Definition 22.
o A type terminal such that 1 C terminal and terminal is featureless.

o
e Every word o € WORDS is also a type in TYPES, such that terminal C «, and « is featureless. o

is an explicit type of terminal
[¢]
o A type main, such that 1. T main and main is featureless.
e A type start such that:

— main C start and
— Approp (start, INPUT syt ) = bi_list, and
— Approp (start,f) 1 for every f # INPUTg;qy¢.
e Any type t, such that:
- main C t;
. . o
— ifmain C t:

x Approp (t,INPUTy) = bi_list;

% for every F # INPUTy, if Approp (1, F) |, then Approp (t,F) = bi_list.
- ift Ctandt # main, {F | Approp (t,F) |} = {F | Approp (t’,F) |}
o No other types are allowed in TYPES.

Example 9. (Restricted typed signature). Let

main, cat, start,np, v

TYPES = T P \J bi_list_ TYPES
terminal, lamb, Rachel, Jacob, . . .

FEATS = {INPUTq, INPUT,, SUBCAT} | J bi_list_FEATS

Then the following typed signature is restricted:
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main
cat INPUT.q. bi_list
start
np
v
v_np
v_np_s
terminal
lamb
Rachel
Jacob

assuming it also includes bi_list signature as defined in Definition 22.

2.3 Restricted TFS

For the following discussion, fix a restricted type signature (TYPES, C, FEATS, Approp).
Definition 24 (main TFS). A TFS A of type t is a main TFS if main C t.
Definition 25 (Restricted TFS). A main TFS A is restricted if all its feature values are of type bi_list.

Example 10 (Restricted TFS). Given the following signature fragment:

main

counter  INPUTcoyunter: bi_list COUNT: bi_list
terminal

a

b

The following TFS is restricted:
counter

INPUT counter - <CL, b, CL>
COUNT : {(a,a,a)
2.4 Restricted lexicon

Definition 26 (Restricted lexicon). A lexicon L is restricted if for every a € WORDS, for every A €

L («), A is a restricted TFS, whose input feature contains exactly c.
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Example 11. (Restricted L (b)).
bt

b — |INPUTy : (b)
COUNT : (a)
Example 12. (Restricted L (tell)).
v_np_s

tell —
INPUT, : (tell)

2.5 Restricted rules

In this section we define restrictions over the rules of a restricted TUG. For every rule in R we require
that both the mother and the daughters be restricted TFS. In addition, we add restrictions over the feature
values of these TFS:

o First, we require that the value of the input feature of the mother be the concatenation of the
input feature values of the daughters, in the order they occur in the rule. The motivation for this
constraint is the nature of derivation in RCG: the string associated with the mother of an RCG
clause is also obtained by concatenating the strings associated with the daughters. Our input

features simulate such strings, hence the constraint.

o In addition, we require that every feature value of the daughters contain nothing but a sublist of

some feature value of the mother.

Definition 27 (Restricted rule). A set of unification rules R is restricted if for every r € R, 1 is of the

form: ) ) ) _ ) )
to tq 123
INPUTy, @ Ap - ... - Ag INPUTy, @ A INPUTy, : A
F : By — |Fl: Cf Bk Cik
| Fy, : Bng ] | Fp G, | Fy O,
such that:

e Each TFS in r is restricted.

o The value of the feature INPUTy, of the mother is the concatenation of the values of the INPUT,
features, for every i, 1 < i < k.

o Foreveryi, 1 <i <k, forevery j, 1 < j < mn;, C; is either:
— a sublist of B for some 1 <1 < n;
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— asublistof Ay - ... Ag.

Example 13. In the following restricted rule, the feature values of the mother are obtained by concate-

nating the feature values of the daughters:

bt

INPUTy; : b - — |INPUTy : (b)| |INPUTy : [1]pilis

COUNT : (a)| |COUNT :[2]bi list

bt bt

COUNT : a -

2.6 Restricted Unification Grammars

Definition 28 (Restricted typed UG). A typed unification grammar G = (R, As, L) over a type signature
(TYPES, T, FEATS, Approp) is restricted typed UG (RTUG) if:

e The type signature (TYPES, T, FEATS, Approp) is restricted (Definition 23).
o The set of rules 'R is restricted (Definition 27).

e The start symbol A is a restricted TFS of type start.

e L is restricted (Definition 26).

Definition 29 (RTULSs). If G is an RTUG, then L (G) is a restricted typed unification language (RTUL).
Let Lrrya be the class of RTUL:.

2.7 Examples of Restricted TUG

We demonstrate here two RTUG grammars, one for a formal language and one for a small fragment
of a natural language. The grammar a™b"c"] generates a formal language that is trans-context-free;
G longdist is a grammar of basic sentence structure in several natural languages, demonstrating a naive

account of verb sub-categorization and long distance dependency phenomena.

Example 14. (a™b"c") Figure 2.2 depicts an RTUG, G 4, generating the language a™b"c". The gram-
mar is inspired by the (untyped) unification grammar G, presented in Francez and Wintner (2012,
chapter 6). It has three simple main types: at, bt and ct, derived from the supertype counter. Each of
them counts the length of a string of a, b and c symbols, respectively. Counting is done in unary base, by
the feature COUNT, where a string of length n is derived by a bi_list of n a-s. We use a for counting and
not t, as in the example of Francez and Wintner (2012), because the value of COUNT must be a sublist
of the input word. The start rule has three daughters, for counting the a-s, b-s and c-s. Note that the
value of COUNT of each of the daughters must be reentrant with the value of the input feature of the first
daughter. In other words, the number of b-s and c-s must be equal to the number of a-s in the input word.

Figure 2.3 demonstrates a derivation tree for the string “aabbcc” with this grammar.
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Signature Like any restricted signature, it includes the bi_list_signature, as defined in Definition 22,

and in addition:

COUNT:bi_list

bt
b—

COUNT : (a)

main
simple
counter INPUT qoyunt-bi_list
at
bt
ct
start INPUT g4qr:Di_list
Lexicon
at
a — |INPUTcoune : (a)|
COUNT : (a)
Rules ~
start

at
INPUT ount © | L|bi_list

| COUNT :

at

INPUTcount @[ 1]
| COUNT : a -

(bt
INPUT count : b -
| COUNT : a -

ct

INPUT count : C -
| COUNT : a -

| INPUTstqrt - ’ ’

_>

bt
INPUT count : | 2|bi_list

| COUNT :

at

—  [INPUTcount : (@)

| COUNT : (a)
bt
INPUT count : (D)

| COUNT : (a)

ct

INPUT count : (C)

| COUNT : (a)

INPUTcount © (D)] ,

terminal

a
b
c

ct
¢ = |INPUTcount © (C)
COUNT : (a)
ct

INPUT count © | 3|bi_list
COUNT :
at

INPUT count © | 1|bi_list
COUNT : [ 2 |pi_list

(bt
INPUT count © | 1 |bi_list
| COUNT : 2 |pi_list

ct

INPUT count © | 1 |bi_list

| COUNT : [2pi_list

Figure 2.2: An RTUG, Gy, generating the language a"b"c"

Example 15 (Long distance dependencies). Figures 2.4, 2.5 depict an RTUG, Giongdist- The grammar
is inspired by the (untyped) unification grammar ('3, presented in Francez and Wintner (2012, chap-
ter 5), with additional rules presented in Francez and Wintner (2012, section 5.6). Giongdist reflects
basic sentence structure in a natural language such as English, and demonstrates an account of verb
sub-categorization and long distance dependency phenomena, producing sentences like “Jacob loved

Rachel” and “Laban wondered whom Jacob loved”. It has the following main types:
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start

INPUT; : {(a, a, b, b, c,c)

at bt ct
INPUT, : {(a, a) INPUT, : (b, b) INPUT, : {c, c)
COUNT : (a, a) COUNT : (a, a) COUNT : (a, a)
at at bt bt ct ct
INPUT, : {(a) INPUT. : (a) INPUT, : (b) INPUT, : (b) INPUT, : {c) INPUT, : {c)
COUNT : {(a) COUNT : {a) COUNT : (a) COUNT : (a) COUNT : (a) COUNT : (a)
a a b b C C

Figure 2.3: A derivation tree for the string “aabbcc”

e start,

e np for noun phrases,

e Vp for verb phrases,

e v for verbs with no subcategorized complement,

o v_subcat is a super type for verbs with subcategorized complement,

e v_np for verbs subcategorizing for a noun phrase complement, such as “loved”,
o v_s for verbs subcategorizing for a sentence complement, such as “wondered”,
e np, for interrogative noun phrases, such as “whom”,

e s, for sentences that start with an interrogative noun phrase, realizing a transposed constituent,

for example “whom Jacob loved.”

® vp .. for verb phrases in which a subcategorized complement is missing. vp gy, ., has an addi-

tional feature, SLASH, for the missing phrase.

® Sqash for sentences consisting of a noun phrase, followed by a slashed verb phrase. sg 451, also

has a SLASH feature for the missing element.

Figure 2.6 demonstrates a derivation tree of the string “Laban wondered whom Jacob loves” with this

grammar.
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Signature main

Lexicon

terminal
start INPUTgpqrt - bi_list Jacob
Y INPUT,, : bi_list Rachel
v_subcat INPUT, : bi_list Laban
v_np whom
Vs loves
np INPUT,, : bi_list wondered
npq INPUTy,y, : bi_list
Sq INPUT,, : bi_list
s_slash INPUTg gjush : bi_list  SLASHg : bi_list
vp INPUT,, : bi_list
vp_slash INPUTy;, siqsh : bi_list SLASH,,, : bi_list
[v_np _VJq
loves — , wondered —
[INPUT, : (loves) |INPUT,, : (wondered)
oy oy ;
Jacob — . Rachel —
|INPUT,,, : (Jacob) | INPUTy,, : (Rachel)
np np,
Laban — , whom —
|INPUTy,;, : (Laban) [INPUTy,p, : (whom,)

Figure 2.4: An RTUG, Giongdist
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Rules

start_rule :

(1)

[start np vp
_>
[INPUT, 0 ¢ [1]-]2] INPUT,,,, : [ 1 bilist) |INPUT,,, : |2 |pi_is

queue_rule :
s_slash

INPUT;_siqsh, : | 2 |pi_list

SLASHj :

Sq

np,
2 —
@) [INPUT,, :- LNPUTnP [ 1pitis

slash_rules :
[s_slash [vp_slash

np
(3) INPUT;_gtash ¢ | 1] - INPUT p_stash : | 2 |pi-list
INPUT,,,, : [ 1 |pi_list
|SLASH; :[3] | SLASH,, :

[vp_slash i
v_np
(4) INPUT p_siash © | 1 pi-list] —
INPUT,, : | 1 |pilis
| SLASH, : -
[vp_slash s_slash

v_s

(5) INPUT,p_stash | 1] - INPUT_siash : | 2 |bi_list
INPUT,s : | 1 pilist

|SLASH,, : [3] SLASH; : [ 3 |bi_list

[s_slash

vp
(6) INPUT siash : —

INPUT,, :
| SLASH; :

vp_rules :
) [vp v

7 —

( [INPUT,, : INPUT, : [ 1 pi_lis
[vp ) [v_s 1 [start

(8) -
[INPUT,,, : [ 1]-]2] [INPUT, @ [ 1|pi_list] [INPUTgsqre : |2 pi_tis
[vp i [v_s 1 [sq

9) -
[INPUT,,, :[1]- [INPUT,, : [ 1]pilist| [INPUT,, :[2 ]pilis
[vp ) [v_np 1 [ap

(10) —
[INPUT,,, :[1]- [INPUT,5 : [ 1 |pi_lis| [INPUT,, : [2]pi_lisi

Figure 2.5: An RTUG, Gopgaist (continued)
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start
INPUT; : {(Laban,wondered, whom, Jacob, loves)

np VD
INPUTyp, ¢ (Laban)| | INPUT,, : (wondered, whom, Jacob, loves)

vp Sq
INPUTy,), : (wondered) INPUT,,, : (whom, Jacob, loves)
s_slash
np,
INPUT; : (Jacob, loves)
INPUTnp : (whom)

SLASH : {whom)

vp_slash

np
INPUT, : (loves)
INPUTy,, : (Jacob)

SLASH : (whom)

v_np
INPUTys : (loves)

Laban wondered whom Jacob loves

Figure 2.6: A derivation tree of the string “Laban wondered whom Jacob loves”
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Chapter 3

Simulation of RTUG by RCG

Let Gy = (R, As, £) be an RTUG over a restricted type signature (T YPES, T, FEATS, Approp). In this
section we show how to construct an RCG G,cqy = (N, T,V, P,S) such that L (Gyy) = L (Gpreq). We
show how to simulate each rule » € R by an equivalent clause p € P, where each main TFS is mapped to
a predicate, whose name is the type of the TFS, and where the feature values are mapped to the predicate
arguments. In addition, in order to simulate unification between TFSs, P also includes a set of unification
clauses for every two types in TYPES that have a common upper bound. Also, for every rule r € R,
if the type ¢ of the mother TFS is not maximal, then for every type s that is subsumed by ¢, there is an

additional clause in P, where the name of the predicate in the head is s.

Definition 30 (RCG mapping of RTUG). Fix an RTUG G4 = (R, As, L) over a restricted type sig-
nature (TYPES, C, FEATS, Approp). The RCG mapping of Gy, denoted by TUG2RCG (Gyg), is an
RCG Greg = (N, T,V,S), such that:

o T = {t | terminal C t}.
o N = {N; | main C t}. Foreach Ny € N, ar (N) = |{f | Approp (t, f) 1}

o Let k be the maximal arity of any non-terminal Ny € N; Let d be the maximal number of daughters
inany ruler € R. Then V. ={X1,..., Xkxd}

e foreveryp € P, pis either:

— a unification clause, as defined in Definition 31 below, or

— thereis arule r € R, such that p is part of rule2clause (), as defined in Definition 32 below,

or

— there is a lexical entry | € L, such that p is part of rule2clause (1), as defined in Definition 33

below.
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3.1 Mapping of type signature to RCG clauses

The type hierarchy of the signature is mapped to unification clauses in P that simulate the unification

between every two types in TYPES that have a common upper-bound.

Definition 31 (Simulation of the type signature). Lef t;,qar € TYPES be the subtype of main with the
maximal number of appropriate features. Let [ be the number of features appropriate for ty,q.. Let
V' ={X1,..., X5} C V beaset of variables. Then, for every t1,ts € TYPES such that:

o {1 C io
o main C t
e ty and to have k < f features

the following clause is included in P:
t1 (Xla“'7Xk) — t2 (Xla"'7Xk)

Example 16. The following type hierarchy:

main
counter  INPUTcounter: bi_list COUNT. bi_list

at
bt

ct

is simulated by the following unification clauses in G4:

counter (X1,X2) — at(X1,X2)
counter (X1,X2) — bt(Xi1,Xo)
counter (X1,X2) — ct(Xy1,X2)

3.2 Mapping of UG rules to RCG clauses

We now show how UG rules are mapped to an RCG clause p, where:

e The mother of the rule is mapped to a predicate in the head of the clause.

o Every daughter of the rule is mapped to a predicate in the body of the clause.
The predicate mapping of a main TFS is as follows:

o The name of the predicate is the type of the TFS.
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e The arity of the predicate is the number of features of the TFS.
e Each feature value of the TFS is mapped to an argument of the predicate.

In addition, if the type ¢ of the mother of the rule is not maximal, then for every type s that is subsumed

by t, there is an additional clause ¢, such that:

e The mother of the rule is mapped to a predicate in the head of ¢, whose name is s instead of ¢, and

whose arguments are the same as the arguments of the predicate in the head of p.
e The body of the clause is the same as q.

Definition 32 (RCG clause mapping of a rule). Let r € R be a unification rule of the form:
AO — A1 A An

where for every i, 0 < i < n, A; is a main TFS of type t;, that has k; features. Let TAGS (1) be the
ordered set of tags in r, and let d = |TAGS (r)|. Then p € P is the RCG clause mapping of r, denoted
by rule2clause (), and is defined as follows:

o Ay is mapped to a predicate 1 in the head of p.
e Foreveryi, 1 <i<n, A; is mapped to a predicate 1); in the body of p.

Assume, without lost of generality, that TAGS (r) = {, .. ,@} Let V, = {Xy,..., X4} be an
ordered set of RCG variables.
Let A be a main TFS in v of the form:

t

F1: B
A:

Fi : By,

such that for every i, 1 < i < k, B; is a bi_list TFS. The predicate mapping of A, denoted by
tfs2pred (A), is:
tfs2pred (A) = Ny (o, ..., o),

where for every i, 1 < i <k, a; = feat2arg (B;) is an argument mapping of B;, defined as follows:
e [f B; = elist, then feat2arg (B;) = e.
e [f B; = (a), such that a is a terminal, then feat2arg (B;) = a.
o IfB; = [bi,lisa, and B; is marked with a tag | 1|, then feat2arg (B;) = X.

27



o If B; = (a) - C, such that a is a terminal and C'is a bi_list, then feat2arg (B;) = a - 0, such that
0 = fear2arg (C).

e IfB; = C'"-C, such that C' = [bi,lis% , marked with a tag |l |and C' is a bi_list, then feat2arg (B;) =
X - 6, such that § = feat2arg (C).

Let t be the type of Ag. If t is not maximal, then for every type s, such that t C s, r is mapped to an
additional clause q € P, such that:

e The head of the clause is a predicate of the form Ng (a1, ..., ar), where for every i, 1 < i <k,
«; = feat2arg (B;), and

e The body of the clause is the same as in rule2clause (r).

Example 17. The following UG rule

bt bt bt

INPUTy; : b - |1 pilist — |INPUTp : (b)| [INPUTs : [1]
COUNT : [ 2pi_list - [ 3]pi_list COUNT : COUNT :

is simulated by the following RCG clause:
bt (le, X2X3) — bt (b, XQ) bt (Xl, Xg)

Observe that:

o The INPUTy feature value of the mother is a concatenation of a terminal and some implicit bi_list,

so it is mapped to a concatenation of a terminal and a variable (bX1).

e The COUNT feature value of the mother is a concatenation of two implicit bi_list, so it is mapped

to a concatenation of two variables (X2 X 3).

e The INPUTy; feature value of the first daughter contains only one terminal, so it is mapped to an

argument that also contains the same terminal.

e The COUNT feature value of the first daughter is a sublist of the COUNT feature value of the mother,

so it is mapped to an argument that reuses the same variable as the mother’s.

o The feature values of the second daughter are both sublists of the feature values of the mother, so
they are mapped to arguments that reuse the same variables as the mother’s.
3.3 Mapping the lexicon to RCG clauses

Each lexical entry is mapped to a clause in P, where the head of the clause is the predicate mapping

of the pre-terminal, and the body of the clause is €. In addition, if the type ¢ of the pre-terminal is not
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maximal, then for every type s that is subsumed by ¢, there is an additional clause in P, where the head

of the clause is the predicate mapping of the pre-terminal, but its name is s instead of .

Definition 33 (mapping of RTUG lexicon to RCG clauses). Let a be a word in WORDS, and A € L (a),
such that A is a main TFS of the form:

t
INPUT; : (a)
A= |F1: B
Fi : By
and for every i, 1 <1 < k, B; is a bi_list.
Then A is mapped to a clause p as follows:
p=Ni(a,aq,...,01) = €,

where for every i, 1 < i < k, o; = feat2arg (B;).

Lett C s. A is also mapped to a clause q as follows:
p= Ns(a,aq,...,ax) = €,
where for every i, 1 < i <k, o; = feat2arg (B;).
Example 18. The following lexical entry

bt
b — |INPUTy : (b)

COUNT : (a)

is mapped to the following RCG clause:
bt (b,a) — €

Example 19. Let [ be following lexical entry

np
[ = sheep — ,
INPUT,,, : (sheep)

such that np E np-sg and np E np_pl. | is mapped to the following RCG clauses:

np (sheep, X1) — €
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np_sg (sheep, X1) — €

np_pl (sheep, X1) — €

3.4 Examples

We demonstrate the mapping of RTUG to equivalent RCGs on the two grammars presented in Sec-
tion 2.7.

Example 20. (a"b"c") Here is the RCG mapping of Gupe that was presented in Example 14. a™b"c"
language is very natural for RCG, and a direct implementation of an RCG grammar for it, which requires
only 3 clauses, was demonstrated in Example 1. The RCG that is produced by our mapping is slightly
more complicated. It has four non-terminals: start, which is the mapping of the type start, and at, bt
and ct, which are the mappings of the types at, bt and ct, where the first argument is the mapping of the
input feature and the second argument is the mapping of COUNT feature. We do not need a non-terminal
mapping of the supertype counter, since there is no TFSs of this type in the grammar rules. For the same

reason, there is no need in unification clauses. The clauses obtained from the rules are:

(clausel) start(XYZ) — at(X, X)bt(Y,X)ct(Z,X)
(clause2) at(aX,aY) — at(a,a)at(X,Y)
(clause3) bt(bX,aY) — bt(b,a)bt(X,Y)
(claused) ct(cX,aY) — ct(c,a)ct(X,Y)

The clauses obtained from the lexicon are:

(clauseb) at(a,a) —
(clause6) bt(b,a) — €
%

(clauseT) ct(c,a)

Compare the grammar above with the grammar of Example 1, which generates the same language.
To demonstrate the operation of the grammar, we describe below a derivation of the string aabbcc

with this grammar:

(clausel) start (aabbcc) —  at(aa,aa) bt (bb, aa) ct (cc, aa)
(clause2) at(aa,aa) — at(a,a)at(a,a)

(clauseb) at(a,a) — €

(clause3) bt (bb,ab) — bt (b,a)bt(b,a)

(clause6) bt (b,a) — €

(claused) ct(cc,aa) — ct(c,a)ct(c,a)

(clauseT) ct(c,a) — €

Example 21 (Long distance dependencies). Here is the RCG mapping of TUG2RCG (G ongdist), Pre-
sented in Example 15:
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Unification clauses

v_subcat (X)
v_subcat (X)

Lexicon clauses

— v (X)
— vap (X)

v_np (loves)

v_s (wondered)

np (Jacob)

np (Rachel)

np (Laban)

np, (whom)

Rule clauses

start_rule : (1)
queue_rules : (2)

slash_rules :

ot

~~ N /N
D =~
S— e N N

~
— N

vp_rules :
8
9

(
(
(
(10)

vp (
vp (
vp (
wp (

start (XY')

5q (XY)

X)

XY)
XY)
XY)

s_slash (XY, Z)
vp_slash (X,Y)
vp_slash (XY, Z)
s_slash (X,Y")

L4 4L L1l

1

L4l

Ll il

np (X)vp (Y)
np, (X)s-slash (Y, X)

np (X) vpslash (Y, Z)
vnp (X)

vos (X) sslash (Y, Z)
vp (X)

To demonstrate the operation of the grammar, we describe below a derivation of the string “Laban

wondered whom Jacob loves” with this grammar:

(1) start (Laban wondered whom Jacob loves)

np (Laban)
(9) vp (wondered whom Jacob loves)
v_s (wondered)
(2) sq (Whom Jacob loves)
np, (whom)
(3) s_slash (Jacob loves, whom)
np (Jacob))
(4) vp_slash (loves, whom)

v_np (loves)

A a

31

np (Laban) vp (wondered whom Jacob loves)
v_s (wondered) sq (whom Jacob loves)

np, (whom) s_slash (Jacob loves, whom)

np (Jacob) vp_slash (loves, whom)

v_np (loves)
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Chapter 4

Simulation of RCG by RTUG

In this section we define a reverse mapping that, given any RCG, yields a restricted UG whose language
is identical. Since RCG derivations start with the whole input word, and terminate with empty clauses
(e rules), the UG simulation has 2 phases: in the first phase the UG derivation scans the input word and
stores it in a TFS of type bi_list; the second phase starts with the bi_list that contains the whole input
word, and simulates the RCG derivation, step by step, where in each step, like in the RCG, the bi_list is
split to sub-lists or trimmed, until € is obtained in all of the branches of the derivation tree. Crucially, the

UG simulating an arbitrary RCG is restricted.

Definition 34 (TUG mapping of RCG). Let G,.q = (N,T,V, P, S) be an RCG. The RTUG mapping
of Grcg, denoted by RCG2TUG (Gcy), is Giug = (R, As, L), defined over a restricted type signature
(TYPES, C, FEATS, Approp), such that:

Type signature [In addition to the types that are defined for every RTUG in Definition 23, the signature
of Gug includes the following types:

o A type S’ such that:

— main C S and

— Approp (S’, INPUTg/ ) = bi_list.

S’ is used for phase 1 of the derivation to collect the input word.

o A type S” such that:

— main C S” and

— Approp (S”,INPUTg~ ) = bi_list, and

— Approp (S”, ARGgr) = bi_list.

roots the secon ase of the derivation, simulating the derivation steps of G,.,. The inpu
S” roots th dph the d t lating the d t teps of Grcg. The input
feature is added only to adhere to the restrictions of restricted type signatures, as defined in

Definition 23. During the entire derivation phase, the input feature of the TFSs is always
empty (elist).
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e For every RCG non-terminal A € N where ar (A) = k, there is a type A € TYPES, such
that:
— main C A and
— Approp (A, INPUT 4) = bi_list, and
— Approp (A, ARG 4) = bi_list, and
— foreveryi, 1 <i <k, Approp (A, ARGQ) = bi_list.
o For every RCG terminal oo € T there is a type o € TYPES such that terminal C o, and o is

featureless.

Lexicon L () = {A} ifanonly ifa € T, and A is of the form:

S s
A =
INPUTg : ()
Start symbol
start
As =
INPUTgpqrt ¢ [ 1]bi_lis
rules R includes the following rules:
o The start rule is of the form:
S »
start S’

INPUTg : elist]

%
INPUTtqrt : [ 1pi lis INPUTg : [1]
ARGgr :

o 7o collect the input word in the first phase of the derivation, R always includes the following

rules:
5 s’ s’
_>
INPUTs :[1]-[2] INPUTg : [1](terminal)| |INPUTg : [2]bi_list
o
— €
INPUTg : elist

o The second phase of the derivation is the actual simulation of G,.q derivation steps. For
this phase, for every clause p € P there is a rule v € R, such that r = clause2rule (p), as
defined in Definition 35 below.
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Definition 35 (Rules simulating of RCG clauses). Let p be a clause in P,

P=¢0 =7 ¥1-.-Pn

such that for every i, 0 < ¢ < n, g; is a predicate with non-terminal N; and arity k; of the form
Ni(af...qj,), and for every j, 1 < j < k;, o € TUV™. Thenr € R is the rule mapping of p,

denoted by r = clause2rule (p), where
T:A0—>A1...An

such that, for every i, 0 < i < n, A; is the TFS mapping of predicate ;, denoted pred2ifs (p;), and is
defined as follows: A; is a TFS of type N; with k; + 1 features of type bi_list:

N;
INPUT;, : elist

Ai = |ARGy, : Bi

ARGy, : Bj.

where for every j, 1 < j < k;, B; is a TFS of type bi_list that is the mapping of the argument oz;- as
described in Definition 36 below. If p; is the start symbol S (<), then the type of A; is S”.
If p is an € clause of the form p = Ny (au, . .., o) — €, then clause2rule (p) is the following rule:

No
INPUT p, : elist

ARGy, : B, €

_ARG;CN0 : B i

where for every i, 1 < i < k, B; is a TFS of type bi_list that is the mapping of the argument o; as
described in Definition 36.

Definition 36 (bi_list mapping of RCG arguments ). Let « € T'\JV™. Its bi_list mapping, denoted
arg2feat (o), is a TFS of type bi_list defined as follows:

o if a = ¢, then arg2feat () = elist
o ifa=a, a €T, then arg2feat (o) = (a)
e ifa =X, X, €V, then arg2feat () = [1]bi_list
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e ifa=a-8 wherea € T and § € T\JV™, then arg2feat (o) = {(a) - B, where B = arg2feat (9).

o ifa = X; -0, where X; € Vand § € T\JV", then arg2feat (o) = bi,list - B, where B =
arg2feat (6).

Example 22. (bi_list Mapping of RCG arguments) Let o = a X1 X9, such that a € T and X1,X2 €V,
then

arg2feat (o) = (a) - [ 1 |pi_list -[2]bi_list

o)
where terminal T a.

4.1 Examples
We demonstrate now an RTUG mapping of the two RCG grammars that were presented in Section 1.3

Example 23 (G ime). Here we demostrate how to map G prime grammar from Example 4 to an RTUG:

The types in TYPES are obtained from G pyime predicates, where:

o The types start, S°, S”, terminal, node and bi_list are fixed types, generated for every RTUG;
o The types A, eq, NonEmpty, Len2 and MinLen2 are mappings of G pyime non-terminals;
o The type a is a mapping of the only Gpyime terminal, a.

The complete type signature is depicted in Figure 4.1.

Since there is only one terminal in T, the lexicon has only one entry:

S’
a—
INPUTg : (a)

‘R includes the start rule and phase 1 rules, as defined in Definition 34. In addition, R includes the rule

mappings of Gprime clauses, as follows:

1. S(aa) — €
S”

INPUTg : elist] — €

ARGgr : {(a,a)

2. S(aaa) — €
S”

INPUTg : elist | — €

ARGgr : <a, a, a)
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main
start INPUTgtqrt: bi_list

S’ INPUTg/:  bi_list

S” INPUTgr: bi_list ARGgw: bi_list

A INPUT4:  bi_list ARGy ,: bilist
ARG2,,: bi_list ARGg,: bi_list
ARGy ,: bi_list

eq INPUTq:  bilist ARGy,,: bi_list ARGy, bi list

NonEmpty INPUT NonEmpty: bilist ARGy, . Empty bi_list

Len2 INPUT fen2: bi_list ARGi,,,,: bi_list

MinLen2  INPUT\finLen2: bi-list ARGi,,, ... bilist
terminal

a
node

null

ne_node CURR:terminal PREV:node NEXT:node
bi_list

elist

ne_bi_list HEAD:ne_node TAIL:ne_node

Figure 4.1: The type signature of Gprime

3. S (XaY) — A(X,XaY, X, XaY)eq (X,Y)

A

INPUT 4 : elist eq
S))

ARGy, :[1] INPUT, : elist
INPUTg : elist —

ARGy, :[1]-(a) -[2] |ARGy,, :[1]
ARG3, :[1] ARGy, :[2]
|ARG3, :[1]- {a) -[2]

ARGgr : [ 1|bi_list - (a) - [2]bi_list

4. A(aX,aY,Z,W) = A(X,Y,Z,W)

o - o -
INPUT 4 : elist INPUT 4 : elist
ARG1,, : {(a) - [1]pi_list ARGq, :
ARGy, : (a) - [2pi_list - ARGy, :[2]
ARGg,, : [3]bi_list ARGg,, :[3]
| ARGy, : [4pilist | |ARGy, :[4] |
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5. A(e,Y,Z,W) — A(Z,Y,Z,W)

A A

INPUT 4 : elist INPUT 4 : elist

ARG, : elist ARGy, :
4)

ARGy, :[2bi list ARGy, :[2]
ARGg,, :[3pi_list ARG3, :
| ARGy, :[4]pi_list |ARGy, :[4] |

6. A(X,e,aZ, W) — A(Z,W,Z,W) NonEmpty (X) MinLen2 (Z)

A i A -
INPUT 4 : elist INPUT 4 : elist| )
NonEmpty MinLen?2

ARG, :|1|bi_list ARGy, :|3

14 - . La INPUT NonEmpty : €list] |INPUT prinLens : elist
ARGo, : elist ARGy, :

B 4 ARGlNonEmpty . ARGl]\/I'LnLen2 :
ARGg,, : (a) - [3]pi_lisy ARGg,, :[3]
| ARGy, : [4pilist | |ARGy, : [4] |

7. A(X,e,Z,W) — NonEmpty (X) Len2 (Z)

A

INPUT 4 : elist
ARGy, : [ 1|bi_list
ARG, : elist
ARGg, : [3]bi_list
| ARGy, : [4pi_list

NonEmpty Len2

— |INPUT NonEmpty : elist) |INPUT ¢,2 : elist

ARGlNonE'mpty : ARGlLenQ :

8. eq(aX,aY)—eq(X,Y)

¢q ¢q
INPUTq : elist INPUTq : elist]
ARGy, : (a) -[1]bi_list ARGy, :[1]
ARGy, : (a) -bi,lisf ARGy, :[2]
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9. eq(e,e) > €

eq
INPUT,, : elist]
— €
ARGy, : elist
ARG, : elist
10. NonEmpty (aX) — €
NonEmpty
INPUT N on Empty : €list e

ARGlNonEmpty : <a‘> : bl,lls

11. Len2 (aa) — €
Len2

INPUT en2 : elist| s ¢

ARG1,, , : (a,a)

12. MinLen2 (aX) — NonEmpty (X)

MinLen2 NonEmpty

INPUT pfinLen2 : elist — |INPUT NonEmpty : elist]

ARGlMinLenQ : <a> ’ bl’lls ARGlNO’ﬂE’mPti’/ :

We demonstrate the operation of the grammar by showing the derivation of the string “aaaaa’.
Figure 4.2 shows the root of the derivation tree; Figure 4.3 depicts the tree fragment that is responsible
to collecting the input word; and Figures 4.4, 4.5 show the subtree of the second phase, the actual

simulation of Gprime.

start

INPUTg. a,a,a,a, a>

[ INPUTg : elist

INPUTg : (a,a,a,a, a
ARGgr : {(a,a,a,a,a)

Figure 4.2: The root of the derivation tree
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S/
]
INPUTg : (a,a,a,a,a)

INPUTg : (a,a,a, a)]
/ ™\

S/
[INPUTS/ : <a>]

INPUTg :

=~

Sl
[INPUTS/ {a,a,a
/ N
S’ S’
[INPUTSI : <a>] [INPUTS/ : <a,a>]
e AN

S/
[INPUTS/ : (a)]

INPUTg :

Figure 4.3: Derivation subtree showing how the input word is collected

Example 24 (Word scrambling). We demonstrate how the grammar Ggcr of Example 5 is mapped to
an RTUG. The types in TYPES are obtained from G scg predicates, where:

o The types start, S’, S”, terminal, node and bi_list are fixed types, generated for every RTUG;
o The types {N,V, h, NTVT N, Vo, NinV* VinN*} are mappings of Gscr non-terminals;
o The types ni,...,ny,v1, ...,V are mappings of Gscr terminals.

The complete type signature is depicted in Figure 4.6.

The lexicon is:

S’ S’
INPUTg : (n1) INPUTg : (ng)
S’ S’
v — cee Um —
INPUTg : (V1) INPUTg/ : (V)

‘R includes the start rule and phase 1 rules, as defined in Definition 34. In addition, R includes the rule
mappings of Gscr clauses, depicted in Figures 4.7, 4.8.
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S//
INPUT g~ : elist

ARGgr : (a,a) - (a) - (a,a)

A

INPUT 4 : elist [eq i
ARG1, : (a,a) INPUT,, : elist
ARG2, : (a,a) - (a) - (a,a) ARG, : (a,a)
ARG3, : (a,a) | ARGy, : (a,a)]
| ARGy, : (a,a) - {a) - (a, a)

A -

INPUT4 : elist [eq 1
ARG1, : (a) INPUT, : elist
ARGa, : (a) - (a) - (a,a) ARG, : (a)
ARG3, : (a,a) | ARGy, : (@) |
| ARGy, : (a,a) - (a) - (a, a)

€
o -

INPUT 4 : elist
ARG, : elist
ARGy, : (a) - (a,a)
ARGs, : (a,a)

| ARGy, : (a,a) - (a) - {a,a)

Figure 4.4: Subtree showing actual simulation of G pime (part 1)
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A
INPUT4 : elist

ARG , : elist

INPUT 4 : elist

ARG, : (a,a)
ARG2, : (a) - (a,a)
ARG3, : (a,a)
| ARGy, : {(a,a) - (a) -

A

INPUT 4 : elist

INPUT 4 : elist
ARG , : elist
ARGy, : (a)

: {a,a)

ARG3 ,

ARGy,

ARG1, : (a)
ARG2, : (a,a)
ARG3, : (a,a)
| ARGy, : (a,a) - (a) - (a,a
E

(@, a) - (a) - (@, a)

ARGy, : (a) - (a,a)

ARG3, : (a,a)

| ARGy, : {(a,a) - (a) - (a,a)
A

A -
INPUT 4 : elist
ARG , : elist
ARGy, : (a)
ARG3, : (a,a)
| ARGy, : (a,a) - (a) - (a,a)]
A -
INPUT 4 : elist

ARG1 4

ARG2 ,

ARGy,

A

ARG,

ARGs3 ,

ARGy,

NonEmpty

INPUT NonEmpty - elis

ARGlNonEmpty : <a>

o

o
ARG3, : (a,a)

o

INPUT 4 : elist

:(a)

ARG2 , : elist

: {a,a)

(@, a) - (a) - {a, a)

a,a)

a)

a, a> ’ <CL> ’ <av a>

Len2
INPUT [,ep2 : elist

ARGy, , : (a,a)

Figure 4.5: Subtree showing actual simulation of G iy (part 2)
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main

start INPUTgtqrt: bi_list
S’ INPUTg/:  bi_list
S” INPUTgr: bi_list ARGgw: bi_list
NFVT INPUTpy+: bilist ARG, : bilist ARGy, ., . : bilist
N INPUTy:  bilist  ARGy,:  bilist
1% INPUTy: bi_list  ARG,,: bi_list
h INPUT,: bi_list  ARGq,: bi_list ARGo,: bi_list
N INPUTy,:  bilist ARGy, :  bilist ARGy, :  bilist
Vs INPUTy),: bilist ARGy, : bilist ARGy, : bi_list
inVT INPUT s+ bi_list ARG :bi_list ARG : bi_list
4\2[1'11/\)/}”r INPUT?;[‘mV+'bi,list ARGlNinw'bi,list ARG2NinV+‘bi,list
inNt- Winnt 2pinN+ "
terminal
ny
ny
U1
Um
node
null
ne_node CURR:terminal PREV:node NEXT:node
bi_list
elist

ne_bi_list HEAD:ne_node

TAIL:ne_node

Figure 4.6: The type signature of Ggcr

To demonstrate the operation of the grammar, similary to Example 5, let the set of nouns be N' =

(n1,m9,n3), the set of verbs be V = (v1,v2), and the mapping between N" and V be:

h h
INPUTY}, : elist INPUTY, : elist|

— €, — €,
ARGy, : (n1) ARG, : (n2)
ARGy, : (v1) ARGy, : (v1)

h
INPUTY, : elist

ARGy, : (n3)

ARGy, :

(v2)

The derivation tree of the string nansnivivs is listed in Figures 4.9—4.11. We only demonstrate the

second phase of the derivation, since the first phase (collecting the input string) is just the same as

showed in Example 23 above.
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S/l

INPUTg : elist

| ARG : [ 1 |pilist

ez
INPUT pr+y+ : elist

AV
INPUT pr+y+ : elist

[N

INPUT, : elist

ARGy, :[1]-
ARGa,,, :

A
INPUT, : elist|
: elist

:

[N inV+ ]
INPUT pryp+ - elist
_ARGQMW+ :-

[N inV+ T
INPUT prjp+ : elist

ARGlNS

ARGQN5

ARGy . :[2]-]3]

._>

_>

Janvas
INPUT pr+y+ : elist]
ARGy, . . :[1]
ARGy, . :[1]

NTY+
INPUTpr++ : elist
ARGy, :
ARGy, ¢ :

N, Vs
INPUTy, : elist
ARGy, :[1]
ARGy, :[2][3]

N,

INPUTy, : elist|
ARGy, :[2]
ARGa,,, :[3]

N

INPUTy : elist

ARG, :[2]

1%

INPUTY, : elist

| ARGy,

INPUTy, : elist

ARGy,
ARG, :[2]-

[Nin VT

INPUT pfipp+ - elist]
ARGlNinv+ :
ARGQva+ :

h

INPUTY, : elist|
ARGy, :[1]
ARGy, :[2]

[NinV+

INPUT pfjp o+ - elist]
ARGlNi7LV+ :
ARG2NinV+ :

Figure 4.7: The rules of Ggcr (part 1)
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(10)

(11)

Vs
INPUTy, : elist
ARGy, :[1]

Vs

(12)

(14)

ARGy, :[2]-

INPUTYy, : elist|

ARGy, :

ARGy, : elist

[VinN+

INPUT A+ : elist
ARlemNJr :
ARGy, . :[2][3]
[VinN+
INPUTy;, \+ : elist

ARGlVinN+ :
ARGy, . :[2]-[3]

N

INPUT )y : elist
ARG, : (n1)
[V

INPUTY, : elist
ARGy, : (v1)
o i,
INPUTy, : elist
ARGy, : (n1)
ARGy, : (v1)

h

INPUT}, : elist
ARGy, :[2]
ARGy, :[1]

[VinN+
INPUTy;, n+ : elist]
ARGlVin/\/7L :
ARG2va+ :

N

¢ INPUTy : elist]
ARG, : (ng)
v

6 INPUTY, : elis
ARG1,, : (Up)
o -
INPUTY, : elis|

¢ ARGy, : (ng)
ARGy, : (Um)

Figure 4.8: The rules of Ggcr (part 2)
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—

VinN+ 1 [V |
INPUTy;, A+ : elist] [INPUTy, : elist|
ARGy, . :[2] ARGy, :[1]
ARGy | :[1] ARGy, :[3]

€

€




g
INPUTg : elist

ARGg : <TL2, ns,ni,vi, ’U2>

NTpt+
INPUT pr++ : elist
ARG1N+V+ : <TLQ,TL3,TL1,U1,U2>

ARG2N+V+ : <TL2, ns,ni, Vi, U2>

/e

INPUT pr+y+ : elist

N
INPUT s : elist|
ARGlN,JrvJr : <TL2,TL3,TL1,'U1,’UQ>

ARG : (n2) ARGy, .+ (ng,ma,v1,02)

6 /e

N

INPUT v : elist

INPUT pr+y+ : elist
ARG1 ., t (n2,m3,n1,01,02)

ARG1, : (n3) ARG, . ¢ (n1,v1,v0)

6 /e

N

INPUTy : elist

INPUT \r++ : elist
ARG1, , ., t(n2,n3,n1,01,02)

ARG, : <n1> ARG | . ¢ <’U1av2

| /M N

INPUT y, : elist INPUTYy, : elist
INPUTY, : elist 2
ARGlNS : <n2, ns, n1> ARG1,, <’fl2, ns, ’fl1>
ARGq,, :
v ARGQNS : <’Ul,’l)2> ARGQVS : <’l)1,'l}2>
€

Figure 4.9: Derivation tree of the string nonsnivive (part 1)
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N

INPUTy, : elist
ARGy, : (na,n3,m1)
ARGz, : (v1,v2)
[ NinV+ 1 [N 1
INPUT pryp+ : elist INPUTy, : elist
ARGy, . ¢ (na) ARGy, : (n3,n1)
ARGy . . : (v1,v2) ARGa, : (v1,v9)
[ 1 [Winv* 1 \N 1
INPUTy, : elist| |INPUT pr,p+ © elist INPUT, : elist
ARG, : (n2) ARGy .t (ns3) ARGy, : (n1)
ARGy, : (v1) ARGy . . (v1,v2) ARGa, : (v1,v2)
N
€
[ NinV+ 1[Niny* i
INPUT pfjp+ : elist] [INPUT pr;,+ : elist INPUTyy, : elist
ARGy, . :(n3) | |ARG1,, . :(n1) ARGy, : elist
ARGy . . :(v2) | |ARG,, . @ (v1,02) ARGg,; : (v1,v2)
L JL i L ‘ i
€
o - o -
INPUTY, : elist INPUTY, : elist
ARGy, : (n3) ARGy, : (n1)
ARGy, : (vg) ARGy, : (v1)
L ‘ i L ‘ i
€ €

Figure 4.10: Derivation tree of the string nonsnivivs (part 2)
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INPUTY, : elist

[(Vin N+ 1

INPUTy;, A+ : elist

ARGy, . (1)

ARGQWHNJr : <n2,n3,n1>
o, -

ARG, : (n2)

ARGy, : (v1)

L ‘ _
€

Vs

/

INPUT y, : elist
ARGy, : <n2,n3, n1>

ARGQNS

: (vg,v2)

Vs

ARGle

ARG?VS

INPUTYy, : elist

: (ng, n3, ny)

: <?}2

"

[Vin N+
INPUTy A+ © elist
ARGlVinN+ : <’U2>
ARGZWnJ\H' : <n2,n3,n1>
VinNT i
INPUTy;, A+ : elist
ARGy, . (va)
ARGy, . (ng,ny)
o .
INPUTY, : elist
ARG, : (n3)
ARGy, : (v2)
\
€

v,
INPUTy, : elist

ARles : <n2, ns, 77,1)

ARGy, : elist

€

Figure 4.11: Derivation tree of the string nonsnivivs (part 3)
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Chapter 5

A sketch of the proof

In this section we show a sketch of the proof of the main result of this work, namely that Lrryc =

Lrceg- The full proof is deferred to Appendix B.

In order to prove that Lrryc = Lrog, we first prove that Lroa € Lrrug, by proving the

correctness of RCG2TUG mapping (Definition 34), and then that Lrryg € Lrca, by proving the
correctness of TUG2RCG mapping (Definition 30). To do so, we first define an intermediate grammar,

called the instantiated grammar.

5.1 Instantiated grammar

As a technical aid, we first define, for a constrained unification grammar G, a set of instantiated gram-
mars. Each grammar in this set is designed to generate at most one word. More precisely, the instanti-
ated grammar G|, is obtained from G by restricting it to a specific word w, such that L(G|, ) = {w} if
w € L(G), and is empty otherwise. Crucially, while G, is a unification grammar, it is formally equiva-
lent to a context-free grammar. We provide the informal description below, while the formal definitions
are deferred to section B.1.

We start by defining instantiated bi_lists, TF'Ss and rules, in a similar way to instantiated predicates
and clauses (Definition 15). Given a word w € WORDS*, a list instantiation of w is a TFS of type

bi_list whose content is a substring of w (see Definition 56).

Example 25 (list instantiation). Let w = abbb and B = {(a) -[1|pi_list. IB = {(a,b,b) is a list instantia-
tion of B and w.

Given a word w € WORDS", and a main TFS A, the instantiated TFS of A and w is a maximally
specific main TFS I A, such that A C I A, and where the contents of the feature values are substrings of
w (see Definition 57).

Example 26 (Instantiated TFS). Let A be a TFS over the signature presented in Example 14, and w =
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aabb. Let
counter

A = |INPUT : [1|bi_list
COUNTER : (a) - [ 1]

The following TFS, 1 A, is an instantiated TFS of A and w:

at
IA = |INPUT : (a)

COUNTER : (a, a)

Given a word w € WORDS*, an RTUG G over S, and arule » € R, 7’ is an instantiated rule of r
and w, if r subsumes 7/, and every TFS of r’ is an instantiated TFS of w (see Definition 58).

Example 27. (Rule instantiation) Let

at at bt
7= |INPUT counter © | 1] — |INPUT counter @ | L bi_list) |INPUTcounter : |2 pilist] ,
COUNT : {(a) -[3] COUNT : (a) COUNT : |3 |pi_list

and w = aabb. The following is an instantiated rule of r and w:

at at bt
7 = [INPUT counter : (a,b,0) — [INPUTcounter : (@)| |INPUTcounter : (b, 0)|
COUNT : (a, b, b) COUNT : (a) COUNT : (b, b)

where (a) is the list instantiation of | 1], and (b, b) is the list instantiation of | 2 |and | 3 | (see the definition

of list instantiation above).

The set of all instantiated rules of G and w is the instantiated grammar of G and w, denoted by
G),, (see Definition 57). For every RTUG G and w € WORDS*, w € L (G) if and only if w € L (G|,)
(Lemmas 1 and 2, Appendix B.1).

5.2 Direction 1: Lo € Lrrua

For every RCG G, there exists an RTUG G, such that L (G) = L (Giug). Obviously, we choose
Gtug = RCG2TUG (G), and show first that L (G) € L (Gtyg), and then that L (Gy,g) € L (G). The
formal proof is detailed in Appendix B.2.

First we show (Lemmas 3 and 4) the commutativity of string instantiation and bi_list instantiation
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(Definition 56) with arg2feat (Definition 35). See the commutative diagram below:

WA = arg2feat (o)
string inst. i \L list inst.

arg2feat

— B = arg2feat (u)

Then we show (Lemmas 5 and 7) the commutativity of instantiation (of predicates, Definition 15, and of
TFSs, Definition 57) with pred2tfs (Definition 35). See the commutative diagram below:

% e G pred21tfs ()
pred. inst. \L \L TFS inst.
Y T T4 = pred2ifs (1))

Theorem 9 proves that L (G) C L (Gyug) by sowing that if w € L (G), thenw € L (Gtug\w)’ im-
plies that w € L (Gyyg). Theorem 11 proves that L (Gyug) C L (G) by sowing that if w € L <Gtu9|w)’
then w € L (G). Recall that w € L (Gtug‘w) if and only if w € L (Gyg).

5.3 Direction 2: Lrric € Lrca

Conversely, for every RTUG G, there exists an RCG G/.¢g, such that L (G) = L (Gyg). In a similar
way to Direction 1 of the proof, we will choose G,.q = TUG2RCG (G), as defined in Definition 30,
and show first that L (G) C L (G¢g), and then that L (Gyy) € L (G). The formal proof is detailed in
Appendix B.3.

First, we define a hierarchy over non-terminals and predicates of RCG that is equivalent to the
hierarchy over types and TFSs of RTUG: In general, given an RTUG G over a signature S, and an RCG
Greqg = TUG2RCG (G), we say that the non-terminal N; € N subsumes the non-terminal N, € N,
if the type ¢ subsumes the type s in .S (see Definition 60). We say that a predicate ¢ subsumes the
predicate 1), if the non-terminal of ¢ subsumes the non-terminal of ¢, and every argument of ¢ is a
string instantiation of the corresponding argument of ¢ (see Definition 61). A predicate that is subsumed

by no other predicate is called a maximum predicate.

Example 28. Consider Giongdist and TUG2RCG (Gongaist) of Example 15:
e v_subcat (X) subsumes v_np (loves), because v_subcat C v_np;
e v_np is a maximum type and v_np (loves) is a maximum predicate.

Lemmas 14 and 15 show that string instantiation and bi_list instantiation (Definition 56) commute
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with feat2arg (Definition 32). See the commutative diagram below:
B ™% & = fear2arg (B)
listinst. J string inst.
C " p = fear2arg (C)

Lemma 16 deals with the commutativity of instantiation and the mapping between TFSs and predicates.
Unlike the previous direction, in a general RTUG a TFS A and its instantiated TFS I A can be of different
types. In this case, we cannot claim that ¢fs2pred (I A) is an instantiated predicate of #fs2pred (A), since
they may have different non-terminals. What we can claim, however, is that #fs2pred (A) subsumes

tfs2pred (1 A), as defined in Definition 61. See the commutative diagram below:
A " o = ifs2pred (A)
TFS inst. | J subsumes
TA "™ ) = tfs2pred (IA)

Example 29. Consider the following fragment of the signature of Gongdist, repeated from Example 15:

Signature

main
v_subcat INPUT,,.bi_list
v_np

Vs

Consider further the TFS
v_subcat

A p—
INPUT,s : [ 1 pi_list

Let w = loves, so the instantiated TFS of A and w is:

v_np
1A =
INPUT,; : (loves)
ifs2pred (A) = ¢ = wsubcat(X), X eV

tfs2pred (IA) = ¢ = wv.np(loves)

Clearly, 1) is not an instantiated predicate of . However, given the unification clauses of the grammar
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TUG2RCG (Giongaist)-
v_subcat (X) — vonp (X)
vsubcat (X) — vos(X)

we can see that v_subcat subsumes v_np and p subsumes 1.

Lemma 19 proves that if #fs2pred (A) subsumes #fs2pred (B), then A C B. See the commutative

diagram below:
4 © = tfs2pred (A)

c | J subsumes

B "™ 4 = fs2pred (B)

In Theorem 18 we prove that L (G) € L (Gyeg) by showing that if w € L (G|, ), then w € L (Gy¢y).
Recall that w € L (G),) if and only if w € L (G). In Theorem 21 we prove that L (Gycy) C L (G) by
showing that if w € L (Grcg‘w), thenw € L (G).
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Chapter 6

Conclusions

The main contribution of this work is the definition of a restricted version of typed unification grammars,
RTUG, which is polynomially-parsable. Furthermore, RTUG generates exactly the class of languages
recognizable in deterministic polynomial time. We prove this result by showing a conversion algorithm
between RTUG and Range Concatenation Grammar (RCG), a grammatical formalism that generates
exactly the class of polynomially recognizable languages. In this work we also demonstrate RTUGs that
generate formal languages, a™b"c" and a?"™¢, and RTUGs that describe natural languages phenomena,
long distance dependencies and word scrambling.

But still, RTUG is a highly restricted UG, allowing features of a single type only, bi-directional lists
of terminals. This fact makes the development of grammars in this formalism rather difficult. Comparing
RTUG to other highly restricted versions of UG, One-reentrant unification grammars and PLPATR
(see details in Section 1.2), RTUG rules and feature structures are very limited in the type of values
their features are allowed to take. At the same time, RTUG imposes no constraints on grammar rule
reentrancies. One-reentrant UG and PLPATR, on the other hand, do not limit the values of the features,
while reentrancy is extremely limited. Both formalisms generate classes of languages that are strictly
included in the class of polynomially recognizable languages (TAL and LCFRS). A possible extension
of this work would therefore be a new formalism combining the benefits of RTUG and one-reentrant UG
or PLPATR. In this combined formalism feature structures will allow features of type bi-directional lists
of terminal, in which reentrancy is not limited, along with other features, with unlimited values, where
reentrancy is limited, according to the constraints of one-reentrant UG or PLPATR. Such a combined
formalism will facilitate the design of natural grammars, allowing simple implementation of linguistic
phenomena like agreement, while at the same time, will add nothing to the expressivity of RTUG, thereby

generating exactly the class of polynomially recognizable languages.
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Appendix A

Representing bidirectional lists with TFSs

RCG arguments are strings of terminals and variables, where in each derivation step, these strings are
being split or concatenated. In order to manipulate strings and substrings thereof with UG, we define an

infrastructure for handling bi-directional lists with TFSs. This infrastructure includes:
e bi_list nodes which are TFSs with three features:

— CURR which includes the actual value of the node;
— PREV which points to the previous node in the list;

— NEXT which points to the next node in the list.
o bi_list TFSs that represent bi-directional lists and have two features:

— HEAD which points to the first node of the list;

— TAIL which points to the last node of the list.
Definition 37 (Bi_list type). The type node is defined as follows:
o | I% node, and node is featureless;
e node I% null, and null is featureless;
e node I% ne_node, and.:

— Approp (ne_node, CURR) = terminal;

(
— Approp (ne_node, PREV) = node;
— Approp (ne_node, NEXT) = node;
— Approp (ne_node, f) 1, for every f ¢ {CURR,PREV,NEXT}
The type bi_list is defined as follows:

o
o | [ bi list, and bi_list is featureless,
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(0]
e bi_list T elist, and elist is featureless;
. . o . .
e bi_list C ne_bi_list, and.:

— Approp (ne_bi_list, HEAD) = ne_node;
— Approp (ne_bi_list, TAIL) = ne_node;

— Approp (ne_bi list, f) 1, for every f ¢ {HEAD, TAIL}

A.1 Restrictions over node TFSs and bi_list TFSs

In the following, we define restriction over node TFSs and bi_list TESs, such that list operations like

concatenation and sublist can be defined.

Definition 38 (Node TFS). A node TFS is a TFS whose type subsumes node. A TFS of type node is
called an implicit node, and a TF'S of type null or ne_node is called a non-implicit node.

Definition 39 (Bi_list TFS). A bi_list TF'S is a TFS whose type subsumes bi_list.

In a non-implicit node, the value of the feature PREV must point to the previous node in the list, and

the value of the feature NEXT must point to the next node in the list.

Definition 40 (Valid prev-node). Let A be a non-implicit node TFS. The TFS B is a valid prev-node of
A if either:

e B is an implicit node, or
o B = null, or
e B is a non-implicit node, in which:

— the value of NEXT is A, and

— the value of PREV is a valid prev-node of B.

Definition 41 (Valid next-node). Let A be a non-implicit node TFS. The TFS B is a valid next-node of
A if either:

e B is an implicit node, or
o B = null, or
e B is a non-implicit node, in which:

— the value of PREV is A, and,

— the value of NEXT is a valid next-node of B.

Definition 42 (Valid node). a node TFS A is a valid node if either:
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e A is an implicit node, or

o A =null, or

e A is a non-implicit node, in which:
— the value of the feature PREV is a valid prev-node of A, and,
— the value of the feature NEXT is a valid next-node of A

Example 30. (valid nodes) Let terminal C a and terminal T b. The following TFS is a valid node:

ne_node
CURR : a

PREV : node

ne_node

CURR : b

PREV :

NEXT : null]

NEXT :

Observe that:
e The PREV value of has an implicit node,

o The NEXT value of | 1| has a non-implicit node whose PREV value points back to .

The following TFS is not a valid node:

ne_node
CURR : a

PREV : node

ne_node

CURR : b

PREV : node

NEXT : null

NEXT :

Observe that the NEXT value of | 1| has a non-implicit node whose PREV value points to a node other

than .

Definition 43 (Valid bi_list TES). A TFS A is a valid bi_list TFS if either:

o A = elist, or

61



o A is of type ne_bi_list where:

— the value of HEADIs a valid node whose PREV value is null.

— the value of TAIL is a valid node whose NEXT value is null.

Example 31. (Valid bi_list TFS) Let t1, to be types in TYPES, such that terminal C t, and terminal C t,.
The following TFS is a valid bi_list TFS:

[ ne_bi_list
[ne_node 1
CURR : t1
PREV : null
HEAD : _neﬂode |
CURR : 19
NEXT :
PREV :
i | NEXT : nul{ |

| TAIL :

A.2 Explicit bi _lists

In the following we define k-head-explicit (k-tail-explicit) bi_list, which is a bi_list whose first (last) k

members are explicitly defined. This is useful for defining several operations on bi _lists.
Definition 44 (k-head-explicit node). k-head-explicit node is defined recursively as follows:
o A valid non-implicit node A is a 1-head-explicit node if its NEXT value is an implicit node.

e A valid non-implicit node A is a k-head-explicit node if its NEXT value is a (k-1)-head-explicit

node.
Definition 45 (k-tail-explicit node). k-tail-explicit node is defined recursively as follows:
o A valid non-implicit node A is a I-tail-explicit node if its PREV value is an implicit node.
e A valid non-implicit node A is a k-tail-explicit node if its PREV value is a (k-1)-tail-explicit node.

Definition 46 (k-head-explicit bi_list). A bi_list TFS A is a k-head-explicit bi_list if A is of type ne_bi_list,
and its HEAD value is a k-head-explicit node.

Definition 47 (k-tail-explicit bi_list). A bi_list TFS A is a k-tail-explicit bi_list if A is of type ne_bi_list,

and its TAIL value is a k-tail-explicit node.
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Definition 48 (The i-node). Let A be a k-head-explicit bi_list, such that k > 1.
o the 1-node of A is the value of HEAD feature of A.
e foreveryi, 2 < i < k, the i-node of A is the value of the NEXT feature of the (i — 1)-node of A.
Explicit bi_list is a bi_list which all of its members are explicit nodes.
Definition 49 (Explicit bi_list). A bi_list TFS A is an explicit bi_list if:
o A = elist, or

o A is a k-head-explicit bi_list for some k < 1, such that the feature value of TAIL is the k-node of
A. We say that k is the length of A.

Definition 50 (The i-element). Let A be a k-head-explicit bi_list. For every i, 1 < i < k, the i-element
of A is the value of the CURR feature of the i-node of A (which is a terminal).

In the following, we sometimes use list notation ({. . .)) to describe TFSs of type bi_list.

Definition 51 (list notation). Let A be an explicit bi_list TFS, with length k > 1. Then A can be denoted
as follows:

A={(C1,...,Cg)
where, for every i, 1 < i < k, C; is the i-element of A.

Example 32 (list notation of a bi_list). Let A be a bi_list TFS, such that terminal C a, and terminal C b:

[ne_bi_list

[ne_node 1

CURR : a

PREV : null
[ne_node 1
CURR : b

A = |HEAD :[1] -
NEXT : ne_node |
CURR : b

NEXT : _—

i i | NEXT : nul{ i

| TAIL :

then:
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the length of A is 3;

the 1-node of A is the 2-node is | 2 | and the 3-node is ,'

the 1-element of A is a, the 2-element is b and the 3-element is b;

the list notation of A is (a,b,b);

A.3 Bi list operations

In the following we define several operations on bi_list TFSs.

Definition 52 (pop_head). Let A and B be two bi_list TFSs, such that the length of Ais k > 1. B =
pop_head (A) if:

o ifk=1:
ne_bi_list

A= |HEAD : node

TAIL :

then
B = elist

o ifk>2 )

ne_bi_list

[ ne_node
CURR : t1
PREV : null

A = |HEAD : ne_node

CURR : to

PREV :
NEXT : node

NEXT :

| TAIL : node
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where terminal C t1 and terminal C to, then

ne_bi_list
ne_node
CURR : 19
B = |HEAD :
PREV : null
NEXT : node

TAIL : 3 Jnode

Definition 53 (concatenation of bi_lists). Let Ay and Ao be two bi_list TFSs, with length ki and ko,
respectively. A TFS bi_list A is a concatenation of A1 and As, denoted by A = A; - Ao, if:

o if Ay = elist, then A = Ay;
o if Ay = elist, then A = Ay;

o if Ay # elist and As # elist, we assume, without loss of generality, that the reentrancy tags of A1
and As are disjoint. Then A is a bi_list of t of length k = k1 + ks such that:
— foreveryi, 1 <i < ky — 1, the i-node of A is the i-node of A;.
— the ky-node of A is the k1-node of A1, whose NEXT feature points to the 1-node of As.
— the k1 + 1-node of A is the 1-node of Aa, whose PREV feature points to the ki-node of A;.
— forevery j, 2 < j < ko, the k1 + j-node of A is the j-node of As.

Example 33. (concatenation of bi_list TFSs). Let terminal,a,b € TYPES, such that terminal C a and
terminal C b, Let Ay and Ay be two TFSs of type ne_bi_list as follows:

ne_bi_list
ne_node _ _
ne_bi_list
CURR : a _ i
ne_node
PREV : null
_ - CURR : a
Ay = |HEAD : ne_node Az = |HEAD:
PREV : null
CURR : b
NEXT : NEXT : null
PREV : - :
TAIL :
NEXT : null - -
TAIL :

65



Then A = Aq - Ay is:

[ne_bi list
[ne_node ]
CURR : a
PREV : null
ne_node
CURR : b
A = |HEAD :
PREV :
NEXT : ne_node
CURR : a
NEXT :
PREV : null
NEXT : null] ]
| TAIL : |

Definition 54 (sublist). Let A and B be two bi_list TFSs. B is a sublist of A, if there exist two bi_list
TFESs, C and D, suchthat A=C - B - D.

Example 34. (list notation and sublists of a bi_list) Let A be a TF'S of type bi_list:

[bi list
[ ne_node |
CURR : a
PREV : null
HEAD : -neﬂode ]
CURR : b
A= NEXT : [ 2] xey 1]
I NEXT : [3]]
_I’l€J’lOd€ |
CURR : b
TAIL : -
i | NEXT : nul{ ]
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then the list notation of A is A = (a, b, b) and the sublists of A (in list notation) are:

(a,b,b) ,{a,b) ,(b,b) ,{a) ,(b),elist.
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Appendix B

Proofs of the main results

This section proves that the class of RTULs , Lrr7¢g, is equivalent to the class RCLs, L. First we
prove that Lrog € Lrrug (Section B.2), and then that Lrryg € Lrog (Section B.3). To do so,
we first define an instantiated grammar, G o> OVEr an RTUG @ and a word w, such that w € L (G ‘w)
if and only if w € L (G). We use instantiated grammars as intermediate grammars, to show that for a
given RTUG G and a given word w , there is an RCG G g, such that w € L (Ggreg) if and only if
w € L (G),), hence, w € L (G), and vice versa.

B.1 Instantiated grammar

We start by defining instantiated TFSs and rules, in a similar way to instantiated predicates and clauses
(Definition 15). Given a restricted signature S and a string w € WORDS”, an instantiated TFS of w is a
maximally specific TFS over .S, such that the content of every feature value of type bi_list is a substring
of w (see the definition of bi_list content below). Given a word w € WORDS, an RTUG G over S, and a
rule 7 € R, ' is an instantiated rule of r and w, if r subsumes 7/, and every TFS of 7’ is an instantiated
TFS of w. The set of all instantiated rules of G and w is the instantiated grammar of G and w, denoted
by G|,

Definition 55 (bi_list content). Let B be an explicit bi_list of length k (see Definition 49 in Appendix A).
The content of B is w = a; ...ax, and B is the list representation of w, if for every i, 1 < ¢ < k, the

i-element of B is a;. If the content of B is w, we write B = [w].
Example 35. (The content of bi_list) The content of {a, a,b,b) is aabb, and is written [aabb).

Definition 56 (list instantiation). Let B be a TF'S of type bi_list and w € WORDS"*. IB is a list instanti-
ation of B and w if:

e [ B is an explicit bi_list of type bi_list,
e BL IB,

e the content of I B is a substring of w.
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Example 36 (list instantiation). Let w = abbb and B = (a) -[1|bi_list. IB = {(a, b, b) is a list instantia-
tion of B and w.

Given a word w € WORDS*, and a main TFS A, the instantiated TFS of A and w is a maximally
specific main TFS I A, such that A C I A, and where the contents of the feature values are substrings of

w.

Definition 57 (Instantiated TFS). Let A be a main TFS over a restricted signature S and w € WORDS™.
A main TFS I A is an instantiated TFS of A and w if:

e AL JTA
e [ A is maximally specific.
e For every feature f of A, the value of the feature f of I A is a list instantiation of B and w.

Example 37 (Instantiated TFS). Let A be a TFS over the signature presented in Example 14, and w =
aabb.

counter
A = |INPUT : [ 1]pi_list
COUNTER : (a) - [ 1]
The following TFS I A is an instantiated TFS of A and w:
at
A = |INPUT : (a)

COUNTER : (a, a)

Definition 58 (Instantiated rule). Let G be an RTUG over a restricted signature S, w € WORDS", and
reR,r=A0— Ay...Am. The ruler’ = [Ay — I Ay ...IA,, is an instantiated rule of r and w if:

e 1’ is a restricted rule, as defined in Definition 27,
e foreveryi, 0 < i <m, IA; is an instantiated TFS of A; and w,

o If two bi_lists of r, B' and B? are marked with the same tag then the corresponding list

instantiation of B* and B? in r', I B* and 1 B? respectively, have the same content.
e 7’ has no reentrancy tags.

Instantiated rules include only instantiated TFSs. Instantiated TFS are maximally specific (they sub-
sume no TES but themselves). This renders unification with such TFSs no more than identity check.
Since unification is trivial, there is no distinction between type and token identity; in other words, reen-

trancies can be ignored.

70



Example 38. (Rule instantiation) Let

at at bt
7= |INPUT counter © | 1] — |INPUT counter © | L pi_list) |INPUTcounter : |2 pilist] ,
COUNT : (a) -[3] COUNT : {a) COUNT : [ 3pi_list

and w = aabb. The following is an instantiated rule of r and w:

at at bt
" = | INPUT counter : (a,b,b)) — [INPUTcounter : (@)| |INPUTcounter : (b,0)| »
COUNT : {(a, b, b) COUNT : (a) COUNT : (b, b)

where (a) is the list instantiation of | 1, and (b, b) is the list instantiation of | 2 |and | 3| (see the definition

of list instantiation above).

Definition 59 (Instantiated grammar). Let G = (R, As, L) be an RTUG and w € WORDS™. G|, =
(Ry,» As|,» Ly, ) is The instantiated grammar of G and w if:

o' ¢ R, if and only if r’ is an instantiated rule of some rule r € R and w;

S
L4 As|w = ;
INPUTg : [w]
o IA € L, (u)ifand only if u € WORDS is a substring of w, and 1 A is an instantiated TFS of A
and w, for some A € L (u).

Observe that for a given word w € WORDS™ and a given rule r € R, there can be many instantiated
rules of 7 and w. All of them are in R, .

By definition of instantiated rules (Definition 58), they have no reentrancies, hence G|, has no reen-
trancies. Feinstein and Wintner (2008) show that UG without reentrancies is equivalent to a context-free
grammar. Therefore, G o is a context-free grammar (CFG).

Note that the fact that G|, is a CFG does not suggest that G itself is also a CFG. G| is created by
instantiation of G to exactly one word, w. As we show in Lemma 2, the language of G|, includes only

w, if w is included in L (G), and is empty otherwise.

Lemma 1. Let G be an RTUG, w € WORDS* and A a main TFS. Let u be a substring of w and k > 0.
A :k>G w if and only if there is an instantiated TF'S of A and w, I A, such that I A :*>G|w u, and the value

of the input feature of I A is a list representation of w.
Proof. Direction 1: By induction on the length of the derivation path k:

Base: If k = 1, A = u, then u € WORDS and A € L (u). By the definition of restricted
lexicons, the value of the input feature of A is u, hence the value of the input feature of every
instantiated TFS of A is u.
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Step: Assume that the lemma holds for every d < k. We now prove the lemma for k£ + 1: If
A k;r>1(; u, then by definition of TUG derivation, there is a rule r € R:

A— A .. An,m>1,
such that
Ar o A R

By definition of TUG derivation, for every ¢, 1 <4 < m, there exist u; and d;, such that:
d,
Ai éG Ug,

where d; < kand u = uj - ... - upy,. By the induction hypothesis, for every 7, 1 < ¢ < m,
there is an instantiated TFS of A; and w, I A;, such that I A; :*>G|w u;, and the value of the
input feature of I A; is a list representation of u;. Then, by definition of rule instantiation,

there is an instantiated rule of r and w:
IA—TA,... 1A,

such that I A is an instantiated TFS of A and w. Hence, by the definition of TUG derivation,
IA :*>G\w uy - ... Uy = u. By definition of restricted rules, the value of the input feature
of the mother is a concatenation of the input feature of the daughters, hence the value of the

input feature of I A is the list representation of uy - ... - Uy, = u.
Direction 2: By induction on the length of the derivation path k:

Base: If k = 1, /A =¢, u,thenu € WORDS and [A € L, (u). By the definition of Lg, .
IAeL, (u) if there is a main TFS A, such that, I A is an instantiated TFS of A and w, and
A € L (u). Hence, A =¢ u.

Step: Assume that the lemma holds for every d < k. We now prove the lemma for k£ + 1: If
IA k§>1(;|w u, then by definition of TUG derivation, there is a rule 7’ € R:

TA 5 TA, .. . TA,,m>1,

such that

IA; ... TA, 25 u.

By definition of TUG derivation, for every i, 1 < ¢ < m, there exist u; and d;, such that:

14; %,

lw Uq,

where d; < k, and v = uy - ... - u,,. By the induction hypothesis, for every ¢, 1 < ¢ < m,
there is a main TFS of A;, such that I A; is an instantiated TFS of A; and w, and 4; =¢ u;.
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By definition of rule instantiation, there is a rule r and w:
!/ !/
A— A ... A,

such that 7 A is an instantiated TFS of A and w, and for every i, 1 < i < m, [A; is
an instantiated TFS of A} and w. Note that for every ¢, 1 < i < m, A; and A} can be
different TFSs, but they both subsume 7 A;, hence, they are unifiable. By definition of TUG
derivation, if A; :*>G u;, then A/ :*>G u;. Hence, by the definition of TUG derivation,
AScug ... Uy = .

Lemma 2. Let G be an RTUG and w € WORDS*. w € L (G) if and only if w € L (G‘w)

Proof. Direction 1: Assume w € L (G), hence A, = w. From Lemma 1, there is an instantiated TFS
of Ag and w, I A, such that J A, :*>G|w w, and the content of the input feature of I A, is w. By
definition of instantiated grammars (Definition 59), the start symbol of G o is an instantiated TFS
of A5 whose input feature content is w. Hence, I A is the start symbol of G|, , and by definition

of context-free language, if 1 A, :*>G|w w,we L(G,).

Direction 2: Assume w € L (G ‘w), hence there is a derivation path from the start symbol of G o> TA,
to w. By definition of instantiated grammars /A, is an instantiated TFS of A; and w. From
Lemma 1, T A, :*>G\w w only if there is a TFS A, such that I A, is an instantiated TFS of A and
w, and A = w. By definition of TUG derivation, since A and A, have a common upper bound
IA,, Ay = w. Hence, by definition of the language of TUG, w € L (G).

O]

B.2 Direction 1: Lpcc C Lrrua

This section proves that for every RCG G4, there exists an RTUG Glyg, such that L (Greg) = L (Giug)-

Obviously, we choose G,y = RCG2TUG (G¢g4), and show that their languages coincide. For the
following discussion fix an RCG G = (N, T,V, P, S), and let RCG2TUG (G) = Gy = (R, As, L),
defined over the signature (TYPES, C, FEATS, Approp, WORDS).

B2.1 L(G)C L(Gyy)

We prove that L (G) C L(G)

tug DY showing that if w € L (G), then w € L (Gtug|w)- We already

proved in Lemma 2 that w € L (Gtug‘w) implies w € L (Giyg)-

The following two lemmas claim that string instantiation and bi_list instantiation (Definition 56))
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commute with arg2feat (Definition 35). See the commutative diagram below:

WA = arg2feat (o)
string inst. i \L list inst.

arg2feat

— B = arg2feat (u)

Example 39. Let w = abed, « = aXc, X € V and u = abc. Observe that u is a string instantiation of

«, where the terminal b is assigned to the variable X.

[ne_bi_list

ne_node

CURR : a
HEAD :

PREV : elist

A = arg2feat (o) = NEXT : [1]pi_list

ne_node

CURR : ¢

PREV :

NEXT : elist|

TAIL :

[ne_bi_list
[ne_node

CURR : a

PREV : elist

HEAD : _nejzode |
CURR : b
PREV :
[ NEXT : _

B = arg2feat (u) = NEXT :

ne_node

CURR : ¢

PREV :

NEXT : elist

TAIL :
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Observe that B is a list instantiation of A and w, since we can write A = (a) - D - (c), D is a bi_list TFS,
and B = (a) - (b) - ().

Lemma 3. Let w € T* u be a substring of w, and o € {TUV}". Let A = arg2feat (), and

B = arg2feat (u). If u is a string instantiation of «, then B is a list instantiation of A and w.
Proof. By induction on the length of a:

Base: o If a = ¢, then, by definition of string instantiation, © = €. By definition of arg2feat ,

A = elist, and also B = elist. Hence, B is a list instantiation of A and w.

e If @« = a € T, then, by definition of string instantiation, v = a. By definition of arg2feat,

A = (a) = B. Hence, B is a list instantiation of A and w.

o If « = X € V then, by definition of string instantiation, any substring of w is a string
instantiation of w, and in particular u. By definition of arg2feat, A = bi_list, and B = [u].
By definition of list instantiation, any explicit bi_list whose content is a substring of w is a

list instantiation of A, in particular B.

Step: Assume that the lemma holds for every a whose length < k. We now prove it for « of length
k+ 1:

e Ifao =a-f,suchthata € Tand g € {T'U V}* is of length k, then, by definition of arg2feat,
A = (a) - D, such that D = arg2feat (/3). By definition of predicate instantiation, v = a - d,
such that ¢ is a string instantiation of 5. By definition of arg2feat, B = (a) - E, such that F is
an explicit bi_list whose content is d. From the induction hypothesis, F is a list instantiation
of D, and so B is a list instantiation of A and w.

eIfa =X p3,suchthat X € Vand § € {TU V}* is oflength k, then, by definition of
arg2feat, A = H - D, such that H is an implicit bi_list and D = arg2feat (). By definition
of string instantiation, v = a - §, such that a € T and ¢ is a string instantiation of 5. By
definition of arg2feat, B = (a) - E, such that E is an explicit bi_list whose content is §. From
the induction hypothesis, F is a list instantiation of D. By definition of list instantiation, (a)

is a list instantiation of F, and so, B is a list instantiation of A and w.
O

Lemma 4. Let w € T*, u be a substring of w, and o € {TUV}". Let A = arg2feat (), and

B = arg2feat (u). If B is a list instantiation of A and w, then u is a string instantiation of c.
Proof. By induction on the length of a:

Base: o If @ = ¢, then, by definition of arg2feat, A = elist. By definition of list instantiation,

B = A = elist. By definition of arg2feat, u = €. Hence, w is a string instantiation of a.

e If « = a € T, then, by definition of arg2feat, A = (a). By definition of list instantiation,

B = A = (a). By definition of arg2feat, u = a. Hence, u is a string instantiation of «.
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e If &« = X € V then, then, by definition of arg2feat, A = bi_list. By definition of list
instantiation, B can be any explicit bi_list whose content is a substring of w. By definition
of arg2feat, u is the content of B, hence u is a substring of w, and by definition of string

instantiation, any substring of w, and in particular w, is a string instantiation of «.

Step: Assume that the lemma holds for every o whose length < k. We now prove it for « of length
k+1:

e Ifa=a-B3,suchthata € T and 8 € {T U V'}" is of length k, then, by definition of arg2feat,
A = (a) - D, such that D = arg2feat (). By definition of list instantiation, B = (a) - E,
such that F is a list instantiation of D. By definition of arg2feat, u = a - §, such that ¢ is the
content of F, and a substring of w. From the induction hypothesis, ¢ is a string instantiation

of 3, and so w is a string instantiation of «.

o Ifa =X 3 suchthat X € V and 8 € {T UV }" is of length k, then, by definition of
arg2feat, A = H - D, such that H is an implicit bi_list and D = arg2feat (f). By definition
of list instantiation, B = (a) - F, such that F is a list instantiation of D. By definition of
arg2feat,u = a - 6, such that ¢ € T and 0 is the content of F, and a substring of w. From the
induction hypothesis, J is a string instantiation of 5. By definition of string instantiation, any
substring of w, and in particular a, is a string instantiation of X and w. Hence u is a string

instantiation of «.
O

The following two lemmas claim that instantiation (of predicates, Definition 15, and of TFSs, Defi-

nition 57) commutes with pred2tfs (Definition 35).See the commutative diagram below:

o ™A = pred21tfs (o)
pred. inst. i i TFS inst.
Y T T4 = pred2tfs (1)

The following lemma claims that given w € T* and a predicate ¢, if ¢ is a predicate instantiation of ¢
and w, then pred2tfs (1) is a TFS instantiation of pred2tfs (¢) and w.

Example 40. Let w = abac, and ¢ = N (XY, aZ) be a predicate such that X,Y,Z € V. An instanti-
ated predicate of p and w is ) = N (ab, ac). The TFS A is pred2tfs (¢):

N

INPUTy : elist

ARG : [1|bi_list - [2]bi_list ‘
ARGy : (a) - [3]pi_list
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The TFS I A is pred2tfs (1):

N

INPUT : elist]
IA =

ARG : (a,b)

ARGy : {(a,c)

Clearly, I A is an instantiated TFS of A and w.

Lemma 5. Let w € T*. For every predicate o = N (a1, ..., qp), such that for every i, 1 < i < h,
a; € {T' UV}, and for every instantiated predicate 1) = N (p1,...,pn) € IPgw, IA = pred2ifs (1)
is an instantiated TFS of A = pred2tfs () and w.

Proof. By Definition 35, pred2tfs () is of the form:

N
INPUT : elist]

ARG : By

ARGy, : By,

where for every i, 1 <1i < h, B; = arg2feat (c;). pred2tfs (1) is of the form:

N

INPUTy : elis]

1A = ARG : Cy

ARGy, : O,

where for every i, 1 < i < h, C; = arg2feat (p;). By Definition 36, each C; is an explicit bi_list whose
content is p;. By definition of string instantiation (Definition 15) p; is a substring of w. From Lemma 3
for every i, 1 <14 < h, C; is a list instantiation of B;. Hence, I A is an instantiated TFS of A and w. O

In a similar way to Lemma 5, The following lemma claims that instantiation and of TFSs commutes
with pred2tfs, but in the other direction: Given w € 7™ and a main TFS A, if ¢ is a predicate such
that A = pred2tfs (p), and I A is a TFS instantiation of A and w, and if v is a predicate such that
I A = pred2tfs (1), then 1 is a predicate instantiation of ¢ and w.
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Example 41. Let w = abac, and A be a main TFS:

t

INPUT; : elist

ARGy : [1pi_list - [2pi_list '
ARGy : (a) - [3]pi_list

I A is an instantiated TFS of A and w:

t

INPUT, : elis]
TA =
ARG : {(a,b)

ARGy : (a,c)

¢ = t(XY,aZ) is a predicate such that A = pred2tfs (). ¥ = t(ab,ac) is a predicate such that
T A = pred2tfs (). Clearly 1 is an instantiated predicate of ¢ and w.

Lemma 6. Let w € T*. For every main TFS A, and for every instantiated TFS of A and w, I A, if pis a
predicate such that A = pred2tfs (), and 1) is a predicate such that I A = pred2tfs (1), then ) € 1Pg ,,

is an instantiated predicate of .

Proof. If A is of the form:

t

INPUT; : elist]

A= ARGy : By ’
ARGy, : By,
then, from Definition 57, I A is of the form:
_t _

INPUT; : elist]

1A= ARGy : IBy |

ARGy, : IBy,

where for every i, 1 < ¢ < h, I B; is a list instantiation of B; and its content is u;, a substring of w. By
the definition of pred2tfs, Definition 35:

o=t(a,...ap),
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where for every i, 1 <1i < h, B; = arg2feat (c;), and

@b:t(le--Ph)u

where for every i, 1 < ¢ < h, p; is the content of /B; and, by definition of list instantiation, it is a
substring of w. From Lemma 4, for every ¢, 1 < i < h, p; is a string instantiation of «;. Hence, 1 is an

instantiated predicate of . O

Lemma 7. Let w € T*. For every instantiated predicate 1) € 1Pg , if :k>G7w € (see k-derivation,
Definition 19), then pred2tfs (1) =*>Gmg| €.

Proof. By induction on the length of the derivation path:

Base: If £ = 1, then ¢ :1>va €. By the definition of RCG derivation, there is an instantiated clause in
ICG,w;
Y — €.

By Definition 18, there is a non-instantiated clause in P:
p =€
where 1 is an instantiated predicate of . By Definition 35 , there is a rule in R:
pred2ifs (p) — €.

From Lemma 5, pred2tfs (1) is an instantiated TFS of pred2tfs (¢) and w. By definition of rule

instantiation, there is an instantiated rule in Gfug\w of the form:
pred2tfs (1) — e.

Hence,
1
pred2ifs (V) =Gy, €

Step: Assume that Lemma 7 holds for every d < k. We now prove the lemma for £ + 1. Assume that

k+1
¢ = Guw 6

By Definition 19, there is an instantiated clause in /Cg -
Y=,
where for every 7, 1 <1i < m, 1; € I Pg ., and there is a d; < k, such that,

d.
(08 :gG,w €.
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From Lemma 5, there is an instantiated rule in Gtug‘ :
w

(x) pred2tfs (V) — pred2tfs (1) . .. pred2tfs (V) .
From the induction hypothesis, for every ¢, 1 <7 < m,
prelefS (w’b) éGtug‘w €.

Hence, we can derive € from every daughter of (), and obtain

predzlj\s (w) :*>Gtug|w €.

Lemma 8. For every w € T, there is a derivation path in Gtuglw:

S’ .
= w.
INPUTg : [w]

Proof. By induction on the length of w:

Base: o If w = ¢, by Definition 34, there is a rule in R:

S/
— €
INPUTg : elist]
Hence, _ }
!
S *
=€
INPUTg : elist]

e If w = a € T, by Definition 34, there is an entry in L:

S/
a—
INPUTg : (a)
Hence,
S 1
=a
INPUTg : (a)

Step: Assume that Lemma 8 holds for every w, such that |w| < k. We now prove the lemma for
w' = a-w,suchthata € T and |w| < k:
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e From the induction hypothesis:

Sl

(1) = w,
INPUTg/ : [w]
Sl

(2) = a.
INPUTg : (a)

e By Definition 34, R always includes the following rule:
A A A
%
INPUTg : [1]-[2] INPUTg : [ 1](terminal)| |INPUTg : [2bi_lis]
Hence, there is an instantiated rule in Grug) :
A S’ S’
— .
INPUTg :[1]-[2] INPUTg : [1]{a)| |[INPUTg :[2][w]
Applying this instantiated rule to (1) and (2), we obtain:
A A S’

=
INPUTg/ : [1]- INPUTg :[1]{a)| |INPUTg : [2][w]

Theorem 9. For every RCG G, if Gi,g = RCG2TUG (G), then L (G) C L (Gtug)

Proof. Let w € L (G). Hence, by Definition 20, there is a k& > 1, such that:
k
S(w) =guwe

e By Definition 35,
S//
pred2tfs (S (w)) = [INPUTgw : elis
ARGg [w]

From Lemma 7, there is a derivation path:

S//
(1) |INPUTgn : elisf] = €

ARGgr : [w}
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e From Lemma 8:
S/
(2) = w.
INPUTg : [w]
o By Definition 34, the start rule of Gy, is

S
S S’

%
INPUTg : [ 1pi_lis INPUT gy :

INPUTg : elist
ARGgr
Then, for every w € L (G), there is an instantiated rule in Grug),:
S/I
S/

S
— INPUTgw : elis
INPUTg : [1][w] INPUTgn : [ 1]
ARGgr :

By applying this rule to (1) and (2), we obtain the following derivation sequence:

S// S//
S/
= INPUTgn : elist| = w |INPUTgn : elist) = w.

INPUTg : [1][w] INPUTgn : [ 1]
ARGgr ARGgr

Since | 2 |is an instantiated TFS of the start symbol Ag and w, A, = w,andsow € L (Gtug)-

B.22 L(Gu,) C L(G)

We prove that L (Gy,g) € L (G) by showing that if w € L (Gyyg), thenw € L (Gtug|w>. By Lemma 2,
this implies w € L (G). Recall that for every w € WORDS, Gltug,, is context-free.

Lemma 10. For every w € T™ and for every k > 1, if there is a derivation path in Gtug‘“:
k
Ay :>Gtug|w A .. Am,

then there is a derivation path in G:

*
Yo =Gw P1---Pm;

such that for every i, 0 < i < 'm, ¢; € IPq ,,, and A; = pred2tfs (@;).

Proof. We prove the lemma by induction on the length of derivation path:
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Base: If k =1, A =Y Ai... A, thenthereisarule r € Gt“9|w of the form:
r=Ay—> A1...An
By Definition 57, there is a rule 7’ € Gyg of the form:
v =By — By...Bp,

where for every i, 0 < i < m, A; is an instantiated TFS of B; and w.

By Definition 35, there is a clause p € P, such that v’ = clause2rule (p), of the form:

p=1v0 = YP1... Um,
such that for for every i, 0 < i < m, B; = pred2tfs (1;).

From Lemma 6, there is an instantiated clause of p and w, ¢ € I1Cg , such that r = clause2rule (q),

of the form:

q=90—7P1---Pm,

such that for for every i, 0 < i < m, A; = pred2tfs (;). Hence,

©®o :*>G,w P1..-Pm-

Strep: Assume that Lemma 10 holds for every d < k. Now we prove the lemma for k£ + 1. Assume that

there is a derivation path in Gtug‘w:

Ay = Girug),, Ay... A

By definition of derivation in CFG, there is a rule in Gy, :

Ay — By...By,
such that for every 4, 1 <+¢ <[, B; is an instantiated TFS, and

B; iﬁcmg‘w IR
where d; < k and T'; is a string of instantiated TFS, such that Ulgz‘g Li=A1. . Ap,.
Then there is an instantiated clause in ICg ,:

o = Y1-.- Y,
such that Ay = pred2tfs (o), and for every i, 0 < i < [, B; = pred2tfs (1;). From the induction
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hypothesis, for every i, 0 < ¢ <[, there is a derivation path in G:

*

¢’L :>G,w (piu

where ®; is a string of predicates, such that |, ., .; ®; = 1 ... ¢m, Whereforevery j, 1 < j <m,
A; = pred2tfs (p;). Hence,

00— U1+ DG PL- - Pl

and by definition of RCG derivation (Definition 19),

¥0 :*>G,w ©1---91

Theorem 11. For every RCG G, if G,y = RCG2TUG (G), then L (Gyg) C L (G).

Proof. By Lemma?2,ifw € L (Gyyg), thenw € Gy o By the definition of derivation and the definition
of Gtug|w, there is a derivation path in Gmg‘w:

Sl/
. *
INPUTg : elist, = Ghrug),, €

ARGgr : [’LU]

Then, from Lemma 10, there is also a derivation path in G:
S (w) Sq.w €.

By Definition 20, w € L (G). O

B.3 Direction 2: Lrriyc € Lrea

This section proves that for every RTUG Gy, there exists an RCG G.¢q, such that L (Griyg) =
L (Grey).

Unlike the previous section, in a general RTUG signature, subsumption may hold between main
types. Hence if A is a main TFS and I A is an instantiated TFS of A and some w € WORDS", then the
type of I A may be different from the type of A (recall that by definition of an instantiated TFS, it must
be maximally specific). For this case we define below a hierarchy over non-terminals and predicates of
RCG that is equivalent to the hierarchy over types and TFSs of RTUG.

In a similar way to Direction 1 of the proof (Section B.2), we will choose G.g = TUG2RCG (Giyy),

as defined in Definition 30, and show that their languages coincide. For the following discussion
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fix an RTUG G = (R, A, L), defined over the typed signature (TYPES, T, FEATS, Approp), and let
TUG2RCG (G) = Gy = (N, T,V, P, S).

B.3.1 Predicate subsumption

We define a hierarchy over non-terminals and predicates of RCG, in a similar way to the type hierarchy
and TFS subsumption of TUG.! In general, given an RTUG G over a signature S, and an RCG G,y =
TUG2RCG (G), we say that the non-terminal N; € N subsumes the non-terminal Ny € N, if the type ¢
subsumes the type s in .S. We say that a predicate ¢ subsumes the predicate v, if the non-terminal of ¢
subsumes the non-terminal of 1, and every argument of ¢ is a string instantiation of the corresponding
argument of . Note that the definition of predicate subsumption is much tighter then the definition of
TFS subsumption.

For the following discussion, fix an RTUG G over a restricted typed signature S = (TYPES, FEATS, C
, Approp), and an RCG G,y = (N, T,V, P, S) = TUG2RCG (G), such that G,.; = TUG2RCG (G).

Definition 60 (Non-terminal hierarchy). Let Ny and N be two non-terminals in N, such that ar (Ny) =
ar (Ns). N subsumes N if and only if the type t € TYPES subsumes the type s € TYPES. If the

non-terminal Ny subsumes no other non-terminal, we say that Ny is a maximum non-terminal.

Definition 61 (Predicate subsumption). Let ¢ = t(«y,...,ap) and » = s(p1,...,pn) be two predi-

cates.  subsumes 1 if and only if:
e { subsumes s, and
o foreveryi, 1 <i < h, p; is a string instantiation of «;.
1 is a maximum predicate if it subsumes no other predicate but itself.

Definition 62 (Non-terminal subsumption). Let ¢ be a predicate of type t, such that t subsumes s. The
non-terminal subsumption of p and s is the predicate v whose non-terminal is s, and whose arguments

are the same as @’s.

Lemma 12. Let
e=t(a,...,ap).

Let
wZS(Ply---;Ph)-

Let 7y be the non-terminal subsumption of p and s:
v=s(a1,...,ap).

If o subsumes 1), then v is an instantiated predicate of 7.

'Recall that each non-terminal N; in TUG2RCG (G') corresponds to a type ¢ in G.
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Proof. By definition of predicate subsumption, for every i, 1 < ¢ < h, p; is a string instantiation of «;.

Hence, by definition of predicate instantiation, v is a predicate instantiation of ~. O
Example 42. Consider Gongdist and TUG2RCG (Gongdist) of Example 15:
e v_subcat (X) subsumes v_np (loves), because v_subcat C v_np;

e v_np is a maximum type and v_np (loves) is a maximum predicate.

Lemma 13. Let
e=t(ay,...,an),

let
y=t(p1s---,pn),

be an instantiated predicate of o, and let

Y =5(p1,-.-,pn)-

If © subsumes 1), then ~y :*>Grcgaw .

Proof. By definition of predicate subsumption, ¢ subsumes s. By definition of (the unification clauses
of) TUG2RCG:
(X1, Xp) > s(Xy,.., X)), X1, Xp eV

Hence, ~ égmg’w . (]

B3.2 L(G)C L(Gyey)

Like the previous section, we prove that L (G) € L (Gycy) by showing thatif w € L (G), thenw € G|,
and then w € L (Greg).
The following lemmas claim that string instantiation and bi_list instantiation (Definition 56) commute

with feat2arg (Definition 32). See the commutative diagram below:
B s o = feat2arg (B)
listinst. . . string inst.
C "% = feat2arg ()

If B is a TES of type bi_list, its length is:.
o 0if B = elist,
e 1if B is an implicit bi_list, or if B is an explicit bi_list with only one element, and

e Lk, k > 1,if B is a concatenation of k bi_list of length 1 (see the definition of concatenation of
bidirectional lists, Definition 53).
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Lemma 14. Let w € WORDS*, B be a TFS of type bi_list and C be an explicit bi_list whose content is
u, a substring of w. Let o = fear2arg (B) and p = feat2arg (C). If p is a string instantiation of «, then

C'is a list instantiation of B and w.
Proof. We prove the lemma by induction on the length of B.

Base: e If B = elist, then by the definition of feat2arg, o = €. By definition of string instantiation

p = €, and by definition of fear2arg, C = elist. Hence C' is a list instantiation of B and w.

o If B = (a),a € WORDS, then by the definition of fear2arg, & = a. By the definition of
string instantiation, p = a, and by the definition of fear2arg, C = (a). Hence C is a list
instantiation of B and w.

e If B is an implicit bi_list, then by the definition of feat2arg, « = X, for some X € V. By
definition of string instantiation p = w, such that v is any substring of w. By the defini-
tion of feat2arg, C is an explicit bi_list whose content «. By definition of list instantiation,
any explicit bi_list whose content is a substring of w is a string instantiation of B and w.

Specifically, C' is such.
Step: Assume that the lemma holds for every B of length < k. We now prove it for B of length k£ + 1:

e If B = (a)-D,a € T and D is a bi_list of length < k, then by the definition of fear2arg,
a = a - (8, such that 5 = fear2arg (D). By definition of string instantiation, p = a - p,
where p is a string instantiation of 5, and a - i is a substring of w. By definition of fear2arg,
C = (a) - H, such that H = [p]. From the induction hypothesis, H is a list instantiation of
D and w, hence, C'is a list instantiation of B and w.

e If B =D - F, such that D is an implicit bi_list and F is a bi_list of length < k, then, by the
definition of feat2arg, o« = X - 3, where X € V and 8 = feat2arg (FE). By definition of
string instantiation, p = u - u, where p is a string instantiation of 3, and w - p is a substring
of w. By feat2arg definition, C' = @ - H, such that = [u], and H = [u]. From the
induction hypothesis, H is a list instantiation of £’ and w. By definition of list instantiation,
any explicit bi_list (in particular, (J) whose content is a substring of w is a list instantiation

of D. Hence, C is a list instantiation of B and w.
O

Lemma 15. Let w € WORDS™, B be a TFS of type bi_list and C be an explicit bi_list whose content is
u, a substring of w. Let o = feat2arg (B) and p = feat2arg (C). If C is a list instantiation of B and w,

then p is a string instantiation of a.
Proof. We prove the lemma by induction on the length of B.

Base: o If B = elist, then by the definition of fear2arg, o = €. By definition of list instantiation,
C = elist, and by the definition of feat2arg, p = € = «, hence p is a string instantiation of

Q.
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e If B = (a),a € WORDS, then by the definition of fear2arg, & = a. By definition of list
instantiation, C' = (a), and by the definition of fear2arg, p = a = «, hence p is a string
instantiation of «.

o If B is an implicit bi_list, then by the definition of feat2arg, « = X, for some X € V. By
definition of list instantiation, C' is an explicit bi_list whose content p, is a substring of w. By
definition of string instantiation, any substring of w is a string instantiation of X, hence p is

a string instantiation of a.
Step: Assume that the lemma holds for every B of length < k. We now prove it for B of length k£ 4 1:

e If B=(a)-D,a € T and D is a bi_list of length < k, then by the definition of fear2arg,
a = a- f3, such that § = fear2arg (D). By definition of list instantiation, C' = (a) - E, such
that F is a list instantiation of D and w, and by the definition of feat2arg, p = a - 9, such that
¢ is the content of £. From the induction hypothesis, ¢ is a string instantiation of 3, hence p

is a string instantiation of .

e If B =D - F, such that D is an implicit bi_list and F is a bi_list of length < k, then, by the
definition of fear2arg, « = X - 3, where X € V and 8 = feat2arg (E). By definition of list
instantiation, C' = F' - H, where H is a list instantiation of £’ and F’ is some explicit bi_list.
By the definition of feat2arg, p = § - A, where § is the content of F'. From the induction
hypothesis, A is a string instantiation of 3. By definition of string instantiation, any substring

of w is a string instantiation of X, and in particular . Hence p is a string instantiation of c.
O

The following lemma deals with the commutativity of instantiation and the mapping between TFSs
and predicates. Unlike the previous section, in a general RTUG a TFS A and its instantiated TFS I A
can be of different types. In this case, we cannot claim that tfs2pred (I A) is an instantiated predicate
of tfs2pred (A), since they may have different non-terminals. What we can claim, however, is that
tfs2pred (A) subsumes tfs2pred (1 A), as defined in Definition 61. See the commutative diagram below:

A " o = ifs2pred (A)
TES inst. | J subsumes
TA "™ o = ifs2pred (1A)

Example 43. Consider the following fragment of the signature of Gongdist, repeated from Example 15:

Signature

main
v_subcat INPUT,.bi_list

v_np
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v_s

Consider further the TFS
v_subcat

A=
INPUT,s : [ 1 pi list

Let w = loves, so the instantiated TFS of A and w is:

v_np
1A =
INPUT,s : (loves)
tifs2pred (A) = ¢ = wvsubcat(X), X eV

tfs2pred (IA) = ¢ = wv.np(loves)

Clearly, i is not an instantiated predicate of p. However, given the unification clauses of the grammar

TUG2RCG (Giongaist)-
vsubcat (X) — vonp (X)
v_subcat (X) — vos(X)

we can see that v_subcat subsumes v_np and p subsumes 1.

Lemma 16. Let w € WORDS™. Let A be a main TFS A, and I A be an instantiated TF'S of A and w. If
© = tfs2pred (A), and v = tfs2pred (1 A), then  subsumes ).

Proof. 1f:
P -
A= ARG1 : By ’
| ARGy, : Bh_

then by definition of instantiated TFS (Definition 57):

S
TA — ARGy : IB; 7
| ARG, : IBh_

where ¢t C s, and for every ¢, 1 < ¢ < h, I B; is a list instantiation of B; whose content is p;, a substring
of w. By the definition of tfs2pred (Definition 32):

=N (a1,...ap),
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where for every i, 1 < i < h, a; = feat2arg (B;), and

¢:Ns(pl>~"ph)‘

By definition of non-terminal subsumption (Definition 60), N; subsumes N;. From Lemma 15, for
every i, 1 < ¢ < h, p; is a string instantiation of «;. Hence, by definition of predicate subsumption
(Definition 61), ¢ subsumes ). O

The last step of this direction is to prove that if w € L (le)’ then w € L (G,q), or in other
words, that A, :*>G|w w implies S (w) =q,, ,w € To prove it we need one more lemma that

claims that if JA = G),u, where I A is any instantiated TFS and v is any substring of w, then
tfs2pred (Al) =g, ,w € Recall from Lemma 1 that u is the content of the input feature of I A. Hence,
by the definition of #fs2pred, u is the first argument of #fs2pred (I A).

Lemma 17. Let w € L (G), 1A be an instantiated TFS, u be a substring of w, and ¢ = tfs2pred (1 A).
Letk > 1. IfIA :k>G|w u, then ¢ éGmg,w €.

Proof. Let t be the type of I A. By definition of instantiated TFS, ¢ is maximal (it subsumes no other
type). By definition of #fs2pred, the non-terminal of ¢ is NV;.
By induction on the length of the derivation path k:

Base: If £ = 1, then u € WORDS, and by definition of derivation,
IA —u e le'

Hence, IA € £|w (u). By definition of E‘w, There is a TFS A, such that /A is an instantiated
TFS of A and w, and A € L (u). Let s be the type of A, and ¢ = tfs2pred (A). By definition of
tfs2pred, the non-terminal of ¢ is Ny, and IN; subsumes V. Let v be the non-terminal subsumption
of ) and NNy, hence the non-terminal of «y is [V; and its arguments are the same as ¢’s. By definition
of TUG2RCG, there is a clause in P

Y — €,

If N; is maximal, then Ny = Ny, hence v = . Otherwise, since N; T N, by definition of
TUG2RCG, there is a clause in P:
v —> €.

From Lemma 16, i) subsumes ¢. From Lemma 12, ¢ is a predicate instantiation of +. Hence, by

definition of /Cg, ., v, there is an instantiated clause:
P — €.

hence, by definition of derivation, ¢ :*>G'rc gow €
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Step: Assume that Lemma 17 holds for every d < k. We now prove the lemma for k + 1: If A k$1(;‘w

u, then by definition of derivation, there is a rule in G|, of the form:
IA—TA,... 1A,
where for every i, 1 < i <m, [ A; is an instantiated TFS, such that
d,
TA; =q,, wi,di <k

and © = uj ... u,,. By the induction hypothesis, for every i, 1 < i < m, if @; = tfs2pred (1 A;),
then there is a derivation path

*
Pi = Greg,w €

By definition of instantiated grammar, there is a rule in R:
A— A Ay,

where I A is an instantiated TFS of A and w, and for every i, 1 < ¢ < m, I A; is an instantiated
TFS of A; and w. Let s be the type of A, and ¥ = tfs2pred (A). By definition of tfs2pred, the
non-terminal of ¢ is Ng, and N subsumes N;. Let v be the non-terminal subsumption of 1 and
N;. By definition of TUG2RCG, there is a clause in P

Y =1 m,

such that for every i, 1 < i < m, ¥; = tfs2pred (A;). If Ny is maximal, then Ny = Ny, hence
~v = 1. Otherwise, since Ny C N, by definition of TUG2RCG, there is a clause in P:

7—)1[11...1/}m.

From Lemma 12, ¢ is an instantiated TFS of ~, hence, by definition of ICg there is an

reg,W?

instantiated clause:
© — )\1 ce /\m,

such that for every ¢, 1 < ¢ < m, let )\; is a predicate instantiation of ;. From Lemma 16, for

every i, 1 < i < m, 1; subsumes ;, hence, from Lemma 13, \; :*>G,,.cg,w ;. Hence,

s *
P = Greg,w P1 - Pm = Creg,w €

Theorem 18. For every RTUG G, if Grcy = TUG2RCG (G), then L (G) C L (Greg).
Proof. If w € L (G), then from Lemma 2, w € L (G ‘w). Hence, there is a derivation path in le from
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the start symbol to w:

start i
=G, W
INPUT 57t © [W]
From Lemma 17, there is a derivation path in G..4:
S (w) :*>Gmg7w €.
By definition of the language of G4, Definition 20, w € L (G ¢g). O

B33 L(G.,) CL(G)

In this section we prove that L (G,.4) € L (G). Hence, if w € L (Gy¢g), thenw € L (G).

In this section we prove it directly on G, without using G|, because here we deal with commutativity
of subsumption of TFSs and predicates, rather then instantiation as in the previous sections. What
we claim in Lemma 19 below is that if tfs2pred (A) subsumes tfs2pred (B), then A T B. See the

commutative diagram below:
A " o = ifs2pred (A)

C \L J/ subsumes

B "™ 4 = tfs2pred (B)

Lemma 19. Let w € T*, A and B be main TFSs, ¢ = tfs2pred (A), and ¢ = tfs2pred (B). If ¢
subsumes 1), then A C B.

Proof. Let:
t
A ARG : (4 7
| ARGy, : Oy

where for every i, 1 < i < h, C; is a TFS of bi_list type. By definition of #fs2pred:
=N (a1,...,ap),

where for every i, 1 < i < h, o; = feat2arg (C;). By definition of predicate subsumption,
Y =Ns(p1,.--,pn),

where N; subsumes N, and for every i, 1 < ¢ < h, p; is a string instantiation of «; and a substring of
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w. By definition of tfs2pred,

S

ARGy : D
B = 1 1 ’

_ARGh:Dh_

where for every i, 1 < i < h, p; = arg2feat (D;). By definition of non-terminal subsumption, ¢ C s.
From Lemma 14, for every i, 1 < ¢ < h, if p; is a string instantiation of «;, then D; is a list instantiation
of C;. Hence, by definition of TFS subsumption, A C B. O

The following lemma claims that if there is a main TFS A, such that #fs2pred (A) is an instantiated
predicate whose first argument is « and there is a derivation path in G, from tfs2pred (A) to €, then
there is a derivation path in GG from A to u. This lemma is one step before showing that given a main TFS
A, such that A; T A, and the value of the input feature of A is w, if there is a derivation path in G4
from tfs2pred (A) to € (hence w € L (G,¢g)), there is a derivation path in G from A to w (and hence
w € L(G)).

Lemma 20. Let w € T™ and u be a substring of w. Let ¢ be an instantiated predicate in I Pg, ., v, such
that the first argument of ¢ is u. Let A be a main TFS, such that ¢ = tfs2pred (A), and let k > 1. If
® :k>Grcg,w 6, then A =g .

Proof. By definition of feat2arg, if the first argument of ¢ is u, then the value of the input feature of A
is an explicit bi_list whose content is u. We prove the lemma by induction on the length of the derivation
path, k:

Base: If k = 1, ¢ =, ,w € By definition of RCG derivation, there is an instantiated clause in
I CGT c g,w:
© =€

By definition of instantiated clauses, there is a clause in P:
V6

such that ¢ is an instantiated predicate of . Let NV; be the non-terminal of ¢ and . Hence, by
definition of TUG2RCG, there is a clause p € P:

Y =

where the non-terminal of 1 is Ng, and ~ is the non-terminal subsumption of ¢ and V; (in the
trivial case, Ny = Ny, and ¢» = 7). Let B be a TFS such that ¢» = #fs2pred (B). Clearly, ¢
subsumes ¢, hence, from Lemma 19, B T A. By definition of instantiated TFS, the value of the
input feature of A is a list instantiation of the value of the input feature of B. By definition of
TUG2RCG, p can be in P in the following cases:
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1. there is a rule in R of the form:

B — ¢,

or,

2. there is a word v’ € WORDS, such that B € L (u).

1. If there is arule in R.:
B — ¢,

by definition of UG derivation, if B C A, then A :*>G ¢. By definition of restricted rules, the
value of the input feature of both A and B is elist, hence u = ¢, and A :*>G u.

2. If there is a word v/ € WORDS, such that B € L (u'), then by definition of restricted
lexicon, the content of the input feature of B is u’. Hence, by definition of list instantiation,
the content of the input feature of A is u = u’. By definition of UG derivation, if B C A,
then A =4 u.

Step: Assume that the lemma holds for every d < k. We now prove it for k£ + 1: If ¢ k$lgm ,w € then
by definition of RCG derivation, there is an instantiated clause in ICg, ., w:

© —= P1 .. Pm,

where for every i, 1 < i < m, ; %Gmg,w €,d; < k. From the induction hypothesis, if ¢; =
tfs2pred (A;), then there is a substring of w, w;, such that A; :*>G u;. By definition of instantiated

clauses, there is a clause in P:

YY1 Ymo

such that ¢ is an instantiated predicate of «y, and for every 7, 1 < ¢ < m, ¢; is an instantiated
predicate of ;. Let ¢ be the non-terminal of v and (. Hence, by definition of TUG2RCG, there is
aclause p € P:

¢_>71---'7m>

where the non-terminal of v is s, and -y is the non-terminal subsumption of ¢ and ¢ (in the trivial
case, s = t, and 1) = 7). Let B be a TFS such that ¢ = tfs2pred (B). By definition of RCG2TUG,
there is a rule in R.:

B—Cy...Ch,

where for every i, 1 < i < m, v; = tfs2pred (C;). From Lemma 19, for every i, 1 < i < m, if ;
subsumes ;, then C; C A;. By definition of UG derivation, if A; = ¢ u;, then C; = u;. Hence,

B:*>Gu1...um:u'

. From Lemma 19, B C A, hence,
ASqd.
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From Lemma 1, v/ is the content of the input feature of A, hence, by definition of fear2arg, the

first argument of ¢ is v’ = w.

O
Theorem 21. For every RTUG G, if G,y = TUG2RCG (Q), then L (Grcq) C L (G).
Proof. If w € L (G,cg), then by definition of L (G.4), there is a derivation path:
S (w) :*>G7‘cg7w €.
From Lemma 20, there is a derivation path in G:
start .
=G Ww.
INPUTstqp¢ ¢ [W]
Clearly,
start start
As = C
INPUTsqrt © | 1]bilis INPUT st ¢ [W]
Hence, A; =¢ w,andw € L (G). O
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