
Completion of Occluded Shapes using SymmetryH. Zabrodsky1 S. Peleg1 D. Avnir21Institute of Computer Science 2Department of Organic ChemistryThe Hebrew University of Jerusalem The Hebrew University of Jerusalem91904 Jerusalem, Israel 91904 Jerusalem, IsraelAbstractSymmetry is usually viewed as a discrete feature: anobject is either symmetric or non-symmetric. Follow-ing the view that symmetry is a continuous feature, aContinuous Symmetry Measure (CSM) has been devel-oped to evaluate symmetries of shapes and objects. Inthis paper we extend the symmetry measure to evaluatethe symmetry of occluded shapes. Additionally, usingthe symmetry measure, we reconstruct occluded shapesby locating the center of symmetry of the shape.
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1 IntroductionOne of the basic features of shapes and objects is sym-metry. Symmetry is considered a pre-attentive fea-ture which enhances recognition and reconstruction ofshapes and objects [2, 3, 1]. Symmetry is also an im-portant parameter in physical and chemical processesand is an important criterion in medical diagnosis.a. b. c.Figure 1: Faces are not perfectly symmetrical. a)Original image. b) Right half of original image andits re
ection. c) Left half of original image and itsre
ection.The exact mathematical de�nition of symmetry [4, 5]is inadequate to describe and quantify the symmetriesfound in the natural world nor those found in the vi-sual world (a classic example is that of faces - see Fig-ure 1). Furthermore, even perfectly symmetric objectsloose their exact symmetry when projected onto animage plane or retina due to occlusion, self-occlusion,digitization, etc.

Previous work [7, 6] introduced a symmetry measureto quantify the deviation of shapes and objects fromperfect symmetry. In this paper we deal with evaluat-ing the deviation from perfect symmetry of incompletedata such as occluded shapes and uncertain data.a. b.Figure 2: a) A collection of occluded asymmetric
owers. b) The contours of some occluded 
owermarked by `+' in a.Figure 2a shows a collection of 
owers. Each 
oweris not only imperfectly symmetric but also partiallyoccluded. Figure 2b shows the contours of some oc-cluded 
owers (marked by `+' in Figure 2a). In thispaper we describe a method for evaluating the symme-try of such occluded shapes, locating their symmetrycenters and reconstructing the symmetric shape clos-est to the unoccluded original.In the next section we brie
y review the symmetrymeasure as applied to 2D shapes. In Section 3 wedescribe a method based on the symmetry measure,that deals with the symmetry of occluded shapes.2 A Symmetry MeasureThe SymmetryMeasure as described in [7, 6] quan-ti�es the minimum e�ort necessary to turn a givenshape into a symmetric shape. This e�ort is mea-sured by the sum of the square distances each pointis moved from its location in the original shape to itslocation in the symmetric shape. Note that no a priorisymmetric reference shape is assumed.A shape P will be represented by a sequence of n



points fPign�1i=0 . We de�ne a distance between everytwo shapes P and Q:d(P;Q) = d(fPig; fQig) = 1n nXi=1 kPi �Qik2We de�ne the Symmetry Transform P̂ of P as thesymmetric shape closest to P in terms of distance d.The Symmetry Measure of P denoted s(P ) is nowde�ned as the distance to the closest symmetric shape:s(P ) = d(P; P̂)The CSM of a shape P = fPign�1i=0 is evaluated by �nd-ing the symmetry transform P̂ of P (Fig.3) and com-puting: s(P ) = 1n�n�1i=0 kPi � P̂ik2. Following is a ge-Figure 3: The symmetrytransform of fP0; P1; P2gis fP̂0; P̂1; P̂2g.CSM = 13�2i=0kPi � P̂ik2
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0ometrical algorithm for deriving the symmetry trans-form of a shape P having n points with respect to ro-tational symmetry of order n (Cn-symmetry). Mathe-matical derivation and proof can be found in [8]. Thismethod transforms P into a regular n-gon, keeping thecentroid in place.
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~Figure 4: The C3-symmetry Transform of 3 points:a) original 3 points fPig2i=0. b) Fold fPig2i=0into f ~Pig2i=0. c) Average f ~Pig2i=0 obtaining P̂0 =13P2i=0 ~Pi. d) Unfold the average point obtainingfP̂ig2i=0.1. Fold the points fPign�1i=0 by rotating each pointPi counterclockwise about the centroid by 2�i=nradians (Fig. 4a).2. Let P̂0 be the average of the points f ~Pign�1i=0 .3. Unfold the points, obtaining the Cn-symmetricpoints fP̂ign�1i=0 by duplicating P̂0 and rotatingclockwise about the centroid by 2�i=n radians(Fig. 4b).

a. b.Figure 5: Geometric description of the C3-symmetry transform for a 6-sided polygon. Thecentroid of the polygon is marked by �. a) Theoriginal polygon shown as two sets of 3 points. b)The C3-symmetric shape obtained.A 2D shape P having qn points is represented as q setsfSrgq�1r=0 of n interlaced points Sr = fPrn+ign�1i=0 . TheCn-symmetry transform of P is obtained by applyingthe above algorithm to each set of n points seperately,where the folding is performed about the centroid ofall the points (Fig. 5). The procedure for evaluatingthe symmetry transform for mirror-symmetry is simi-lar (see [7]).As symmetry has been de�ned on a sequence of points,representing a given shape by points must precede theapplication of the symmetry transform. There are sev-eral ways to select a sequence of points to representgeneral 2D shapes (see [7]). One method representsa shape by points selected along its contour at equalangular intervals about the centroid of the shape (Fig-ure 6).
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Figure 6: Points are dis-tributed along the contourat regular angular inter-vals around the centroid.3 Symmetry of Occluded ShapesWhen a symmetric object is partially occluded, weuse the symmetry measure to evaluate the symmetryof the occluded shapes, locate the center of symmetryand reconstruct the symmetric shape most similar tothe unoccluded original.As described in the previous section, a shape is repre-sented by points selected at regular angular intervals(angular selection) about the centroid. Angular selec-tion of points about a point other than the centroidwill give a di�erent symmetry measure value. We de-�ne the center of symmetry of a shape as that point2



Figure 7: The symme-try value obtained by an-gular selection about thecenter of mass (markedby +) is greater than thesymmetry value obtainedby angular selection aboutthe center of symmetry(marked by �).about which angular selection gives the minimumsym-metry measure value. When a symmetric shape is notoccluded the center of symmetry aligns with the cen-troid of the shape. However, the center of symmetryof truncated or occluded objects does not align withits centroid but aligns with the (unknown) centroid ofthe unoccluded shape. Thus the center of symmetryof a shape is robust under truncation and occlusion.
a. b. c.Figure 8: a) Original occluded shape, its centroid(+) and its center of symmetry(�). b,c) The clos-est C5-symmetric shapes following angular selec-tion about the centroid (b) and about the center ofsymmetry (c).To locate the center of symmetry, we use an iterativeprocedure of gradient descent that converges from thecentroid of an occluded shape to the center of sym-metry. Denote by center of selection that point aboutwhich points are selected using angular selection. Weinitialize the iterative process by setting the centroidas the center of selection. At each step we comparethe symmetry value of points angularly selected aboutthe center of selection and about points in its imme-diate neighborhood. That point about which angularselection gives minimum symmetry value, is set to bethe new center of selection. If center of selection doesnot change the neighborhood size is decreased. Theprocess is terminated when neighborhood size reachesa prede�ned minimum size. The center of selection atthe end of the process is taken as the center of sym-metry.The closest symmetric shape obtained by angular se-

a. b.c. d.Figure 9: a-b) A collection of occluded asymmetric
owers. c) The closest symmetric shapes and theircenter of symmetry. d) The center of symmetry ofthe occluded 
owers are marked by `+'.lection about the center of symmetry is visually moresimilar to the original than that obtained by angu-lar selection about the centroid of the occluded shape(Fig. 8). We can reconstruct the symmetric shapeclosest to the unoccluded shape by obtaining the sym-metry transform of the occluded shape following an-gular selection about the center of symmetry (see Fig-ure 8c). In Figure 9 the center of symmetry and theclosest symmetric shapes were found for several oc-cluded 
owers.The process of reconstructing the occluded shape canbe improved by altering the method of evaluating thesymmetry of a set of points. As described in Section 2the symmetry of a set of points is evaluated by foldingabout the centroid, averaging and unfolding about thecentroid. We alter the method as follows:1. The folding and unfolding (steps 1 and 3) willbe performed about the center of selection ratherthan about the centroid.2. Rather than averaging the folded points (step 2),we apply other clustering methods. In practicewe average over the folded points ommitting theextremes (see Figure 10).The improvement in reconstruction of an occludedshape is shown in Figure 11. This method improvesboth the shape and the localization of the reconstruc-tion.3



a. b. c.Figure 10: Improving the averaging of foldedpoints:a) An occluded shape and 6 points selected us-ing angular selection about the center of symmetry(marked as �).b) folding the points about the centroid of the shape(marked as +), points are clustered sparsely.c) folding the points about the center of symmetryof the shape, points are clustered tightly. Eliminat-ing the extremes (cluster of two points) and averag-ing will result in smaller averaging error and betterreconstruction.4 ConclusionIn this paper we evaluated the deviation from per-fect symmetry of incomplete data. We described amethod for �nding the center of symmetry of occludedshapes and reconstructing the symmetric shape closestto the unoccluded original. The methods can be easilyextended to higher dimensions and to more complexsymmetry classes.
a. b. c.Figure 11: Reconstruction of an occluded almostsymmetric shape. The original shape is shown as adashed line. The reconstructed shape is shown asa solid line.a) The closest symmetric shape following angu-lar selection about the centroid. b) The closestsymmetric shape following angular selection aboutthe center of symmetry. c) The closest symmet-ric shape following angular selection about the cen-troid and altered symmetry evaluation (see text).
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